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Abstract
If ' is a discrete group, conditions are given that ensure that the
full group C*-algebra C*(I') is primitive, thereby partially answering a
question posed by P. de la Harpe.

1 Introduction

A C*-algebra is primitive if it has a faithful irreducible representation. A prim-
itive C*-algebra is necessarily prime; that is, any two non-zero closed ideals in
it have a non-zero intersection. It is a well known result of J. Dixmier [8] that
if a C*-algebra is separable, then the converse holds; that is, it is primitive if
it is prime. For the non-separable case it was a long-standing open problem
whether this remains true, but this has been answered negatively recently by
N. Weaver [21].

Primitive C*-algebras, and more generally prime C*-algebras, are, to some
extent, analogues in the class of C*-algebras of factors in the class of von Neu-
mann algebras; indeed, it is well known (and not hard to see) that a von Neu-
mann algebra is a factor if, and only if, it is prime. In a somewhat vague sense,
one thinks of the prime/primitive C*-algebras (and especially the subclass of
simple C*-algebras) as the basic “building blocks” of the theory.

If T' is a discrete group, we consider in this paper the question of when
the full group C*-algebra C*(T") of I' is primitive. This question was posed
by P. de la Harpe in [6, Problem 13] (the question of the primitivity of the
group algebra C[I'| was raised much earlier by I. Kaplansky; primitivity and
primeness of C[I'] are briefly discussed in Section 2). De la Harpe mentions
only one positive result on primitivity /primeness of a full group C*-algebra and
as far as I can ascertain this is the only one that has appeared in the published
literature. It is due to H. Yoshizawa [22] but was rediscovered independently
much later by M.D. Choi [4]. The result asserts that if I' = F,,, where n > 2,
then C*(F,,) is primitive. Here F,, is the free group on a finite or countably
infinite number n of generators. (Thus, n is a positive integer or n = c0.) In
this paper we considerably extend the class of examples of groups I' for which
one can assert that C*(T') is primitive or prime. Indeed, we show there are
uncountably many, pairwise non-isomorphic, group C*-algebras for which this
result holds. From the preceding remarks it is clear we also consider the question
of whether C*(T") is prime. Of course, if I" is countable, then C*(T") is separable
and therefore primeness and primitivity are equivalent conditions. In light of



Weaver’s result mentioned above, it is not clear whether primeness of C*(T")
still implies its primitivity when I' is not countable.

Tt is, of course, easy to give examples where C*(T") is not primitive or prime.
For instance, if T' is abelian, then clearly C*(T") is prime only if T is trivial.
More generally, if C*(T") is prime, then its centre is trivial, and therefore, the
centre of I' is trivial. However, even if I" has trivial centre, C*(I') may not be
prime, for the centre of C*(I') may be non-trivial. To see this, let I' = Zy x Zo,
the free product of the two-element group Zs with itself. In this case C*(T") is
generated by a canonical pair of symmetries, that is, unitaries v and v such that
u? = v? = 1 and it is easily seen that the element a = uv + vu is a non-scalar
central element. Thus, C*(T") has non-trivial centre. On the other hand, the free
product of two non-trivial groups can never have a non-trivial central element,
as is well known.

An easy result below (Corollary 2.2) gives a necessary condition on a group T’
for the algebra C*(T") to be primitive. The condition is that I" be an ICC group
(that is, all the conjugacy classes of I', except the one consisting of the unit, be
infinite sets). A non-abelian free group is an ICC group, as is the free product
of two non-trivial groups, if one of them has more than two elements [6, p. 123].

Recall that it is an old result of F.J. Murray and J. von Neumann [16] that
the group von Neumann algebra W*(T') of T is a factor if, and only if, T" is an ICC
group. In view of the analogy relating factors and primitive/prime C*-algebras,
this result suggests that C*(I") may be prime if I" is an ICC group. Indeed,
we show below that C*(I") is prime in the special case where I' is amenable
(and an ICC group). However, I personally do not think that all ICC groups
have prime/primitive full group C*-algebras (this point is discussed further in
Section 2). On the other hand, in the case of the reduced C*-algebra C;(T'), its
primeness is indeed equivalent to I' being an ICC group—see Proposition 2.3.

We give a brief overview of the paper now. In Section 2 we show that if I is
a (discrete) group, then it is an ICC group if C*(T") is prime and that primeness
of C¥(T) is equivalent to I' being an ICC group, as mentioned above. We also
show that if ' = T’y x 'y, where I'; and T's are groups for which C*(T";) and
C*(T'y) primitive, then C*(T") is also primitive, provided one, at least, of I'; and
I’y is amenable. In Section 3 we show that certain semidirect products of a free
group and an amenable group give rise to primitive full group C*-algebras, as
does the free product of a non-trivial, countable, free group and a non-trivial,
countable, amenable group. Another primitivity result is obtained for the full
group C*-algebra of a free product of groups in Theorem 3.4, where a sort of
“strong torsion freeness” condition is imposed on one of the factors of the free
product. A consequence is that if [' = F' % Z; x Zy, where F is a countable,
non-abelian, free group and Z; and Zs are countable, torsion-free, amenable
groups, then C*(T') is primitive.

2 Primitivity and ICC groups

In the sequel the term group will always signify a discrete group, unless the
contrary is indicated in a particular context.

We begin by setting up some notation. Throughout, I' will always denote a
discrete group. We denote by U:x +— U, the canonical unitary representation
of I' in C*(T"). The characteristic property that C*(I') enjoys is that every other



unitary representation of I' factors through U. More precisely, if V:T' — B is a
unitary representation of I' in a unital C*-algebra B, then there exists a unique
s-homomorphism 7 from C*(T") to B for which V =70 U.

Let L be the left regular unitary representation of I' on the Hilbert space
¢2(T"). Thus, if (6;)zer is the standard orthonormal basis of £2(T"), then L, is the
unitary defined by L;(6y) = 64y (y € I'). Recall that the C*-algebra generated
by the family of operators (L;)ger is denoted by Cy(I') and called the reduced
group C*-algebra of T. Tts weak closure W*(T') is the group von Neumann algebra
of T'.

It is clear the operators L, (x € T') are linearly independent. Hence, since
there exists a *-homomorphism 7 from C*(I") onto C;(I") for which 7(U,) = Ly,
for all € T, the unitaries U, are also linearly independent. Moreover, as is
well known, their linear span is dense in C*(T').

We shall give below (Theorem 2.4) a necessary and sufficient condition on a
group I, in the case that T" is amenable, to ensure that C*(T") is prime. However,
our necessary condition applies more generally and its proof is standard in this
context:

Proposition 2.1 IfT is a group for which C*(T") has trivial centre, then T is
an ICC group.

Proof. Suppose that C' is a finite conjugacy class of I'. To prove our result we
have only to show that C' = {e}, where e is the unit of I'. Set a = > - Us,.
Then UyaUy = 3 coUyay— = Zzeycyfl . = a, since yCy~! = C. Hence,
a commutes with all the unitaries U,, and therefore, a belongs to the centre of
C*(T"), since the unitaries U, have dense linear span in C*(I"). Consequently,
a = AU, for some scalar \. Since the elements U, are linearly independent,
this implies that e belongs to C, so C = {e}, as required. O

Corollary 2.2 If C*(T') is prime, then T is an ICC group.

Proof. A prime C*-algebra has trivial centre. O

The following result is known, but I know of nowhere in the published lit-
erature where it is stated or proved. For this reason I have included a brief
proof.

Proposition 2.3 Let T be an arbitrary group. Then CF(T') is prime if, and
only if, T is an ICC group.

Proof. Clearly, the proof of Proposition 2.1 can be adapted easily to show that
if C*(T') is prime, then T is an ICC group. Hence, we’ll suppose that T is an
ICC group and deduce that C;(T') is prime:

Because I is an ICC group, R = W*(I') is a factor, by the result of Murray
and von Neumann in [16] mentioned in the Introduction. Let I and J be closed
ideals of C¥(T") for which I N J = IJ = 0. We shall show that either I or J
must be zero and this will prove that C(T") must be prime.

Let K be the closed vector subspace of £2(I") spanned by the vectors of the
form Tf, where T € I and f € £2(T). Let P be the projection of £2(T") onto K.
Since K is clearly invariant under C}(I"), P commutes with C(T") and therefore
with R. Also, if (E;); is any approximate unit for 7, then P = lim; F; in the



strong operator topology. Hence, P € R, since all the elements E; € R. Thus,
P is a central projection of R, implying that P is equal to 0 or 1, since R is a
factor. Hence, either K = 0, in which case I = 0; or K = ¢?(I'), in which case
J =0 (since J=0o0n K). O

Theorem 2.4 Let T' be an amenable group. Then C*(T') is prime if, and only
if, T is an ICC group.

Proof. Since T" is amenable, the Hulanicki—Reiter theorem says that the canonical
k-homomorphism from C*(T") onto C(T") is an isomorphism [17, Theorem 7.3.9].
Our result now follows immediately from the preceding proposition. O

There exists a vast number of amenable ICC groups. For instance, in [20] an
uncountable family of amenable ICC groups is constructed for which the group
C*-algebras are pairwise non-isomorphic. For a discussion of these points and
other examples of amenable ICC groups, see [6, Section 2.4].

Let C[I'] denote the group algebra of I'. This can be identified in an obvious
fashion with the linear span of the unitaries U, in C*(I') or of the unitaries
L, in C}(T). A brief discussion on how primitivity/primeness of the group
C*-algebras of T relate to primitivity/primeness of C[T'] is pertinent.

First we consider primeness of C[I']. Recall that a ring R is prime if, when-
ever a,b € R and aRb = 0, then a = 0 or b = 0. For a C*-algebra, this
ring-theoretic formulation of primeness is equivalent to primeness as we defined
it in the Introduction. If T' is an ICC group, then CII'] is a prime ring, since
Cy(T") is prime. On the other hand, primeness of C[I'] does not imply I" is an
ICC group. For example, an elementary argument shows that C[Z] is prime. In
fact, a special case of an old result of I.G. Connell [5] asserts that C[I'] is prime
if, and only if, I' has no non-trivial finite normal subgroups.

The ring C[I'] is primitive if it admits a maximal left ideal containing no
non-zero two-sided ideal. If C[I'] is primitive, it is necessarily prime [9]; the
converse does not hold, since C[Z] is clearly not primitive, although it is prime.
The problem of characterizing primitivity of general group rings F[I'], for F' a
field, in terms of properties of I' was raised in 1970 by I. Kaplansky in [12]. The
question turned out to be a very hard one and is still open. Indeed, D. Passman
has informed me in a private communication that there is not even a viable
conjecture, although some partial results are known. For the considerations
of this paper one of the most pertinent results is that C[['] may be primitive
and yet the centre of I' may be non-trivial [3] (and in this case the centre of
C[I] will then be non-trivial). It is clear from the proof of Proposition 2.1 and
from the statement of Proposition 2.3 that C[I'] has trivial centre if, and only
if, T is an ICC group. If follows therefore that primitivity of C[I'] does not
imply primitivity/primeness of C*(I') or of C;(T"). It seems that the primitivity
questions for C*(T") and for C[I'] may be totally unrelated, although I have
not an example to show that primitivity of C*(I") does not imply primitivity of
C[I]. I suspect such an example exists, however.

Given that, in the case I' is an amenable group, C*(T") is prime if, and only
if, T' is an ICC group, one might be tempted to conjecture that this still holds
even if I' is not amenable. In my view the preceding remarks suggest that
this is unlikely to be the case, since the ICC property for I' is equivalent to a
somewhat weak condition for the group algebra CI[I'] (triviality of its centre)



and this appears to be a long way from primeness of C*(I"). However, I know of
no example of an ICC group whose full group C*-algebra is not primitive/prime.
On the other hand, I suspect that C*(T") is not primitive if I' = Fy x Fa, the
(ordinary) product of the free group on two generators with itself (T is clearly
an ICC group, since Fs is one).

If I'y and I'; are any pair of groups, then the unique *-homomorphism from
C*(I'y x I') to the maximal C*-tensor product C*(T'1) ®max C*(I'2) that sends
Ulz,yy onto U, @ Uy, for all z € T'y and y € I'y, is a *-isomorphism, as is well
known and easily proved (see Corollary 1 in Section 3 of [10]). We use this in
the next result.

Theorem 2.5 Let I' =Ty x Iy, where T'y and Ty are groups for which C*(T'y)
and C*(T'y) are primitive. Then C*(T') is also primitive, if (at least) one of T'y
and I's is amenable.

Proof. Tt is a well known result of E.C. Lance [13] that a discrete group is
amenable if, and only if, its full group C*-algebra is nuclear. The hypothesis of
the theorem, combined with the observation preceding it, implies that C*(T") =
C*(T'1) ®max C*(T'2) = C*(T'1) ® C*(T'3), where the second tensor product is
the spatial one. Choose now faithful irreducible representations 7 and my of
C*(T'y) and C*(T'3) on Hilbert spaces H; and Hs respectively. Then their tensor
product m = m ® 7o is a faithful representation of C*(I') on H = H; ® Hs.
Faithfulness of 7 is a consequence of the fact that we are dealing with a spatial
tensor product [14, Theorem 6.5.1]. Irreducibility of 7 is a well known result,
see Section 2 of [10]. Thus, C*(T") is primitive, as required. O

3 C*-algebras of semidirect products and free
products of groups

Let (A, T, ) be a C*-dynamical system; thus, A is a C*-algebra, I'—as always—
is a (discrete) group and « is a homomorphism from T' into the group Aut A
of all automorphisms of A; « is called an action of T on A. Let ¢ be a non-
zero representation of A on a Hilbert space H. We recall the well-known result
that the induced representation ¢ of the covariance algebra C*(A,T',a) on the
Hilbert space [?(T", H) is irreducible if, and only if, the following two conditions
hold:

(1) ¢ is irreducible;

(2) if z € T and there exists a unitary operator U on H such that ¢(a,.(a)) =
Ud(a)U*, for all a € A, then z = e, where e is the unit of T'.

Moreover, if T' is amenable, then ¢ is faithful if ¢ is faithful.

This material is standard (see [15] and [17], for instance).

We use these remarks in the proof of the following lemma. Before stating
the lemma, recall that the action o on A is said to be effective if a, = id (the
identity map on A) only for z = e. A similar definition applies for actions of T’
on groups and we shall use the term in this context also.

Lemma 3.1 Let (A, T, a) be a C*dynamical system for which T is an amenable
(discrete) group and the action « is effective. Suppose that A is generated as a
C*-algebra by a subset S such that a,(S) = S, for all x € T. Suppose also that



A admits a non-zero, faithful, irreducible representation ¢ on a Hilbert space H
and that for all a,a’ € S, the operators ¢(a) and ¢(a’) are unitarily equivalent
on H only if a =a’. Then the covariance algebra C*(A,T, «) is primitive.

Proof. Since I is amenable, the induced representation ¢ on C*(A4,T, a) is faith-
ful, by the remarks preceding this lemma. Suppose that x € " and that there
is a unitary U on H for which ¢(a,(a)) = Up(a)U*, for all a € A. Then, if a
belongs to S, so does «,.(a), and the operators ¢(a;(a)) and ¢(a) are unitarily
equivalent. By hypothesis this can only happen if o, (a) = a. Thus, a, = id
on S and therefore, a,, = id on A. Hence, x = e, since « is effective. Again
invoking the remarks preceding this lemma, we conclude that ¢ is an irreducible
representation. It follows that C*(A, T, «) is primitive.O

The proof of the following theorem makes extensive use of results from [4].
The countability assumption on the free group appearing in the theorem is
needed to use these results.

Theorem 3.2 Suppose that I' = F' xg Z, the semidirect product of a countable,
non-abelian, free group F by an amenable group Z, via an effective action (.
Suppose also that F' admits a free basis X for which 5,(X) =X, for all z € Z.
Then C*(I') is primitive.

Proof. The action 3 induces an obvious action « of Z on C = C*(F) in such a
way that a.(S) = S, for all z € Z, where S = {U;}; is the set of canonical uni-
tary generators of C*(F'). The index j runs over a finite or infinite sequence of
successive integers, starting at 1. Moreover, « is clearly effective and, by Propo-
sition 6.6 of [18], we have C*(T') = C x, Z. Hence, by the preceding lemma,
to prove the result we need only show that C' admits a faithful, irreducible
representation ¢ for which the operators ¢(U;) are pairwise non-equivalent.

We may suppose that C is a C*-subalgebra of B(H), for some separable
Hilbert space H (we need F' countable to ensure H can be taken to be separable).
Moreover, by a slight adaptation of the Weyl-von Neumann-Berg theorem for
normal operators (see [4, Lemma 4]), we may write every unitary operator
on H as a compact perturbation of a unitary operator which is diagonal relative
to some orthonormal basis of H and has all diagonal entries distinct. Let us
apply this to the unitaries Uj, for each index j > 1, and denote by V; the
corresponding unitary diagonal operator, with U; — V; a compact operator (we
are not supposing all the V; are diagonal relative to the same basis). By Lemma 3
combined with Lemma 5 of [4], we can find a compact perturbation V; of U; that
is a unitary operator having no common non-trivial invariant subspace with V5.
It follows that the C*-algebra B generated by all of the operators V; (j > 1)
acts irreducibly on H.

Since V5 has non-empty point spectrum o,(V2), there exists A € T (the unit
circle of C) such that AV and V; are not unitarily equivalent. For otherwise, we
would have Ao, (V2) = 0,(V1), for all A € T, and therefore, T C 0,(V1). How-
ever, this is clearly impossible, since the point spectrum of a unitary operator
on a separable Hilbert space must be countable. Set Vi = V; and Vj = AV&,
where A € T is chosen so that V{ and V4 are inequivalent. We may repeat this
kind of argument, to find a suitable scalar A of modulus one such that Vi = AV;
is inequivalent to both V; and Vj. Proceeding in this fashion we obtain for each



V; a unitary V}’ , which is a multiple of V; by a unit-modulus scalar, such that
the set of unitaries Vj' are all pairwise inequivalent.

By the universal property of C, there exists a *-homomorphism % from C
onto B mapping each canonical generator U; onto V;. Let m be the quotient
homomorphism from B(H) onto the Calkin algebra B(H)/K(H) and let m¢
and mp denote the restrictions of 7 to C' and B, respectively. Then 7c(U;) =
m(Vj) = mpY(Uj), since Vj is just a compact perturbation of U;. Hence,
me = wpY. Moreover, ker(me) = K(H) N C and this intersection is equal to
zero by [4, Corollary 2]. Hence, m¢ is injective and therefore, so is 9. Now,
applying the universal property to B and the unitaries V; in place of C' and Uy,
there is clearly a x-isomorphism ¢’ of B sending each operator V; onto Vj’ .
Finally, the representation ¢ = 't of C is faithful and irreducible, and the
operators ¢(U;) = V] are pairwise inequivalent, as required.0

If F and Z are groups, we denote their free product by F'xZ, as is customary.

Theorem 3.3 Let F' be a non-trivial, countable, free group and Z a non-trivial,
countable, amenable group. Then C*(F * Z) is primitive.

Proof. Let the non-empty set S be a free basis for F'. Let Fzxg be the free group
on Z x S, where Z is considered merely as a set, so that Z x S is a free basis
of Fzxs. Define an action 8 of Z on Fzygs by setting 8.(t,s) = (zt, s), for all
z,t € Z and s € S. Clearly 3 is effective. Let I' = Fizx5 X3 Z. We shall show
that I' is isomorphic to F' * Z. An application of Theorem 3.2 will then suffice
to show the present theorem, since Z is amenable and Fz4 g has countable rank
greater than one (because Z and S are countable and Z is non-trivial).

We show now that the required isomorphism exists: Let V:z +— V, be the
canonical homomorphism from Z into I'. Thus, if 2,¢ € Z and s € S, then
B.(t,s) = V.(t,s)V,"'. By the universal property of the free product, there
exists a homomorphism « from F'xZ to I" such that a(s) = (e, s) and a(z) = V;,
for all s € S and 2 € Z. Moreover, since (z,s) = B.(e,s) = Vi(e,s)V, 7L,
it follows that « is surjective. To see that « is injective, we construct a left
inverse o for it. First, let v be the homomorphism from Fz«gs to F * Z for
which y(z,s) = zsz™!, for all z € Z and s € S. Since y0.(t,s) = zts(zt) " =
2vy(t,s)z7 1, for all z,t € Z and s € S, it follows from the universal property of
the semidirect product Fzxs X3 Z that there exists a homomorphism «' from
I to F x Z such that o' extends v and o/(V,) = z, for all z € Z. From this one
easily sees that o’a = id, as required. Hence « is an isomorphism.O

In the preceding theorem we are allowed to suppose that F' is of rank one,
that is, we can take F' = Z, but we need to have Z amenable (for the proof to
work). We now show, in the following theorem, that if we suppose that the rank
of F is greater than one, then we may drop the amenability requirement on Z.
However, we have to replace it by another assumption, namely, non-existence
of non-trivial projections in C*(Z).

The question under what conditions on a group Z the C*-algebra A = C*(Z2),
or A = C}(Z), has no non-trivial projections is an important open one in the
theory of operator algebras. If Z admits an element of finite order, not equal to
the unit, then spectral theory applied to the corresponding unitary in A implies
that A admits a non-trivial projection.



If Z is amenable and torsion free, then C*(Z) has no non-trivial projections.
This is also the case the case if Z is a free product of two torsion-free amenable
groups. See [7] and [11] for these results.

The famous Kadison-Kaplansky conjecture is that C(Z) has no non-trivial
projections if Z is an arbitrary torsion-free group. If Z is a torsion-free group for
which the even-more-famous Baum—Connes conjecture holds, then the Kadison—
Kaplansky conjecture also holds for Z. We refer to [1] and [19] for surveys on
these questions.

Many of the ideas of the following proof occur in Choi’s paper [4] and, indeed,
in the proof above of Theorem 3.2. However, we give full details for the sake of
completeness.

Theorem 3.4 Let I' = F x Z, where F' is a countable, non-abelian free group
and Z is a countable group for which C*(Z) admits no non-trivial projection.
Then C*(T') is primitive.

Proof. First, observe that C*(T') = C*(F) * C*(Z) (the unital free product of
C*-algebras [2, pp. 105-6]). We shall show the more general result that for any
separable unital C*-algebra A not admitting non-trivial projections, the free
product C = C*(F') x A is primitive.

We first show that C' admits no non-trivial projections: Represent C faith-
fully as a C*-subalgebra of B(H), for some separable Hilbert space H. Define
B to be the C*-subalgebra of C([0,1], B(H)) consisting of elements f for which
f(0) € A. If p is a projection in B, then p(0) is a projection in A and therefore
p(0) = 0 or p(0) = 1. Hence, to show that p = 0 or p = 1, we may suppose that
p(0) = 0. Since the map ¢ — ||p(t)|| is continuous and integer-valued, and its do-
main [0, 1] is connected, it is constant. Therefore, ||p(t)|| = ||p(0)|| = 0 for all ¢;
that is, p = 0. Thus, B has no non-trivial projections. Now let the unitaries
U; be the canonical generators of C*(F) and write U; = exp(iT}), where T}
are self-adjoint operators on H. The functions f; defined by f;(t) = exp(itT})
clearly belong to B and are unitaries, so there exists a *-homomorphism p; from
C*(F) into B such that p;(U;) = f;, for all j. Also, if a € A, we get an element
ga in B by setting ¢, (t) = a, for all t. The map py from A to B that sends a to
Ja is clearly a x-homomorphism. By the universal property of the free product,
there exists a *-homomorphism p from C to B extending both p; and ps. The
*-homomorphism from B to B(H) obtained by sending f onto f(1) is clearly a
left inverse for p, so p is injective. Hence, since B has no non-trivial projections,
neither has C. It follows by spectral theory that C N K(H) = 0.

Using the same ideas we used in the proof of Theorem 3.2, we can find
unitaries V; on H such that U; — V; € K(H), for all j and only the trivial
subspaces of H are common invariant closed vector subspaces for the V;. Now,
again using the universal property of the free product, we see that there exists
a *-homomorphism ¢ from C to B(H) such that ¢(U;) = Vj, for all j and
such that i(a) = a, for all @ € A. Let 7 be the quotient map from B(H) onto
B(H)/K(H) and ¢ its restriction to C. Then m¢ = m, since n(U;) = n(V}),
for all j. Also, ker(mg) = C N K(H) = 0, so n¢ is injective. Hence, ¢ is
injective. Since ¢(C') acts irreducibly on H (as the V; have no non-trivial
common invariant subspace), the representation ¢ of C' is a faithful, irreducible
one and therefore C' is primitive, as required. O



Corollary 3.5 Let I' = F x Z1 x Zy, where F is a countable, non-abelian, free
group and Zy and Zy are countable, torsion-free, amenable groups. Then C*(I")
18 primitive.

Proof. This follows immediately from the theorem and the remarks that pre-
cede it. O
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