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Abstract. We introduce a class of function algebras, that we call unimodular,
and study Toeplitz operators on the Hardy spaces associated to representing
measures on these algebras. We show that our class of function algebras is very
extensive and that a number of important results for Toeplitz operators and
their associated C*-algebras extend to the very general setting we consider.
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1. Introduction

If A is a function algebra on a compact Hausdorff space G—that is, A is a closed
subalgebra of C(G) containing the constants and separating the points of G—and
τ is a character of A, then the Hahn–Banach theorem coupled with the Riesz–
Kakutani theorem guarantees the existence of a regular probability measure m
on G such that τ(ϕ) =

∫
ϕdm, for all ϕ ∈ A. Any such measure is a called

a representing measure for τ . Given a regular probability measure m on G, it is
clearly a representing measure for a character on A if, and only if, it is multiplicative
on A; that is,

∫
ϕψ dm =

∫
ϕdm

∫
ψ dm, for all ϕ,ψ ∈ A.

If m is a representing measure for a character of A, denote by Hp(A,m) the
closure of A in Lp(m), for 1 ≤ p < ∞. Denote by H∞(A,m) the norm-closed
unital subalgebra of L∞(m) consisting of the functions ϕ for which ϕH2(A,m) ⊆
H2(A,m). Under suitable hypothesis on m, substantial portions of the classical
Hardy space theory of the circle can be extended to these generalised Hardy spaces
Hp(A,m) [3, 5]. In this setting the author has shown that many results of the
classical Toeplitz operator theory of the circle can be extended to the context of
Toeplitz operators on these Hardy spaces [8, 9].

The hypotheses that we have in mind under which the Hardy space theory can
be extended is that in which m is the unique representing measure for a character
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on A and m is not a point mass. This unique-representing-measure hypothesis is
one that applies in great generality. For instance, if A is a Dirichlet algebra or
logmodular algebra on G, then every character of A admits a unique representing
measure.

The Toeplitz operator theory derived by the author in [8, 9] builds upon the
powerful Hardy space theory available in the unique-representing-measure setting.
This Toeplitz theory is at its most definitive in the case that G is a compact
abelian group and m is the Haar measure of G. It is therefore natural to attempt
to extend the results obtained in this setting to the case where the group is non-
abelian. However, serious difficulties arise when one tries to do so. We briefly
discuss these difficulties now, in order to justify the quite different approach to
Toeplitz operator theory we have had to take in this paper.

Let G be a non-abelian compact group and let A be a function algebra on G.
Suppose also that the Haar measure m of G is a unique representing measure for a
character of A. Then A cannot be translation-invariant, by [10, Corollary 5]. This
poses a serious difficulty, since many (perhaps most) of the interesting examples of
function algebras that arise in practice in the setting of compact groups are trans-
lation invariant. This forces one to abandon the theory of [8] in the non-abelian
group setting, if one wants to include translation-invariant function algebras in the
framework. In order to include such algebras we work within the setting of uni-
modular function algebras. (See below for the definition of unimodularity.) Thus,
if (A,m) is a pair consisting of a function algebra A and a representing measure
m for a character of A, we impose the condition that A is a unimodular algebra
in place of the condition that m is the unique representing measure for a charac-
ter of A. There appears to have been no substantial Hardy space function theory
developed in the context we are now considering and it seems likely to the author
that no such theory is possible. This necessitates an approach to the correspond-
ing Toeplitz operator theory that is very different from the approach used in the
unique-representing-measure situation of [8]. Nevertheless, ingredients of some of
the proofs in this paper occur in earlier papers of the author on Toeplitz theory.
However, the mixture is different and there are a number of subtle and important
differences in the proofs, and therefore full details are given here.

We indicate now how the paper is organized. In Section 2 we introduce the
concept of a unimodular algebra and give a large number of examples. In Section 3
we develop some aspects of the Toeplitz operator and Toeplitz algebra theory re-
lated to unimodular algebras. Our principal results are spectral inclusion results
relating the spectrum of a Toeplitz operator and the spectrum (range) of its sym-
bol, and the proof of the existence of a canonical homomorphism from the Toeplitz
algebra to the algebra of continuous functions. In Section 4, we specialize to the
case of analytic Toeplitz operators. Here our principal results are a commutant
characterization of these operators and the proof of connectivity of their spectra.

I should like to thank the referee for the suggestion that bounded symmetric
domains be included in the considerations of this paper.
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2. Unimodular function algebras

Let G be a compact Hausdorff space and let A be a closed subalgebra of C(G)
containing the constants. We say that A is a unimodular algebra on G if every
element of C(G) can be uniformly approximated by elements of the form θ̄f ,
where θ, f are functions in A and θ is unimodular (that is, |θ| = 1). Obviously, in
this case, A is a function algebra on G.

Suppose now that G is a closed subgroup of the group of unitaries U(n) in
the matrix algebra Mn(C). For 1 ≤ i, j ≤ n, define the coordinate function Zij
on G by letting Zij(u) be the ij-th matrix entry of the element u of G. If α is an
element of Mn(C) all of whose entries consist of non-negative integers, denote by
Zα the product of all the functions Zαij

ij . Also, write |α| for the sum of the entries
of α. We denote by P0(G) the linear span of all the elements Zα and by P (G)
the closure of P0(G) in C(G). The elements of P0(G) are called the polynomial
functions on G. It is clear that P0(G) is closed under multiplication and that P (G)
is a function algebra on G. We write ∆G for the determinant function restricted
to G. Obviously, ∆G belongs to P0(G) and |∆G| = 1. The determinant function
plays a crucial role in the study of the algebra P0(G).

Proposition 2.1. Let G be a closed subgroup of U(n). Then P (G) is a unimodular
algebra on G. Moreover, ∆GZ̄ij belongs to P0(G), for all indices i and j, where
1 ≤ i, j ≤ n.

Proof. Proof If u is an invertible matrix in Mn(C), then u−1 = ∆(u)−1
v, where

∆u is the determinant of u and v is the adjugate matrix of u. In particular, if
u ∈ G, then u∗ = u−1 = ∆(u)−v. Equating corresponding matrix entries, we
get ūij = ∆(u)−vji. Using the fact that vji is a cofactor of u, it is clear that
Z̄ij = ∆−

Gfij , for some polynomial function fij in P0(G).
Now let L be the linear span of all elements ZαZ̄β , where α and β belong to

Mn(C) and have non-negative integer entries. Clearly L is a self-adjoint subalgebra
of C(G) separating the points of G and therefore, by the Stone–Weierstrass theo-
rem, L is dense in C(G). Let ϕ ∈ L and write it as a sum ϕ =

∑N
k=1 ϕk, of terms

ϕk = ckZ
α(k)Z̄β(k), where ck ∈ C. Since ∆GZ̄ij belongs to P0(G) for all indices

i and j, we may clearly choose a positive integer M such that all the functions
∆M
G Z̄

β(k) belong to P0(G) (for instance, take M = |β(1)|+ · · ·+ |β(N)|+ 1). It
follows that ∆M

G ϕ belongs to P0(G). The proposition follows. �
As discussed in the introduction, we shall be particularly interested in the

case where the Haar measure on a compact group is multiplicative on a function
algebra on the group. The following simple proposition is useful in this context.

We denote the circle group in the plane by T, so T = U(1).

Proposition 2.2. Let G be closed subgroup of U(n) that contains all scalar unitary
matrices λ1n (λ ∈ T). Then the normalized Haar measure m of G is multiplicative
on the algebra P (G).



4 G.J. Murphy IEOT

Proof. Proof To see this it clearly suffices to show that
∫
Zα dm = 0, if |α| > 0.

Let λ ∈ T and let v = λ1n. Then, by invariance of m, we have
∫
Zα dm =∫

Zα(uv) dm(u) =
∫
Zα(u)λ|α| dm(u) = λ|α|

∫
Zα dm. Consequently, if

∫
Zα dm 6=

0, then λ|α| = 1 for all λ ∈ T, which is impossible. Hence,
∫
Zα dm = 0, as

required. �

Corollary 2.3. Normalized Haar measure on U(n) is multiplicative on P (U(n)).

Recall that a function algebra A is antisymmetric if whenever ϕ and ϕ̄ belong
to A, ϕ must be a constant. If A is a translation-invariant function algebra on a
compact group G, then it is antisymmetric if, and only if, the normalized Haar
measure m of G is multiplicative on A, by [10, Theorem 3]. In particular, this
shows that P (U(n)) is antisymmetric, since P (U(n)) is translation-invariant.

If G = SU(2), then ∆G = 1 and therefore, by Proposition 2.1, and the Stone–
Weierstrass theorem, P (G) = C(G). Hence, in this case P (G) is not antisymmetric
and the normalized Haar measure on G is not multiplicative on P (G).

Recall that a function algebra A on a compact Hausdorff spaceG is a Dirichlet
algebra if every real-valued continuous function ϕ on G can be uniformly approx-
imated by functions of the form Re (f), where f belongs to A; A is a logmodular
algebra if every such function ϕ can be uniformly approximated by functions of the
form log |f |, where f is an invertible element of A. Since Re (f) = log |ef |, every
Dirichlet algebra is clearly a logmodular algebra; the converse is false, as is well
known. Vast numbers of Dirichlet and logmodular algebras exist [3, 5]. The im-
portant point about these algebras for us is that all their characters admit unique
representing measures.

We shall return to such algebras below in the context of extending our classes
of examples of unimodular algebras. First, an observation concerning the algebras
P (G) and the logmodularity condition.

Let G = U(n). By Proposition 2.1 and Corollary 2.3, P (G) is a unimodular
algebra on G and normalized Haar measure on G is multiplicative on P (G). We
have already observed that P (G) is translation invariant. Therefore, if G is non-
abelian, that is, if n > 1, then m cannot be the unique representing measure for a
character of P (G), by [10, Corollary 5] and consequently, P (G) is not a logmodular
algebra in this case, by [10, Theorem 4]. Since m is not the unique representing
measure for a character of P (G), the Toeplitz theory derived in [8] does not apply
in the context of the Hardy spaces H2(P (U(n)),m), for n > 1.

Of course, if n = 1, then U(1) = T and P (T) is the disc algebra on the circle.
In this case, P (T) is a Dirichlet algebra on T and the Haar measurem is the unique
representing measure for a character of P (T). The Hardy spaces associated to
P (T) and m are the classical Hardy spaces and the associated Toeplitz operators
are the classical ones upon which the general theory is modeled.

Let D be a bounded symmetric domain, more particularly, a symmetric ball
in Cn and let G be its Shilov boundary. If K is the group of all invertible matrices
T in GL(n) such that T (D) = D, then K acts transitively on G and there is a



Vol. 99 (9999) Toeplitz Operators Associated to Unimodular Algebras 5

unique (regular) Borel probability measure m on G that is invariant for this action.
Moreover, the support of m is G itself.

Now let P (G) be the closure of the polynomials on G, so that P (G) is a
function algebra on G. Since T1n ⊆ K, the same argument we used in the proof
of Proposition 2.2 shows that m is multiplicative on P (G). Toeplitz operators
over the Hardy spaces H2(P (G),m) have been extensively studied, especially by
H. Upmeier. His excellent book [12] should be consulted for the theory of bounded
symmetric domains and for the theory of Toeplitz operators in this context.

There is a vast number of examples of symmetric balls. We mention just two
and refer to [12] for others:

1. The open unit ball D of Cn for the 2-norm is a symmetric ball. In this
case the Shilov boundary G is equal to the topological boundary S2n−1. The
invariant probability measure onG is the restriction of the usual Lebesgue measure,
normalized to 1.

2. The open unit ball D of Mn(C), endowed with the operator norm, is
a symmetric ball. In this case the Shilov boundary is equal to U(n) and the
invariant measure is the Haar measure. Thus, this falls within the scope of our
earlier considerations. It should be noted that this example was considered by
C.A. Berger and L.A. Coburn in [1] in the case n = 2, where they obtained some
beautiful results in the corresponding Toeplitz operator theory. This theory was
subsequently generalized to the case n > 2 by Upmeier, see [11].

Returning to the general situation, suppose now the symmetric ball D in
Cn is a tube-type Cartan domain. In this case its Shilov boundary G carries a
polynomial ∆ (its norm function) that is of modulus one on G and for which
we have Z̄i∆ is a polynomial, for i = 1, . . . , n. (Of course , Zi denotes the ith
coordinate function on Cn.) Using this fact, the same argument that we gave in
the proof of Proposition 2.1 can be used to show that P (G) is a unimodular algebra
on G.

Another class of examples of unimodular algebras—a very large class—is
available in the setting of abelian, connected, compact groups. If G is such a
group, the continuous character group Γ of G is torsion free and therefore admits
a total ordering ≤ that is translation-invariant; that is, if γ1, γ2, γ3 belong to Γ
and γ1 ≤ γ2, then γ1γ3 ≤ γ2γ3. In general, Γ admits many such total orderings; we
choose one and denote by Γ+ the set of characters γ of Γ for which 1 ≤ γ, where
1 denotes the constant character of G. Of course, Γ is a subset of C(G), which is
why we write the operation on Γ multiplicatively. We denote by A = A(G,Γ+) the
closed linear span of Γ+ in C(G). This is a Dirichlet algebra on G and normalized
Haar measure m of G is the unique representing measure for a character on A, as is
easily seen. It is well known that the linear span L of Γ is dense in C(G). If ϕ ∈ L,
we may write ϕ =

∑N
k=1 ckγk, where ck ∈ C and γk ∈ Γ. Choose γ ∈ Γ+ such that

γ ≥ γ̄k, for k = 1, . . . , N . Then γϕ ∈ A. It follows that A is a unimodular algebra
on G.
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The algebra A(G,Γ+) and its associated Hardy spaces play a very prominent
role in the Toeplitz operator theory developed by the author in [6, 9].

Suppose now that A is a function algebra on an arbitrary compact, Hausdorff
space G and that m is the unique representing measure for a character of A.
Suppose also, to avoid trivialities, that m is not a point mass. Let L∞ = L∞(G,m)
and H∞ = H∞(A,m). Let G̃ be the character space of the C*-algebra L∞, and
let the map, L∞ → C(G̃), ϕ 7→ ϕ̂, denote the Gelfand representation. Of course,
this is a ∗-isomorphism. It is shown in [2], using the strong modularity of the
algebra H∞ in L∞, that the Gelfand transforms of the unimodular functions of
H∞ separate the points of G̃. Since the closed linear span of the functions ϕψ̄,
where ϕ,ψ are transforms of unimodular functions of H∞, form a C*-subalgebra
of C(G̃), the Stone–Weierstrass theorem implies that this C*-subalgebra is equal
to C(G̃). Hence, the transform algebra Ã = Ĥ∞ is a unimodular algebra on G̃.

Note that a Dirichlet algebra is not, in general, a unimodular algebra. In-
deed, A. Browder and J. Wermer [3, pp. 232–5] have constructed an example of a
Dirichlet algebra A on the circle group T that admits no non-scalar unimodular
functions. Hence, A cannot be a unimodular algebra on T.

We look now at a tensor product construction that is another fruitful source
of new examples of unimodular function algebras.

Suppose that G = G1×G2, where G1 and G2 are compact, Hausdorff spaces.
If f1 ∈ C(G1) and f2 ∈ C(G2), define f1 ⊗ f2 ∈ C(G) by (f1 ⊗ f2)(u1, u2) =
f1(u1)f2(u2). Let A1 and A2 be function algebras on G1 and G2, respectively.
We denote by A = A1 ⊗A2 the closed linear span of all tensors f1 ⊗ f2, where
f1 ∈ A1 and f2 ∈ A2. It is clear that A is a function algebra on G, called the
tensor product algebra of A1 and A2.

Suppose now that m1 and m2 are regular probability measures on G1 and
G2, respectively, and let m be their product measure, m = m1 × m2. If m1 is
multiplicative on A1 and m2 is multiplicative on A2, then m is multiplicative on
A. To see this, one need only show that

∫
fg dm =

∫
f dm

∫
g dm, for f of the form

f1 ⊗ f2 and g of the form g1 ⊗ g2, where f1, g1 ∈ A1 and f2, g2 ∈ A2. But in this
case,

∫
fg dm =

∫
f1g1 dm1

∫
f2g2 dm2 =

∫
f1 dm1

∫
g1 dm1

∫
f2 dm2

∫
g2 dm2 =∫

f1 ⊗ f2 dm
∫
g1 ⊗ g2 dm =

∫
f dm

∫
g dm. Hence, m is multiplicative on A, as

claimed.

Proposition 2.4. Let A1 and A2 be unimodular algebras on compact, Hausdorff
spaces G1 and G2, respectively. Then the tensor product algebra A = A1 ⊗A2 is a
unimodular algebra on G1 ×G1.

Proof. Proof Choose dense linear subspaces L1 and L2 in C(G1) and C(G2), re-
spectively, having the property that each function belonging to Li is a product
of a function of Ai and the conjugate of a unimodular function of Ai. If L de-
notes the space of all linear combinations of functions of the form ϕ1 ⊗ ϕ2, where
ϕ1 ∈ L1 and ϕ2 ∈ L2, then L is obviously a dense linear subspace of C(G) (since,
as is well known, C(G) = C(G1)⊗ C(G2), as a C*-algebra tensor product). Let
ϕ ∈ L. Then ϕ =

∑N
k=1 ϕ

1
k ⊗ ϕ2

k, for elements ϕ1
1, . . . , ϕ

1
N of L1 and ϕ2

1, . . . , ϕ
2
N
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of L2. Hence, there exist sequences of unimodular functions θ11, . . . , θ
1
N in A1 and

θ21, . . . , θ
2
N in A2 such that θjkϕ

j
k belongs to Aj , for j = 1, 2 and k = 1, . . . , N .

Let θ be the product of the functions θ11 ⊗ θ21, . . . , θ
1
N ⊗ θ2N . Then θ is a unimodu-

lar function of A and clearly θϕ belongs to A. This proves that A is unimodular
algebra on G1 ×G2, as required. �

It is obvious that we have now a means to considerably increase our stock
of examples of unimodular algebras on compact groups. For instance, it follows
from the preceding considerations that for every pair of positive integers n and l,
the function algebra P (U(n))⊗ P (U(l)) on the compact group U(n)×U(l) is a
unimodular algebra and that the normalized Haar measure on U(n)×U(l) is mul-
tiplicative on P (U(n))⊗ P (U(l)) (the normalized Haar measure on the product
group U(n)×U(l) is, of course, the product measure obtained from the corre-
sponding normalized Haar measures on U(n) and U(l)).

Another class of examples of the tensor product construction is obtained by
taking G to be the product U(n)×G2 of the compact group U(n) and an abelian,
connected, compact group G2, and A to be the tensor product algebra of P (U(n))
and A(G2,Γ+). Here Γ is the group of continuous characters of G2 and Γ+ is the
positive cone for some translation-invariant total ordering of Γ. Normalized Haar
measure on G is multiplicative on A, since it is the product of the normalized
Haar measures on U(n) and G2, and these Haar measures are multiplicative on
P (U(n)) and A(G2,Γ+), respectively. Since these two algebras are unimodular, A
is a unimodular algebra.

As the examples given in this section indicate, there is a very large variety of
unimodular algebras on compact groups and, more generally, on compact, Haus-
dorff spaces. We turn now, in the next section, to a study of the theory of Toeplitz
operators on the Hardy spaces associated to unimodular algebras.

3. Toeplitz operators with continuous symbols

If a is an element of a unital Banach algebra A, we denote by σ(a), r(a) and W (a)
its spectrum, spectral radius and numerical range, respectively. Recall that W (a)
is the set of all numbers τ(a), where τ is a unital, linear functional on A of norm
equal to one.

To avoid repetition of hypotheses, we make the following notational conven-
tions and standing assumptions for the sequel:

Henceforth, A denotes a unimodular algebra on a compact, Hausdorff space G
and m a representing measure for a character of A that has has full support; that
is, the support of m is equal to G. We write Lp = Lp(G,m) and Hp = Hp(A,m)
for 1 ≤ p ≤ ∞. We denote by A the C*-subalgebra of B(H2) generated by the
Toeplitz operators Tϕ, where ϕ ∈ C(G), and by K the closed commutator ideal
of A.
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If ϕ ∈ L∞, we denote by Tϕ the compression to H2 of the multiplication
operator Mϕ on L2. We call Tϕ a Toeplitz operator with symbol ϕ. Note the easily-
verified, but important fact that, for all ϕ ∈ L∞ and ψ ∈ H∞, we have Tψ̄ϕ = T ∗

ψTϕ
and Tϕψ = TϕTψ. Note also that T ∗

ϕ = Tϕ̄.
If T ∈ B(H2), we denote the numerical range of T relative toB(H2) byW (T ).

Theorem 3.1. Let ϕ be an element of C(G).
(1) ‖Tϕ‖ = r(Tϕ) = ‖ϕ‖∞;
(2) Tϕ is a positive operator if, and only if, ϕ is a positive element of C(G);
(3) If Tϕ is left or right invertible, then ϕ is invertible in C(G);
(4) σ(ϕ) ⊆ σ(Tϕ) ⊆ W (Tϕ) = coσ(ϕ), where co denotes the convex hull

in C.

Proof. Proof It is clear that ‖Tϕ‖ ≤ ‖ϕ‖∞. To show the reverse inequality, we may
invoke the unimodularity hypothesis on A to reduce to the case where ϕ = θ̄f ,
where θ and f belong to A and θ is unimodular. Since ‖Tθ̄f‖ = ‖T ∗

θ Tf‖ ≤ ‖Tf‖ =
‖Tθ̄fθ‖ = ‖Tθ̄fTθ‖ ≤ ‖Tθ̄f‖, we have ‖Tθ̄f‖ = ‖Tf‖. Using this condition and the
fact that ‖θ̄f‖∞ = ‖f‖∞, we may suppose that ϕ = f ; that is, we may suppose
that ϕ ∈ A. In this case we have, for each positive integer n, (

∫
|ϕn| dm)1/n =

(
∫
|Tnϕ (1)| dm)1/n ≤ (

∫
|Tnϕ (1)|2 dm)1/2n = ‖Tnϕ (1)‖1/n

2
≤ ‖Tnϕ ‖

1/n‖1‖1/n2 . Hence,

‖ϕ‖∞ = lim(
∫
|ϕn| dm)1/n ≤ lim ‖Tnϕ ‖

1/n = r(Tϕ) ≤ ‖Tϕ‖. Therefore, ‖Tϕ‖ =
‖ϕ‖∞, for all ϕ ∈ C(G), as required.

It is obvious that Tϕ is positive, if ϕ is. Suppose then that Tϕ is a positive
operator and we shall show that ϕ is positive. Let t = ‖Tϕ‖ = ‖ϕ‖∞. Then
‖Tϕ − t‖ ≤ t, by [7, Lemma 2.2.2]. Hence, ‖ϕ− t‖∞ = ‖Tϕ − t‖ ≤ t. Also, since
Tϕ̄ = Tϕ, we have ϕ̄ = ϕ. Applying [7, Lemma 2.2.2] again, we deduce that ϕ is
positive. This proves (2).

Suppose now that Tϕ is left invertible. Then T ∗
ϕTϕ is invertible and therefore,

T ∗
ϕTϕ ≥ δ, for some positive number δ. If P is the projection of L2 onto H2, then
PMϕ̄PMϕP ≤ PMϕ̄ϕP , where Mψ is the multiplication operator associated to a
function ψ in L∞, and therefore Tϕ̄Tϕ ≤ Tϕ̄ϕ. Hence, Tϕ̄ϕ ≥ δ, and consequently,
ϕ̄ϕ ≥ δ, by Condition (2). It follows that ϕ is invertible. By taking adjoints, we
see that ϕ is also invertible if Tϕ is right invertible. This proves (3).

The inclusion σ(ϕ) ⊆ σ(Tϕ) is immediate from (3). Hence, ‖ϕ‖∞ ≤ r(Tϕ)
and it is clear now that Condition (1) holds. The containment of σ(Tϕ) in W (Tϕ)
holds because the numerical range always contains the spectrum. Since the map,
ϕ 7→ Tϕ, is a unital isometry, the inclusion W (Tϕ) ⊆ W (ϕ) is obvious. However,
since ϕ is normal, we have W (ϕ) = coσ(ϕ), by [4, p. 53]. Hence, W (Tϕ) ⊆ coσ(ϕ)
and, since σ(ϕ) ⊆W (Tϕ) and the numerical range is always a convex set, we have
W (Tϕ) = coσ(ϕ). Therefore, (4) holds. �

If θ is a unimodular function in A, set Pθ = 1 − TθTθ
∗. Because Tθ is an

isometry, Pθ is a projection belonging to K. It is easily checked that (Pθ)θ is an
increasing net, where we define θ1 ≤ θ2 to mean that θ2θ̄1 belongs to A.

Theorem 3.2. The net (Pθ) is an increasing approximate unit for K.
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Proof. Proof Let L denote the linear space consisting of the products θ̄f , where
θ, f ∈ A and θ is unimodular. Let A0 denote the linear span of all products
Tϕ1Tϕ2 · · ·Tϕn , where ϕ1, . . . , ϕn belong to L, and let K0 denote the linear span of
the corresponding operators Tϕ1Tϕ2 · · ·Tϕn

− Tϕ1ϕ2···ϕn
. If ϕ ∈ L, then the equa-

tion Tϕ(Tϕ1Tϕ2 · · ·Tϕn
−Tϕ1ϕ2···ϕn

) = TϕTϕ1Tϕ2 · · ·Tϕn
−Tϕϕ1···ϕn

+Tϕ(ϕ1···ϕn)−
TϕTϕ1ϕ2···ϕn

shows that K0 is a left ideal of the algebra A0. Similarly, K0 is a right
ideal of A0. It follows that the closure K0 is an ideal in the algebra A0 and clearly,
A0 = A, since L has norm-closure equal to C(G) because A is unimodular. It is
obvious that the quotient algebra A/K0 is commutative, so K0 contains K. We
now show that the net (Pθ) is an approximate unit for K0 and this will imply that
K0 = K, since the projections Pθ belong to K. This will then prove the theorem.

To show that (Pθ) is an approximate unit as claimed, it suffices to show that
for any T ∈ K0, there exists an unimodular function θ in A such that T = TPθ—in
this case, for any unimodular function θ′ in A such that θ′ ≥ θ, we clearly also
have T = TPθ′ . We may suppose that T is of the form T = Tϕn

· · ·Tϕ1 − Tϕn···ϕ1 ,
where ϕ1, . . . , ϕn belong to L. Clearly, since ϕ1, ϕ1ϕ2, . . . , ϕ1ϕ2 · · ·ϕn belong to
L, we can find a unimodular function θ in A such that θϕ1, θϕ1ϕ2,. . . ,θϕ1 · · ·ϕn
belong to A. Then Tϕn · · ·Tϕ1Tθ = Tϕn · · ·Tϕ1θ = Tϕn · · ·Tϕ2ϕ1θ = · · · = Tϕn···ϕ1θ,
so TTθ = 0 and therefore, T = TPθ, as required. �

Corollary 3.3. The only Toeplitz operator with continuous symbol belonging to K
is the zero operator.

Proof. Proof Let ϕ ∈ C(G) and suppose that Tϕ ∈ K. Since the net (TϕPθ)θ con-
verges to Tϕ, the net (TϕTθTθ∗)θ converges to zero. But ‖Tϕ‖ = ‖Tθ∗TϕTθTθ∗Tθ‖ ≤
‖TϕTθTθ∗‖, so Tϕ = 0. �

Theorem 3.4. There is a unique ∗-homomorphism π from A onto C(G) such that
π(Tϕ) = ϕ, for all ϕ ∈ C(G). Moreover, the kernel of π is equal to K.

Proof. Proof It suffices to show that the map ρ from C(G) to A/K that maps ϕ onto
Tϕ+K is a ∗-isomorphism. Clearly, ρ is linear and preserves adjoints. Moreover, it
is multiplicative, since K contains all operators of the form TϕTψ−Tϕψ, as we saw
in the the proof of Theorem 3.2. Injectivity of ρ is immediate from Corollary 3.3
and Theorem 3.1(1). Finally, surjectivity of ρ follows from the observation that the
range of the map is a C*-algebra containing the elements Tϕ+K, where ϕ ∈ C(G),
and these generate the quotient algebra A/K. �

Theorem 3.5. A acts irreducibly on H2.

Proof. Proof Let Q be a projection in B(H2) commuting with all the Tϕ, where
ϕ ∈ C(G). We shall show that Q = 0 or Q = 1. Let ψ = Q(1). If f ∈ A,
then Q(f) = QTf (1) = TfQ(1) = fψ. Hence, if f1 and f2 belong to A, then∫
ψf1f̄2 dm = < Q(f1), f2 > = < Q(f1), Q(f2) > =

∫
|ψ|2f1f̄2 dm. It follows that∫

ψϕdm =
∫
|ψ|2ϕdm, for all ϕ in the linear span L of all products ϕ1ϕ̄2, where

ϕ1, ϕ2 ∈ A. Since L is a self-adjoint subalgebra of C(G) separating the points of G,
the Stone–Weierstrass theorem implies that L is norm-dense in C(G). It follows
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that
∫
ψϕdm =

∫
|ψ|2ϕdm, for all ϕ in C(G). Hence, ψ = |ψ|2 (as elements

of L1). In particular, ψ = ψ̄. Let c =
∫
ψ dm. Since m is multiplicative on A,

it is also multiplicative on H2. Hence, since ψ ∈ H2, we have
∫

(ψ − c)2 dm =
(
∫
ψ dm− c)2 = 0, so ψ = c. Because ψ is an idempotent, this implies that c = 0

or c = 1. Consequently, Q(ϕ) = 0 or (1−Q)(ϕ) = 0, for all ϕ ∈ A and therefore, by
norm-density of A in H2, for all ϕ ∈ H2. Thus, Q = 0 or Q = 1, as required. �

We are now in a position to determine the precise conditions under which
the theory is trivial.

Theorem 3.6. The following are equivalent conditions:
(1) For some non-zero element ϕ of C(G), the operator Tϕ is compact;
(2) H2 = L2;
(3) dim(H2) <∞;
(4) A = C(G);
(5) G is a singleton set.

Proof. Proof The implications (5) ⇒ (4) ⇒ (2) are obvious. If (2) holds, then
the map, ϕ 7→ Tϕ, is clearly multiplicative and therefore, A is abelian. Since A
acts irreducibly on H2, by Theorem 3.5, H2 must therefore be one-dimensional.
Hence, (2) ⇒ (3). If (3) holds, then T1 is a non-zero compact Toeplitz operator,
so (3) ⇒ (1). Finally, suppose that (1) holds, that is, suppose there exists Tϕ
a compact operator for which ϕ 6= 0, and we shall show that this implies that
(5) holds and thereby prove the theorem. Since A acts irreducibly on H2, our
assumption implies that A contains the ideal K(H2) of compact operators on H2.
Now Tϕ does not belong to K, by Corollary 3.3, so K(H2) 6⊆ K. Consequently,
K(H2)∩K = 0, by simplicity ofK(H2), and therefore, since A is primitive, K = 0.
Hence, A is abelian and therefore, dim(H2) = 1. It follows that dim(A) = 1 and
therefore, since A is a function algebra in C(G), dim(C(G)) = 1. Hence, G is a
singleton set and (5) holds, as required. �

Henceforth, to avoid trivialities, we shall assume that G is not a singleton
set.

Theorem 3.7. The only compact Toeplitz operator on H2 is the zero operator.

Since dim(H2) = ∞, we may speak of the essential spectrum σe(T ) of an
operator T on H2. Of course, this is the spectrum of the image of T in the Calkin
algebra B(H2)/K(H2).

Theorem 3.8. If ϕ ∈ C(G), then σ(ϕ) ⊆ σe(Tϕ).

Proof. Proof It suffices to show that ϕ is invertible in C(G), if Tϕ is a Fredholm
operator. Now the ideal of compact operators K(H2) is either contained in K, or
its intersection with K is the zero space. In either case, this implies that Tϕ + K
is invertible in A/K, if Tϕ is Fredholm. Hence, by Theorem 3.4, ϕ is invertible in
C(G). �
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If A is a Dirichlet algebra, and ϕ ∈ C(G), then Teϕ is necessarily invertible,
by [8, Corollary 7.2]. This is no longer true in our present setting. Example 8.2
of [8] provides a counterexample. An inspection of this example shows that it is
obtained by the transition from a triple (G,A,m) to (G̃, Ã, m̃) as explained in
Section 2, where m̃ is the unique representing measure for a character on Ã and
m̃ has full support; therefore, the function algebra Ã involved is a unimodular
algebra, and all our assumptions are satisfied. Nevertheless, there exists ϕ ∈ C(G̃)
such that Teϕ is not invertible.

4. Analytic Toeplitz operators

A Toeplitz operator Tϕ is analytic if the symbol ϕ belongs to H∞. Clearly, the
map, H∞ → B(H2), ϕ 7→ Tϕ, is an algebra homomorphism. Our first result of this
section shows that this map is in fact an isometry.

Theorem 4.1. If ϕ ∈ H∞, then ‖Tϕ‖ = r(Tϕ) = ‖ϕ‖∞.

Proof. Proof Reasoning as in the proof of Theorem 3.1, we have, for each positive
integer n, (

∫
|ϕn| dm)1/n = (

∫
|Tnϕ (1)| dm)1/n ≤ (

∫
|Tnϕ (1)|2 dm)1/2n ≤ ‖Tnϕ ‖

1/n.
Hence, ‖ϕ‖∞ = lim(

∫
|ϕn| dm)1/n ≤ lim ‖Tnϕ ‖

1/n = r(Tϕ). The result follows. �

Theorem 4.2. Let T ∈ B(H2). Then T is an analytic Toeplitz operator if, and only
if, TTf = TfT , for all f ∈ A.

Proof. Proof We suppose that TTf = TfT for all f ∈ A and show that T is an
analytic Toeplitz operator (obviously, all analytic Toeplitz operators commute).
Let L be the linear space of functions of the form θ̄g, where θ and g belong to
A and θ is unimodular. Since A is unimodular, L is norm dense in C(G) and
therefore norm dense in L2 also. Let P be the projection of L2 onto H2. For each
unimodular function θ in A, define Sθ in B(L2) by setting Sθ(h) = θ̄TP (θh) and
note that ‖Sθ‖ ≤ ‖T‖. We shall show that for each pair h1 and h2 in L2, the net
(< Sθ(h1), h2 >)θ converges. It will then follow that (Sθ)θ converges in the weak
operator topology to a bounded linear operator on L2. By density of L in L2, we
may reduce to the case where hi = θ̄igi, with θi, gi ∈ A and θi are unimodular,
for i = 1, 2. In this case, let θ be a unimodular function in A for which θ ≥ θ1, θ2;
that is, θθ̄1, θθ̄2 ∈ A. Then

< Sθ(h1), h2 > = < θ̄TP (θθ̄1g1), θ̄2g2 >

= < P (θ̄θ2TP (θθ̄1g1)), g2 > = < Tθ̄θ2TTθθ̄1(g1), g2 >
= < Tθ̄θ2Tθθ̄1T (g1), g2 > = < Tθ2θ̄1T (g1), g2 >.

Hence, the net (< Sθ(h1), h2 >)θ converges, as required.
Let S denote the weak operator topology limit of the net (Sθ), S = limSθ.

If ψ ∈ C(G), we claim that S and the multiplication operator Mψ commute.
Using density of L in C(G), we may suppose that ψ = θ̄f , for elements θ, f of A
with θ unimodular. Using the fact that multiplication operators are normal, and
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Fuglede’s theorem, we clearly need only show that SMf = MfS. Hence, it suffices
to show that, for h1 and h2 in L2, we have lim< (SθMf −MfSθ)(h1), h2 > = 0.
Again using density of L in L2, we may reduce to the case where hi = θ̄igi, with
θi, gi ∈ A and θi are unimodular, for i = 1, 2. As before, let θ be a unimodular
function in A for which θ ≥ θ1, θ2. Then

< (SθMf −MfSθ)(h1), h2 > = < θ̄TP (θf θ̄1g1), θ̄2g2 >−< fθ̄TP (θθ̄1g1), θ̄2g2 >

= < P (θ2θ̄TP (θf θ̄1g1)), g2 >−< P (θ2fθ̄TP (θθ̄1g1)), g2 >
= < Tθ2θ̄TTθθ̄1f (g1), g2 >−< Tfθ2θ̄TTθθ̄1(g1), g2 >
= < Tθ2θ̄Tθθ̄1fT (g1), g2 >−< Tfθ2θ̄Tθ̄1θT (g1), g2 >
= < Tθ2θ̄1fT (g1), g2 >−< Tfθ2θ̄1T (g1), g2 > = 0.

Hence, as claimed, S commutes with all the multiplication operators Mψ, where ψ
belongs to C(G). Therefore, S = Mϕ, for some function ϕ ∈ L∞. Since the com-
pression of all the operators Sθ to H2 is equal to T , it follows that the compression
of S to H2 is also equal to T ; that is, Tϕ = T .

Finally, we show that ϕ ∈ H∞. If f ∈ H2, then Mϕ(f) = T (f) ∈ H2. Hence,
ϕH2 ⊆ H2 and therefore ϕ ∈ H∞. �

Corollary 4.3. The analytic Toeplitz operators form a maximal commutative sub-
algebra of B(H2).

Corollary 4.4. If ϕ ∈ H∞, then σ(Tϕ) = σH∞(ϕ)—the spectrum of ϕ as an element
of the algebra H∞.

Proof. Proof Let B be the algebra of analytic Toeplitz operators. Then σ(Tϕ) =
σB(Tϕ), since B is a maximal, commutative subalgebra of B(H2). Since the map,
ϕ 7→ Tϕ, is an isomorphism of H∞ onto B (injectivity follows from Theorem 4.1),
we have σB(Tϕ) = σH∞(ϕ). �

Corollary 4.5. The spectrum of an analytic Toeplitz operator is connected.

Proof. Proof By Corollary 4.4, we need only show that σH∞(ϕ) is connected for
every ϕ ∈ H∞. Hence, by Shilov’s idempotent theorem, we need only show that the
commutative Banach algebra H∞ contains no idempotents except the trivial ones
0 and 1. Suppose then ϕ is an idempotent in H∞. Then ϕ = ϕ̄ and if c =

∫
ϕdm,

then
∫
|ϕ− c|2 dm = (

∫
ϕdm − c)2 = 0. Hence, ϕ = c and therefore, c = 0 or

c = 1. Thus, ϕ = 0 or ϕ = 1. �
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