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The Setting

1 17th—19th century maths
2 Complex analytic ODEs
3 Example:

d2w
dz2 = 0.

4 Solutions are complex analytic functions
5 Example:

w = a + bz

6 Solutions are curves in z, w “plane”.
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The Problem

Classify ODE whose solutions are Riemann spheres (called
“rational curves”).

Example

1 d2w
dz2 = 0

2 w = a + bz
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Solution for a 2nd order ODE

1 d2w
dz2 = f

(
z, w , dw

dz

)
2 Tresse invariant (1893)

τ =
d2

dz2
∂2f
∂ẇ2 − 4

d
dz

∂2f
∂w∂ẇ

+
∂f
∂ẇ

(
4

∂2f
∂w∂ẇ

− d
dz

∂2f
∂ẇ2

)
− 3

∂f
∂w

∂2f
∂ẇ2 + 6

∂2f
∂w2
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Theorems on τ

Theorem (Tresse)
τ changes by a nonzero factor when you change variables.

Theorem (M-)
τ = 0 iff ODE analytically continues along solutions, so that all
solutions close up as rational curves.
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Examples

1 Lienard equation

d2w
dz2 + w

dw
dz

+
1
9

w3 = 0

2 τLienard = 0
3 All 2nd order ODE of physics discovered before 20th C have

τ = 0.
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Not Examples

1 No 20th C equation has τ = 0
2

d2w
dz2 = 6w2 →

(
dw
dz

)2

= 4w3 + A

3 cubic curve (degree d = 3) in
(

w , dw
dz

)
plane

4 topology (Bezout): g = 1
2 (d − 1) (d − 2) = 1: torus

5 Not rational. Solutions w = ℘ (z − c).
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Function Theory of the Riemann Sphere

1 Complex analytic functions on Riemann sphere are
constant (maximum modulus theorem)

2 Look at τ under coord change Z = 1
z

3 Similar to differential:

f (z) dz = −
f
( 1

Z

)
Z 2 dZ

So f (1/Z ) ∼ Z 2, so f (z) ∼ 1
z2 decaying on Riemann

sphere. So must have f = 0 (max modulus).
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Duality

X = config space(z, w)

Y = space of solutions

Z = phase space
(

z, w ,
dw
dz

)
Z

X Y
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