
SURFACES WITH FLAT NORMAL BUNDLE IN SPACE FORMS

BENJAMIN MCKAY

Abstract. We consider how much freedom there is to construct isometric

immersions of a surface, so that the immersion has flat normal bundle.
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1. Introduction

1.1. The problem. Given a surface M with a Riemannian metric, and a space
form S, an isometric immersion of M into S has a Levi-Civita connection on its
tangent bundle, and also on its normal bundle. Can we isometrically immerse with
flat normal bundle, and if so in how many ways? This problem is not interesting
if dim S = 3, since the normal bundle will be a real line bundle, and therefore
flat, and since it is also well known that there is in general no isometric immersion
of a surface into a 3-dimensional space form (see [1, 11]). So we assume that
dim S ≥ 4. Trivially, taking a surface in a 3-dimensional space form, one embeds
the 3-dimensional space form into a higher dimensional space form as a totally
geodesic subspace, giving examples of all genera. We will see that most surfaces
with flat normal bundle do not come about from this construction.
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1.2. The solution. Our main discovery is that the isometric embedding problem
becomes determined if we add the condition of having flat normal bundle. Recall
that the theory of isometric embedding is made difficult in high codimension be-
cause the problem is underdetermined. Naturally one would like to find geometric
conditions to add which lead to determinacy. At least for surfaces, we have found
a simple geometric condition: flatness of the normal bundle.

Theorem 1. Let M be a surface with real analytic Riemannian metric, and Sn+2

a Riemannian manifold of constant sectional curvature of dimension n+2 ≥ 4. Let
C ⊂ M be a real analytic embedded curve. Then there is an isometric immersion
of a neighborhood of C in M , which has flat normal bundle. The general isometric
embedding of a neighborhood of C with flat normal bundle depends on 2n functions
of 1 variable, where n = dim S− dim M .

Theorem 2. Every surface with smooth Riemannian metric admits a local isomet-
ric embedding with flat normal bundle into any space form Sn+2 (for n ≥ 2), in a
neighborhood of any point.

I have not succeeded in understanding general topological types, but only cylin-
ders:

Theorem 3. Let M be a smooth surface, diffeomorphic to a cylinder S1 × [0, 1].
On one of the boundary components of M , say C, pick a point m0 ∈ C. Fix a point
s0 ∈ S, a 2-plane P0 ⊂ Ts0S, and a linear immersion φ0 : Tm0M → P0.

To each immersion φ : M → S satisfying φ (m0) = s0 and φ′ (m0) = φ0, with
trivial normal holonomy along the loop C, define a section A = A(φ) of the bundle
Sym2 (T ∗M)

∣∣
C
⊗ P⊥

0 , by taking

ΠCA = a,

with a the shape operator of the immersion. Consider the map φ 7→ (g(φ), A(φ))
taking an immersed cylinder to its induced metric g and section A of this vector
bundle. This map is a tame bundle map, with section defined on a nonempty open
set of the base by asking φ(g,A) to have flat normal bundle, hyperbolic or mixed
shape operator, trivial normal holonomy along the chosen boundary component C,
and bicharacteristics passing entirely from one boundary component to the other.
If we build a family of space form metrics gκ on a fixed space S, with sectional
curvature of the metric gκ being κ, then the same result holds for the map (φ, κ) 7→
(g(φ), A(φ), κ).

1.3. Review of the literature. Terng [14] unveils some of the local geometric
properties of submanifolds of space forms with flat normal bundle. Ferapontov
[7] has a construction using integrable systems techniques which builds surfaces
with flat normal bundle in space forms, and every surface with flat normal bundle
locally arises from his construction. This construction was recently generalized to
all dimensions by Dajczer, Florit & Tojeiro [4]. However, it is unclear how to use
his construction to arrive at a surface with a prescribed Riemannian metric, even
locally, or how to deform surfaces of prescribed topology. He also gives references
for the history of the study of surfaces with flat normal bundle. As Ferapontov
points out:

(1) If a surface M ⊂ S has flat normal bundle, then so does the surface obtained
by transporting a normal vector in parallel over M , and then applying the
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Riemannian exponential map; Terng [14] calls this a Bonnet transformation,
while Ferapontov calls it a normal shift.

(2) Conformal local diffeomorphisms of one space form to another take surfaces
with flat normal bundle to other such surfaces.

(3) The normal Gauss map, taking a surface with flat normal bundle in Eu-
clidean space En+2 to the surface in the unit sphere Sn+1 given by parallel
transport of a unit normal vector v ∈ Sn+1, gives a surface with flat normal
bundle.

(4) Given a surface M ⊂ Sn+1 with flat normal bundle in a sphere, identify
the sphere with the unit tangent vectors at a point of a space form Sn+2,
and exponentiate to obtain a surface with flat normal bundle.

2. Structure equations

Let S = Sn (κ) be a space form, i.e. a Riemannian manifold of constant sectional
curvature κ, of dimension n + d. Let π : FS → S be the bundle of oriented
orthonormal frames, a principal right SO (n + d)-bundle. Let g be the Lie algebra
of local infinitesimal isometries of S. We may identify g with the Lie algebra of
matrices of the form (

0 −κAb

Aa Aab

)
(with indices a, b = 1, . . . , n + d), for which

Aab + Aba = 0.

We embed so (n + d) into g as the lower left corner. Define 1-forms ωa ∈ Ω1 (FS)
by

v ωa = 〈ea, π′(e)v〉
for v ∈ TeFS, e = (ea) ∈ FS. The 1-forms ωa are semibasic for the map FS → S,
and form a basis for the semibasic 1-forms. There is a unique Cartan connection ω
satisfying Cartan’s equations of structure:

dω = −1
2

[ω, ω]

with ω ∈ Ω1 (FS)⊗ g and

ω =
(

0 −κωb

ωa ωab

)
.

For g ∈ SO (n + d), write rg : FS → FS for the right action. Then

r∗gω = Ad−1
g ω.

For any A ∈ g, define a vector field ~A on FS by the equation ~A ω = A.
Given an isometric immersion of a submanifold φ : Md → S, we define the

adapted frame bundle FMS to be the bundle of choices of a point m ∈ M , an
adapted frame Ei on TmM , and an adapted frame (ei, eµ) on Tφ(m)S, for which
φ′(m)Ei = ei. Thus FMS ⊂ FM × FS. We can write FMS as FφS to emphasise
the role of the map φ. If we write the structure equations of FM (with indices
i, j, k, l = 1, . . . , d and µ, ν, σ, τ = d + 1, . . . , d + n) as

d

(
ηij ηj

0 0

)
= −

(
ηik ηk

0 0

)
∧

(
ηkj ηj

0 0

)
+

1
2

(
rijkl 0

0 0

)
ηj ∧ ηk,
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then we see that FMS ⊂ FM×FS is an integral manifold of the exterior differential
system ωµ = 0, ωi = ηi, ωij = ηij .

Lemma 1. Every integral manifold of the exterior differential system

I = (ωµ = 0, ωi = ηi, ωij = ηij)

on which
0 6=

∧
i

ωi ∧
∧
i<j

ωij ∧
∧
µ<ν

ωµν

is locally the bundle of adapted frames FMS of a unique isometric immersion φ :
M → S.

Proof. Clearly for an immersed M , FMS is such an integral manifold. Conversely,
given such an integral manifold Λ ⊂ FM × FS, map Λ → FM × FS → M . The
fibers in Λ of this map are the integral manifolds of ωi = 0. These form a foliation
of Λ, since the equations satisfy the Frobenius theorem. Suitably shrinking the
choice of Λ, we can arrange that this foliation is a fiber bundle, say Λ → M . The
map descends to

Λ

��

// FS

��
M // S.

Since
∧

i ωi 6= 0 on Λ, and this is a semibasic n-form for FS → S, the map M → S
is an immersion. Write πM : FM → M and πS : FS → S. At any point e ∈ Λ,
say e = (Ei, ei, eµ), we have ωµ = 0 so any tangent vector v ∈ TeΛ satisfies
〈eµ, π′S(e)v〉 = 0, and 〈ei, π

′
S(e)v〉 = 〈Ei, π

′
M (e)v〉. But therefore for any vector w ∈

TmM , pick any vector v ∈ TeΛ so that π′M (e)v = w, and we find 〈eµ, φ(m)′w〉 = 0,
and 〈ei, φ(m)′w〉 = 〈Ei, w〉, so e = (Ei, ei, eµ) is an adapted frame for TmM , and
thus Λ ⊂ FMS. �

Definition 1. The parallel transport of a frame e ∈ FMS along a smooth immersed
curve x : [a, b] → M is defined by taking the pullback bundle x∗FMS, and taking the
integral curve through e of the exterior differential system 0 = ωij = ωµν , defining
Πxe to be the end point in x∗FMS of that integral curve. It is easy to see that this
is well defined (by, for instance, the Frobenius theorem), and that Πxrge = rgΠxe,
by equivariance of the exterior differential system. Therefore Πx : TmS → TmS is
well defined, an orthogonal transformation, and preserves the tangent plane TmM
and the normal plane NmM . We define the tangent [normal] holonomy group of M
at a point m ∈ M to be the group of transformations of TmM [NmM ] generated
by the Πx for all loops x starting and ending at m.

By the Sussman orbit theorem [13], FMS is foliated by the orbits of the vector
fields ~A for

A =
(

0 0
Aa 0

)
,

and clearly the orbits contain the tangent directions to all of the integral manifolds
of the exterior differential system, so contain the integral manifolds. Sussmann
easily shows that each orbit of that family of vector fields is a principal bundle over
M , with fiber at each point the orbit of the holonomy group.
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Lemma 2. An isometric immersion φ : M → S has flat normal bundle just when
the exterior differential system ωµν = 0 on FMS is holonomic (i.e. satisfies the
conditions of the Frobenius theorem). Conversely, any integral manifold of the
exterior differential system 0 = ωµ = ωµν on which

0 6=
∧
i

ωi ∧
∧
i<j

ωij

is locally a leaf of the exterior differential system ωµν = 0 on the bundle FMS of
adapted frames of a unique immersed submanifold M with flat normal bundle.

Proof. Let Λ ⊂ FM × FS be an integral manifold. Using the same argument as in
lemma 1 on the facing page, we find that, after possibly replacing Λ by a nonempty
open subset, Λ ⊂ FMS for a unique immersed submanifold M ⊂ S. Thus Λ is an
integral manifold of the exterior differential system 0 = ωµν on FMS. �

3. Prolongation and shape operators

Henceforth we stick with d = 2, i.e. we try to immersion only surfaces into space
forms.

Lemma 3. The prolongation I(1) of the exterior differential system I for isometric
immersions of surfaces with flat normal bundle is the system

0 = ωi − ηi = ωµ = ωµν = ωjµ − ajµkηk = [aµ, aν ] =
∑

µ

det aµ − (G− κ) ,

where

aµ =
(

a1µ1 a1µ2

a2µ1 a2µ2

)
are 2× 2 symmetric matrices parameterizing the integral elements.

Proof. Differentiating the equations of the original exterior differential system re-
veals

ωjµ ∧ ηj = 0,

so that on integral elements
ωjµ = ajµkηk,

for some unique ajµk symmetric in j, k, and immediately reveals the other equations.
�

For any constant G0, let VG0 ⊂ Sym2
(
R2∗)⊗Rn be the real algebraic variety of

a = (aiµj) ∈ Sym2
(
R2∗)⊗ Rn for which

[aµ, aν ] = 0 and
∑

µ

det aµ = G0 − κ.

Now let Z(0) = FM×FS be the manifold on which the original exterior differential
system I was set, and let Z ′ ⊂ Z(0) ×

(
Sym2

(
R2∗)⊗ Rn

)
be the set of points

(e, a) satisfying the equations of the prolongation. For each e ∈ Z(0), the fiber of
Z ′ → Z(0) is VG ⊂ Sym2

(
R2∗)⊗ Rn (which depends only on the Gauss curvature

G of the surface M at the underlying point of M). Let Z(1) be the union of the
smooth points of those varieties. Therefore Z(1) is a manifold, bearing the exterior
differential system I(1) consisting in the equations:

ωjµ = ajµkηk, ωjµ = ajµkηk, ωjµ = ajµkηk, ωjµ = ajµkηk, ωjµ = ajµkηk,
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(the prolongation), and Z(1) → Z(0) is a smooth submersion.

Definition 2. An element a ∈ VG is called a G-admissable shape operator, and
admissable if G-admissable for some number G,1 G-regular if it is a smooth point
of the variety VG, regular if it is admissable, and there is some ξ ∈ Rn for which the
quadratic form 〈ξ, a〉 ∈ Sym2

(
R2∗) has two distinct eigenvalues; irregular shape

operators will also be called umbilic. A shape operator is called normalized if

a3 =
(

a131 0
0 a232

)
, a4 =

(
0 0
0 a242

)
, a5 =

(
0 0
0 0

)
, . . . , an+2 =

(
0 0
0 0

)
.

Lemma 4. Every admissable shape operator a ∈ Sym2
(
R2∗) ⊗ Rn becomes nor-

malized by some element of SO (2)× SO (n).

Proof. Since the aµ matrices must commute, they are all simultaneously diagonal-
izable, and so we can assume that they are all diagonal. There is a 2 dimensional
space of diagonal matrices, so at most a 2 dimensional space of vectors aiµjv

iwj .
We arrange by action of SO (n) that this space lies in the image of the a3, a4 matri-
ces, so that aµ = 0 for µ > 4. Then we can use the SO (n) action again to rotate the
vector η = (ηµ) = (a1µ1) ∈ Rn+2 to have a1µ1 = 0 for µ > 1, and a131 ≥ 0. At this
stage, we can still rotate the vector ζ = (ζµ) = (a2µ2) in the plane perpendicular
to η, to arrange a242 ≥ 0. �

Lemma 5. A normalized shape operator is G-regular (i.e. a point of the smooth
part of VG) just when it is regular.

Proof. Write out the equations of the variety VG:

0 =
∑

µ

det aµ − (G− κ)

0 = [aµ, aν ]

explicitly, and differentiate. Then plug in the normalization conditions, and see the
equations

0 = a232 da131 + a131 da232 + a242 da141

0 = a242 da132 + (a131 − a232) da142

0 = a242 da1µ2 = (a131 − a232) da1µ2,

for µ > 4. The smooth points of VG can be normalized by rotations, and will
remain smooth since rotations preserve VG, so the generic normalized point a ∈ VG

will be smooth. A point is smooth just when these relations on da are maximally
independent. But these relations will be maximally independent just when either
a242 6= 0 or a131 − a232 6= 0. �

Corollary 1. An admissable shape operator a ∈ Sym2
(
R2∗) ⊗ Rn is regular just

when it is G-regular (for G =
∑

µ det aµ + κ, necessarily).

Proof. Normalize it, and then the condition of nondegeneracy is just that a131 6=
a232 or a242 6= 0. �

1The reader who is familiar with Nash’s work on isometric embedding [1, 8, 12] will recognize
that an admissable shape operator is not free. Recall that a shape operator is free when it is a

linear embedding R2∗ → Rn.
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Lemma 6. dim VG = 2n

Proof. dim Sym2
(
R2∗) ⊗ Rn = 3n. We have seen in the proof of lemma 5 on

the preceding page that at a smooth point of VG, the tangent space TaVG ⊂
Sym2

(
R2∗)⊗ Rn is cut out by n independent equations on da. �

Recall that our indices run i, j, k, l = 1, 2 and µ, ν, σ, τ = 3, . . . , n + 2.

Lemma 7. Given any integral element of the exterior differential system on Z(0),
there is a change of coframing under which a becomes normalized.

Proof. We can always change coframing, because an integral element remains an
integral element under the action of SO (2) × SO (n) on Z(0) = FM × FS, and
consequently under the induced action on Z(1). (Note that we can’t use the entire
SO (2)× SO (n + 2) group, which acts but doesn’t preserve the exterior differential
system.) �

Lemma 8. Define a 1-form ∇a ∈ Ω1
(
Z(1)

)
⊗ Sym2

(
R2∗)⊗ Rn by

∇aiµj = daiµj + ηikakµj + ηjkaiµk.

The tableau of the prolongation is ∇a.

Proof. Take exterior derivative of the 1-forms defining the exterior differential sys-
tem of the prolongation to find ∇aiµj ∧ ηj = 0. �

4. Involution

Theorem 4. The prolonged exterior differential system I(1) on Z(1) is involutive,
with general integral manifold depending on 2n functions of 1 variable.

Proof. The tableau is ∇a, with relations ∇aiµj = ∇ajµi and the relations coming
from admissibility of a, which are given by differentiating the equations∑

µ

det aµ = G− κ,

[aµ, aν ] = 0.

In lemma 5 on the facing page, we differentiated these equations, and found the
resulting equations on da at a normalized shape operator, which were

0 = a232 da131 + a131 da232 + a242 da141 − dG

0 = a242 da132 + (a131 − a232) da142

0 = a242 da1µ2 = (a131 − a232) da1µ2,

for µ > 4. A simple calculation shows that we can replace d by ∇:

0 = a232∇a131 + a131∇a232 + a242∇a141 − dG

0 = a242∇a132 + (a131 − a232) ∇a142

0 = a242∇a1µ2 = (a131 − a232) ∇a1µ2,
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again for µ > 4. We can now write our tableau as

∇a131 ∇a132

∇a231 ∇a232

∇a141 ∇a142

∇a241 ∇a242

∇a151 ∇a152

∇a251 ∇a252

...
...

∇a1(n+2)1 ∇a1(n+2)2

∇a2(n+2)1 ∇a2(n+2)2



=



∇a131 ∇a132

∇a132 − 1
a131

(a232∇a131 + a242∇a141)

∇a141
a242

a232−a131
∇a132

a242
a232−a131

∇a132 ∇a242

∇a151 0
0 ∇a252

...
...

∇a1(n+2)1 0
0 ∇a2(n+2)2


as long as a232 6= a131 6= 0. Clearly we can “borrow from the second column” to
arrange that each element in the first column be linearly independent. There are
2n rows, 2 for each value of µ = 1, . . . , n, and therefore the Cartan characters are
s1 = 2n, and s2 = 0. Our tableau is that of a system of linear equations of the form

∂2u3

∂x2
2

= − 1
a131

(
a232

∂2u3

∂x2
1

+ a242
∂2u4

∂x2
1

)
∂2u4

∂x1∂x2
=

a242

a232 − a131

∂2u3

∂x1∂x2

∂2u5

∂x1∂x2
= 0

...

∂2un+2

∂x1∂x2
= 0.

(1)

In particular, one immediately sees that the free derivatives are

∂2u3

∂x2
1

,
∂2u3

∂x1∂x2
,
∂2uµ

∂x2
1

,
∂2uµ

∂x2
2

,

for µ > 3, so 2 free derivatives for each of µ = 3, . . . , n + 2. Therefore the space
of integral elements is the space of these free derivatives, and has dimension S =
2n. Thus S = 2n = s1 + 2s2. The apparent torsion in the exterior differential
system comes from the dG term above. It can be absorbed into ∇a132 and ∇a131.
Consequently, the system is in involution with general solution depending on 2n
functions of 1 variable.

Should a131 = 0 or a131 = a232, we can use the hypothesis that a242 6= 0 or the
hypothesis that a232 6= 0 to ensure our result, in the same vein. Should these fail
us as well, then the shape operator is umbilic, and therefore not a smooth point of
VG, and therefore not a point of Z(1). �

Corollary 2. The generic surface with flat normal bundle in a space form does
not lie inside any totally geodesic subspace.
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Proof. If the generically did lie in such subspaces, they would depend on a fixed
number of functions of one variable, since there are a finite dimensional family of
such subspaces (i.e. depending on constants). �

Corollary 3. Fix a surface M with Riemannian metric. The generic real analytic
ribbon in S (i.e. choice of curve and of a 2-plane tangent to the curve at each point
of the curve) is not tangent to any isometric immersion of M with flat normal
bundle.

Proof. The generic ribbon depends on a choice of curve in S (n + 2), so n + 1
functions of 1 variable, and then a perpendicular direction at each point of the
curve, i.e. a unit vector perpendicular to the curve. Such a vector lives in the unit
sphere in the normal bundle, a sphere of dimension n. Therefore the generic ribbon
depends on 2n + 1 functions of 1 variable. �

Indeed the ribbon determines a1µ1 and a1µ2, which determine a2µ2 (if the shape
operator is to be regular), and therefore determines the shape operator, which
determines the Gauss curvature of the surface, so to arrange a given ribbon, one
would have to be willing to modify the Gauss curvature of the original surface along
some curve. We will do this in proposition 1 on the next page.

5. The characteristic variety

Lemma 9. The characteristic variety of any integral element of the prolonged exte-
rior differential system I(1) for isometric immersions of a surface with flat normal
bundle consists in a pair of distinguished orthogonal real points of P1, together with
a pair of points which may be real and distinct, real and coincident, or complex
conjugates.

Proof. The characteristic variety of an integral element with normalized shape op-
erator can easily be computed from the tableau (or even by taking Fourier trans-
form of the second order equations 1 on the facing page in u given in the proof of
theorem 4 on page 7). The symbol matrix is the 2n× 2n matrix

σ(a, ξ) =



a232ξ1 a131ξ2 a242ξ1 0
a242ξ2 0 (a131 − a232) ξ2 0

ξ2 −ξ1 0 0
0 0 ξ2 −ξ1

ξ2

ξ1

ξ2

ξ1

. . .
ξ1


.

Note that this is a square matrix. Setting the determinant of the symbol operator
to 0 gives the characteristic variety:

(2) 0 = ξn−2
1 ξn−2

2

(
a131 (a232 − a131) ξ2

1 +
(
a242

2 + a232
2 − a131a232

)
ξ2
2

)
.

To distinguish the orthogonal directions ξ1 = 0 and ξ2 = 0, note that these are
the common eigenspaces of all of the aµ. Since by definition we are not at an
umbilic point, these directions are geometrically distinguished from the other, more
complicated pair of points in the characteristic variety. �
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Corollary 4. A closed surface whose shape operator is everywhere regular is a
torus or Klein bottle.

Proof. The characteristic variety determines a pair of orthonormal line fields, which
forces the Euler characteristic to vanish. �

Corollary 5. The generic integral curve of I(1) is noncharacteristic, and therefore
is contained in a unique integral manifold.

6. Constructing cylinders with flat normal bundle

Taking well known immersions of surfaces into 3-dimensional space forms, and
embedding those into higher dimensional space forms as totally geodesic subman-
ifolds, we obtain examples with various topologies, but they have very degenerate
shape operators. The Cartan–Kähler theorem builds local solutions with quite gen-
eral shape operators, but we need to combine it with another trick to build solutions
with some topology. We will only aim to construct solutions which are cylinders,
but we will want to be able to impose fairly general shape operators.

Proposition 1. Any regular shape operator occurs as the shape operator at some
point of a real analytic cylinder in Euclidean space En+2, for any n > 1, with flat
normal bundle and everywhere regular shape operator and trivial normal holonomy
along an embedded closed curve.

Proof. We will need some lemmata:

Lemma 10. Fix any shape operator a = (aiµj) ∈ Sym2
(
R2∗)⊗Rn, and a constant

k. Consider the (n + 3)× (n + 3) matrix

A =


0 0 0 0
1 0 k a1µ1

0 −k 0 a1µ2

0 −a1µ1 −a1µ2 0

 .

For dense set of values of constant k 6= 0, A has all of its eigenvalues imaginary
with rational ratios.

Proof. Calculating the determinant det (λ−A), by computing along the top row,
one finds that the spectrum consists in λ = 0 together with the spectrum of

A′ =

 0 k a1µ1

−k 0 a1µ2

−a1µ1 −a1µ2 0

 .

Since A′ is skew symmetric, it is orthogonally diagonalizable with imaginary eigen-
values. Let b = (a1µ1) , c = (a2µ2) ∈ Rn. Looking at the equation A′v = λv, one
easily computes that the spectrum consists in λ = 0 or

λ2 = −
(
k2 + |b|2 + |c|2

)
±
√

D

2
,

where the discriminant is

D = k4 + 2
(
|b|2 + |c|2

)
k2 +

(
|b|2 − |c|2

)2
+ 4 〈b, c〉2 .
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It suffices to ensure that the ratio of eigenvalues√
− (k2 + |b|2 + |c|2) +

√
D

− (k2 + |b|2 + |c|2)−
√

D

is rational. One can check that the second derivative of this ratio at k = 0 is nonzero,
unless c is a constant multiple of b or vice versa. But in that case, D = 0, and the
ratio of eigenvalues is rational. Therefore a dense set of values of k ensure that A
has all its eigenvalues imaginary and rational multiples of a single eigenvalue. �

Lemma 11. Fix a choice of regular shape operator a, and a constant k, and con-
sider the exterior differential system on FEn+2:

(3) ωµ = 0, ω2 = 0, ωµν = 0, ω12 = k ω1, ω1µ = a1µ1ω1, ω2µ = a2µ1ω1.

The manifold FS is foliated by the integral curves of this exterior differential system.
For a dense set of choices of the constant k, the integral manifolds are closed curves.

Proof. The integral manifolds are the integral curves of

ω = Aω1.

If we write ω = g−1 dg, then this equation is the flow of
dg

ds
= gA, ω1 = ds.

�

Now we prove proposition 1 on the facing page. Take a any regular shape
operator, and let G0 =

∑
µ det aµ. By possibly rotating coordinates on R2, arrange

that a is not characteristic in the direction of (1, 0) ∈ R2, i.e. the characteristic
variety of the prolonged exterior differential system I(1) for isometric immersions
of surfaces with flat normal bundle is not characteristic in that direction. Take a
constant k for which the integral curves of the exterior differential system 3 are
closed. Pick one such integral curve C̃. We need one more lemma:

Lemma 12. For any length L > 0 and constants k 6= 0 and G0, there is a real
analytic surface M ⊂ E3 diffeomorphic to a cylinder, with a boundary circle C, so
that M has constant Gauss curvature G = G0 at every point of C, C has length L
and constant geodesic curvature k.

Proof. Draw a circle C of the required length L. Form a surface of revolution by
revolving a curve in a plane perpendicular to C around C. For instance if the curve
is z = f(r) in cylindrical coordinates, then the Gauss and geodesic curvatures along
C are

G =
f ′(r)f ′′(r)

r
√

1 + f ′(r)2
, k =

f ′(r)
r
√

1 + f ′(r)2
.

So it is easy to construct lots of cylinders M with the required behaviour, for
example with f a cubic polynomial. �

Let M be a real analytic surface with Riemannian metric, and C ⊂ M a closed
curve on M of constant geodesic curvature k. Suppose that the Gauss curvature
of M is constant equal to G0 at every point of C, and that C has length equal to
the length of C̃. Map C to C̃ by arclength parameterization. The graph of this
map is a noncharacteristic curve for the prolonged exterior differential system I(1)
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for isometric immersions of surfaces with flat normal bundle. Therefore there is
a unique integral surface of the system through this curve. Cutting off all of the
integral surface except near the curve, we can ensure that it is a cylinder. �

Corollary 6. There are real analytic cylinders in any space form Sn+2 (κ), for any
n > 1, with flat normal bundle and everywhere regular shape operator, and trivial
normal holonomy along some boundary component.

Proof. Slightly altering the metric on Euclidean space by a conformal map will pre-
serve regularity, and then dilating the metric by a constant will preserve regularity
as well. �

7. Cauchy characteristics

Lemma 13. In terms of the basis of 1-forms

ωi, ωµ, ωij , ωµν , ηi, ηij ,∇aiµj ,

on Z(1), the Cauchy characteristics of the prolonged exterior differential system I(1)

for isometric immersions with flat normal bundle are precisely the integral curves
of the exterior differential system

DI(1) = (0 = ωi = ωµ = ωij − ηij = ωµν = ηi = ∇aiµj) .

The space of Cauchy characteristics is the space Z̄(1) of choices of points m ∈ M, s ∈
S, linear isometry φ0 : TmM → TsS, basis for the normal space N0 = φ0 (TmM)⊥,
and regular G-admissable shape operator A : Sym2 (T ∗mM) → N0; in particular the
space of Cauchy characteristics is a smooth manifold and Z(1) → Z̄(1) is a smooth
circle bundle. The prolonged exterior differential system I(1) is defined on the space
of Cauchy characteristics.

Proof. The integral curves of DI(1) are those which head in the direction “dual to”
ωij − ηij . Clearly these are Cauchy characteristics. Taking exterior derivatives of
the differential forms in the prolonged system, we find that Cauchy characteristics
must be precisely these. Moreover, the map Z(1) → Z̄(1) is clearly well defined, and
constant along Cauchy characteristics. Clearly a choice of a point of Z̄(1) determines
a choice of a point of Z(1) up to the action of SO (2), which acts precisely along
the Cauchy characteristics. Exterior differential systems always drop down to their
space of Cauchy characteristics. �

N.B. the integral manifolds of the prolonged exterior differential system on Z(1)

are 3-manifolds, while those of the exterior differential system induced on Z̄(1) are
surfaces.

Proposition 2. Pick a surface M with an analytic Riemannian metric, and an
embedded real analytic curve C ⊂ M diffeomorphic to an open interval [0, 1], and
a complete space form S = Sn+2 (κ) for n ≥ 2 and any choice of constant κ ∈ R.
At each point m ∈ C, pick analytically a choice of A ∈ Sym2 (TmM∗) ⊗ Rn, G-
admissable, with characteristic variety not containing the tangent direction to C.
Pick a point s0 ∈ S, and a linear isometry φ0 : Tm0M → T0 ⊂ Ts0S = T0 +N0, and
linear isometry N0 = Rn. Then there is a unique isometric immersion U → S of
a neighborhood U of C, say φ, so that φ′ (m0) = φ0, and the shape operator a of φ
satisfies

A (u, v) = ΠCa(u, v)
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where ΠC refers to parallel transport of normal vectors along the curve C between
the appropriate points, u, v ∈ TmM any tangent vectors.

Proof. Let Z
(1)
C be the pullback bundle

Z
(1)
C

��

// Z(1)

��
FCM // FM.

Write each point of Z
(1)
C as (c, e, E, a) where c ∈ C,E ∈ FMc, e ∈ FS, a ∈

Sym2
(
R2∗)⊗ Rn. Then consider the subset X ⊂ Z

(1)
C given by the equation

〈eµ,ΠCA(u, v)〉 = aiµj 〈u, ei〉 〈v, ej〉 .
Since these are linear equations, of full rank in aiµj , X is a smooth submanifold.
On X consider the exterior differential system

ω1 = η1, ω2 = 0, ωµ = 0, ω1µ = a1µ1 η1, ω2µ = a2µ1 η2, ωij = ηij , ωµν = 0.

It is easy to see that this system is holonomic, i.e. satisfies the conditions of the
Frobenius theorem, and that its solution is a noncharacteristic integral curve of the
prolonged exterior differential system I(1) restricted to X. Therefore there is an
integral manifold through each point of that integral curve. �

8. Linearization of exterior differential systems

We will state without proof some well known results in the theory of exterior
differential systems.

Definition 3. Suppose that Z is a manifold bearing an involutive Ck exterior dif-
ferential system. Suppose that φ : Λ → Z is an integral manifold. Let Z(1) ⊂
Gr (n, TZ) be the space of regular integral elements, which is a submanifold of the
Grassmannian of n-planes in TZ; the map Z(1) → Z is a smooth submersion. Let
φ(1) : Λ → Z(1) be the prolongation of φ, i.e. φ(1)(λ) = φ′(λ)TλΛ. The linearization
of the exterior differential system about φ is the linear operator

Lφ : J1φ∗TZ/TΛ → φ(1)∗T Gr (n, TZ) /φ(1)∗TZ(1),

defined as follows: for any map Φ : Λ × R → Z for which each Φt : Λ → Z is an
immersion, and for which Φ0 is an integral manifold, let

LΦ0

∂

∂t
= Φ∗

∂

∂t
+ TZ(1).

Lemma 14. Representing the exterior differential system locally in any system of
local coordinates as a system of partial differential equations, the linearization of
the exterior differential system is identified with the linearization of the system of
partial differential equations in the usual sense. In particular, the linearization is
well-defined, and is a first order differential operator. If the integral manifold is Ck,
then the linearization is a Ck−1 operator (i.e. has Ck−1 “coefficients”), mapping
Ck sections to Ck−1 sections.

Proof. See step B, pg. 922 of [3]. �

Lemma 15. The tableau of the linearization about an integral element is the tableau
of the integral element.



14 BENJAMIN MCKAY

Proof. See [2]. �

Remark 1. We can consider any exterior differential system, at least locally, as a
nonlinear partial differential operator, as follows. Consider an open subset Y ⊂
Gr (d, TZ) which is an open neighborhood of Z(1); construct any fiber bundle map
p : Y → X for which Z(1) is a fiber, say Z(1) = p−1(0), some point 0 ∈ X.
Any submanifold φ : M → Z whose lift φ(1) : M → Gr (d, TZ) lies in Y can
be plugged into the differential operator Dφ = pφ(1), representing the exterior
differential system as the system of partial differential equations Dφ(1) = 0. Thus
the linearization is the map ξ 7→ Lξ taking 1-jets of sections of the normal bundle
φ∗TZ/TM to an immersed surface φ : M → Z and mapping them to tangent
vectors to X: L : J1φ∗TZ/TM →

(
pφ(1)

)∗
TX.

Remark 2. In the example of interest to us, the discussion is mildly complicated
by wanting to work with the involutive prolonged exterior differential system on
Z(1), and linearize it, rather than following the discussion we have just given which
linearizes on Z. We trust that the reader can work through these minor details.

9. Hyperbolicity of the linearization

Corollary 7. The prolonged exterior differential system I(1) for isometric immer-
sion with flat normal bundle is determined.

Proof. The linear equations 1 on page 8 in u which we wrote in the proof of the-
orem 4 on page 7 are determined, and have the same tableau. See [3] for the
definition of a determined exterior differential system. �

Definition 4. The discriminant of a normalized shape operator a is

∆ = ∆(a) = a131 (a232 − a131)
(
a2
232 + a2

242 − a131a232

)
.

A regular shape operator is called hyperbolic if after normalization ∆ < 0. It is
called mixed if as a map Sym2

(
R2∗) → Rn it is a linear embedding and after

normalization ∆ > 0.

Example 1. A surface immersed in a 3-dimensional totally geodesic subspace of S
has hyperbolic shape operator everywhere where its Gauss curvature is less than
the ambient sectional curvature; we see this directly from the normalized shape
operator. On the other hand, such a surface can never be mixed, since the shape
operator has rank 1.

Lemma 16. The linearization of the exterior differential system around an integral
manifold is a hyperbolic linear partial differential operator just when the shape op-
erator is hyperbolic at every point. In particular, this ensures that hyperbolicity of a
shape operator is actually well defined, independent of the choice of normalization,
which is not obvious from the definition.

Proof. Consider a normalized shape operator. Looking at equation 2 on page 9,
all of the roots of the characteristic variety are real just when the final quadratic
factor

a131 (a232 − a131) ξ2
1 +

(
a242

2 + a232
2 − a131a232

)
ξ2
2

has negative discriminant as a quadratic form in ξ1, ξ2. But its discriminant is just
precisely ∆. �
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Definition 5. A shape operator a ∈ Sym2
(
R2∗) ⊗ Rn has image I(a) ⊂ Rn and

cokernel I⊥(a) ⊂ Rn. If the shape operator of a surface M with flat normal bundle
has constant rank, then its image bundle and cokernel bundle are defined in the
obvious way. The linearization maps L : J1φ∗TS/TM → φ(1)∗TY/T Z̄(1). But

Tz̄Y/Tz̄Z̄
(1) = T(e,E,a) (FM × FS×R) /T(e,E,a)Z

(1)

=
(
Sym2

(
R2∗)⊗ Rn

)
/TaVG

= (TaVG)⊥

=
(
I(a) ∩ (TaVG)⊥

)
⊕

(
I⊥(a) ∩ (TaVG)⊥

)
.

So we split L into L+ + L−:

L = L+ + L− : J1φ∗TS/TM →
(
I(a) ∩ (TaVG)⊥

)
⊕

(
I⊥(a) (TaVG)⊥

)
.

Lemma 17. If the shape operator of an integral manifold is mixed, then the lin-
earization of the exterior differential system around the integral manifold is a a sum
L+ + L− of an elliptic and a hyperbolic linear partial differential operator.

Proof. Consider a normalized shape operator. Looking at equation 2 on page 9, two
of the roots of the characteristic variety are not real just when the final quadratic
factor

a131 (a232 − a131) ξ2
1 +

(
a242

2 + a232
2 − a131a232

)
ξ2
2

has positive discriminant as a quadratic form in ξ1, ξ2. But its discriminant is just
precisely ∆. Moreover, under the splitting of the linearization, these nonreal points
are the characteristic variety of L+, while the real points belong to L−. �

Lemma 18. The principal symbol matrix of the linearization about a normalized
integral element of the prolonged exterior differential system I(1) is

p(ξ) =


a232ξ

2
1 + a131ξ

2
2 a242ξ

2
1

a242ξ1ξ2 (a232 − a131) ξ1ξ2

ξ1ξ2

. . .
ξ1ξ2


Proof. This is the symbol matrix of the linear equations 1 on page 8 on u. �

10. Nash–Moser theory

Definition 6. The bicharacteristics of an integral surface Λ → Z̄(1) with hyperbolic
shape operator are the null curves for the symplectic form on T ∗Λ restricted to
the characteristic variety, i.e. the curves perpendicular to the characteristics. A
compact set K ⊂ Λ traps a bicharacteristic if the bicharacteristic C ⊂ T ∗Λ projects
under T ∗Λ → Λ to lie entirely inside K.

Looking at the tableau, we see that the characteristics at a normalized shape
operator are curves, tangent the x1 and x2 axes, and to the two directions

dx2 = ±

√
a2
242 + a2

232 − a131a232

a131 (a131 − a232)
dx1.

Consequently, at any hyperbolic point we have a similar pattern of bicharacteristic
curves. At a mixed point, the bicharacteristics are just the x1 and x2 axes.
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Theorem 5. Any hyperbolic [mixed] shape operator occurs as the shape operator
of a cylinder in Euclidean space En+2 (for any n ≥ 2), with everywhere hyperbolic
shape operator, flat normal bundle, and bicharacteristics passing entirely from one
component to the other.

Proof. We have constructed the cylinder in proposition 1 on page 10. In case the
shape operator a which we choose was hyperbolic [mixed], we can cut a sufficiently
small piece of the resulting cylinder, and ensure that the bicharacteristics travel
from one component of the boundary to the other, because the bicharacteristics on
the surface are transverse to the curve. �

Definition 7. Let Hp (Rn) be the completion of the smooth compactly supported
functions C∞(Rn) in the norm

|u|p =

√∫
|û|2 (1 + |ξ|2)p

dξ,

where û is the Fourier transform of u. For any vector bundle V → X on any
manifold, we define H loc

p (V ) to be the space of sections of V which, in any local
system of coordinates on X, when restricted to any relatively open compact subset
of the coordinate region Ω ⊂ Rn, equal the restriction of some element of Hp (Rn).
In this way, the norm |u|p of a section is not globally defined, but is defined on any
compact set up to Lipschitz equivalence. For X compact, we can define similarly
the space Hp(V ).

Definition 8. On a Riemannian manifold X, for a vector bundle V → X equipped
with an inner product, we let G → P → X be the associated right principal bundle,
G a compact Lie group, and we identify each section of V → X with a function
P → V0, which is equivariant for the structure group G, with V0 a fixed G-module.
Equip P with a connection, whose connection 1-form we denote φ ∈ Ω1 (P ) ⊗ g.
Given a section σ of V → X, identify it with a map s : P → V0. On P ×X FX,
write ds = ∇is ωi, d∇is = ∇ijs ωj − φs, etc. So ∇Ijs ωj is the semibasic part of
d∇sI . For p an integer, define |s|p by

|s|p =

√√√√ ∑
|I|≤p

∫
P×XFX

∇Is2,

(where if I = (i1, . . . , iq) then |I| = q).

Theorem 6. Suppose that Λ is an integral manifold of the prolonged exterior differ-
ential system I(1) for isometric immersion with flat normal bundle, with everywhere
hyperbolic [mixed] shape operator. Then the linearized operator L is locally solvable,
i.e. around each point of Λ, there are neighborhoods in which for any p and any
f ∈ H loc

p supported in the larger neighborhood, there is some u ∈ H loc
p+1, supported

in the same neighborhood, so that Lu = f on the smaller neighborhood, and

|u|p+1 ≤ C |Lu|p
on the larger open set, for constant C independent of f , depending only on the
neighborhoods and value of s ≥ 1. Moreover, if the bicharacteristic curves are not
trapped, then there is a finite codimension subspace S ⊂ C∞ so that Lu = f is
solvable just for f ∈ Hp ∩ S, with solution u ∈ Hp+1, and again

|u|p+1 ≤ C |Lu|p
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for constant C independent of f , depending only on p (which is assumed a positive
integer here). If the surface is a cylinder, and all of the bicharacteristics travel from
one component to the other, then the space S is S = C∞, i.e. L is surjective.

Proof. The bicharacteristics are clearly not locally trapped, i.e. not by any very
small compact sets. The result follows in the hyperbolic case from Duistermaat &
Hörmander [6], and in mixed case the elliptic part follows from well-known elliptic
theory (see for example Duistermaat [5]). The semiglobal solvability is proven by
Hörmander [10] section 23.2, p. 394, assuming the existence of a time function,
i.e. a function which strictly increases along bicharacteristics and is constant on
boundary components. The existence of such a function when bicharacteristics
travel from one side of a cylinder to the other is proven in Hamilton [9], pg. 208.
The semiglobal solvability of the elliptic problem in the mixed case is proven in
Duistermaat [5]. �

Lemma 19. Let R ⊂ Sym2
(
R2∗) ⊗ Rn be the set of regular shape operators (not

necessarily admissable). Let Y = (FM × FS×R) / SO (2), so that Z̄(1) ⊂ Y . The
map associating to any choice of immersion φ : M → S with no umbilic points and
framing eµ for the normal bundle of M , the lift M → Y is tame in the sense of
Hamilton [9], of degree 1 and base 1.

Proof. The lift of such data is defined in the obvious manner, and clearly only
depends on first derivatives. �

Corollary 8. The family of inverses R of the linearizations L of integral manifolds
is tame.

Proof. See Bryant, Griffiths & Yang [3] for the strictly hyperbolic theory general-
izing Hamilton [9], and the rest is proven by Hamilton. �

Theorem 7. The set of smooth Riemannian metrics on a given compact disk or
cylinder which can be realized by an isometric immersion with flat normal bundle
is open in the fine topology.

Proof. Follows from local surjectivity by Nash–Moser theorem; see Hamilton [9].
�

Corollary 9. For every smooth Riemannian metric on a surface, and every point
of that surface, there is an isometric embedding of a neighborhood of that point as
a surface in S, with flat normal bundle, and arbitrarily chosen admissable shape
operator at that point.

Proof. See [3], p. 993. �

Theorem 8. Let M be a smooth surface, diffeomorphic to a cylinder S1 × [0, 1].
On one of the boundary components of M , say C, pick a point m0 ∈ C. Fix a point
s0 ∈ S, a 2-plane P0 ⊂ Ts0S, and a linear immersion φ0 : Tm0M → P0.

To each immersion φ : M → S satisfying φ (m0) = s0 and φ′ (m0) = φ0,
with trivial normal holonomy along C, define a section A = A(φ) of the bundle
Sym2 (T ∗M)

∣∣
C
⊗ P⊥

0 , by taking

ΠCA = a,

with a the shape operator of the immersion. Consider the map φ 7→ (g(φ), A(φ))
taking an immersed cylinder to its induced metric g and section A of this vector
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bundle. This map is a tame bundle map, with section defined on a nonempty open
set of the base by asking φ(g,A) to have flat normal bundle, hyperbolic or mixed
shape operator, and bicharacteristics passing entirely from one boundary component
to the other. If we build a family of space form metrics gκ on a fixed space S, with
sectional curvature of the metric gκ being κ, then the same result holds for the map
(φ, κ) 7→ (g(φ), A(φ), κ).

Proof. Proof is identical to Hamilton’s proof [9] p. 207 of a very similar statement
on negatively curved surfaces in Euclidean space. �

Corollary 10. Any cylinder with flat normal bundle and hyperbolic [or mixed]
shape operator and bicharacteristics travelling from one boundary component to the
other, and sitting in Euclidean space (for example, those constructed in proposi-
tion 1 on page 10), with trivial normal holonomy around a boundary loop, can be
deformed to have any required smooth metric near enough to its initial metric, flat
normal bundle, and hyperbolic [or mixed] shape operator, in a sphere or hyperbolic
space of small enough curvature.

11. Counting surfaces with flat normal bundle

Rather than fixing a metric on a surface, and looking for an isometric immersion
with flat normal bundle, we can just look for immersed surfaces with flat normal
bundle, with any metric on them. This is the problem addressed by Ferapontov [7].
We will only look briefly at the relevant exterior differential system.

Definition 9. Given an immersed submanifold of dimension d with flat normal
bundle φ : M → S = Sn+d (κ), let EMS be the set of frames e ∈ FS for which
eµ ⊥ φ′(m)TmM for µ > d. Thus EMS → M is a principal right SO (d)× SO (n)-
bundle. We will write EMS as EφS when we want to emphasis the immersion
φ.

Lemma 20. The adapted frame bundles EMS of immersed surfaces with flat nor-
mal bundle in S are precisely the integral submanifolds of dimension d+d(d−1)/2+
n(n− 1)/2 of the exterior differential system

E = (ωµ = 0, ωµν = 0)

on FS.

Proof. The proof is essentially the same as that of lemma 1 on page 4. �

Lemma 21. The Cauchy characteristics of E are the integral manifolds of the
exterior differential system

DE = (0 = ωi = ωµ = ωµν) ,

so that the space of Cauchy characteristics W̄ is the space of tuples (s, P, eµ) of a
point s ∈ S, a d-plane P ⊂ TsS, and an orthonormal basis eµ for P⊥ ⊂ TsS.

Proof. Just differentiate. �

Definition 10. Let V ⊂ Sym2
(
R2∗)⊗Rn be the set of a = (aiµj) for which [aµ, aν ] =

0 where once again aµ is the symmetric matrix aµ = (aiµj). Let Vsm be the set of
smooth real points of V as real algebraic variety. Say that a shape operator a ∈ V
is regular if it is a smooth point of V .
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Lemma 22. A shape operator is regular just when it is not umbilic, i.e. regularity
in this new sense agrees with regularity in the old sense. Moreover, dim V = 2n+1.

Proof. Just as the proof of lemma 5 on page 6. �

Lemma 23. Let W = FS. The prolongation of E is the exterior differential system
E(1) on W (1) = W × Vsm:

E(1) = (0 = ωµ = ωµν = ωiµ − aiµjωj) .

Proof. Differentiate. �

Definition 11. On W (1), let

∇aiµj = daiµj + akµjωik + aiµkωjk.

Lemma 24. The Cauchy characteristics of E(1) are the integral manifolds of the
exterior differential system

DE(1) = (0 = ωi = ωµ = ωµν = ωiµ − aiµjωj = ∇aiµj) ,

so that the space of Cauchy characteristics W̄ (1) is the space of tuples (s, P, eµ, a)
of a point s ∈ S, a d-plane P ⊂ TsS, an orthonormal basis eµ for P⊥ ⊂ TsS, and a
shape operator a ∈ Sym2 (P ∗)⊗ P⊥.

Proof. Differentiate. �

Proposition 3. The exterior differential system E(1) is involutive. The general
immersed surface with flat normal bundle in a space form depends on 1 function of
2 variables.

Proof. The proof is the same as theorem 4 on page 7. �

Remark 3. This certainly agrees with Ferapontov [7], although his results are much
stronger. The characteristic variety is P1. There are many solutions through a given
ribbon.

12. The Bonnet transformation

Take φ : M → S an immersed surface with flat normal bundle. Let ξ be a
normal vector at a point of M , and consider parallel transports of ξ around M .
As long as we keep v inside a simply connected open subset of M , or the normal
bundle of M has trivial holonomy, these parallel transports of ξ are well defined
independently of path. Lets assume that this is the case, and call them all ξ. The
Bonnet transformation or normal shift is the application of the exponential map
to this parallel transported vector. We can apply the Bonnet transformation not
only to the surface itself, but by parallel transport along the geodesics s 7→ exp sξ,
we can take the entire frame bundle EMS and transport it. Of course, under
parallel transport the tangent spaces of M remain perpendicular to the geodesics
along which they are transported, so the tangent planes of the normal shift are
perpendicular to the transport of ξ, and therefore exp ξ∗EφS = Eexp ξφS.

Definition 12. Suppose that φ : M ×R → S, written φs(m) = φ(m, s), is a smooth
family of immersions of a surface, all with flat normal bundle. Will will not ask
that they be isometric immersions. Let F → M × R be the bundle whose fiber
over (m, s) is the fiber of Eφs

S over m, i.e. the orthonormal frames e for S with
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eµ ⊥ φ′(m)TmM . Thus F is fibered by leaves, each of which is Eφs
S, and so on F ,

we have the equations

0 = ωµ − aµ ds = ωµν − aµν ds.

Lemma 25. A one parameter family of isometric immersions of a surface with
flat normal bundle is a family of Bonnet transformations

φs(m) = exp sξ,

just when
0 = ωµ − vµ ds = ωµν .

Proof. The equation ωµ = vµ ds just says that the motion is along v, while ωµν = 0
parallel transports along the v direction. �

Definition 13. Suppose that a ∈ Sym2
(
R2∗) ⊗ Rn. Write aη for the linear trans-

formation 〈aη(u), v〉 = 〈η, a(u, v)〉 for any η ∈ Rn and u, v ∈ R2.

Definition 14. Consider the linear fractional transformations

Tκ,s =



[
cos (s

√
κ) −

√
κ sin (s

√
κ)

cos (s
√

κ)
sin(s

√
κ)√

κ

]
if κ > 0,[

1 0
s 1

]
if κ = 0,cosh

(
s
√
|κ|

)
−

√
|κ| sinh

(
s
√
|κ|

)
cosh

(
s
√
|κ|

) sinh
“

s
√
|κ|

”
√
|κ|

 if κ < 0,

Sκ,s =



 0 1
sin(s

√
κ)√

κ
cos

(
s
√
|κ|

) if κ > 0,[
0 1
s 1

]
if κ = 0, 0 1

sinh
“

s
√
|κ|

”
√
|κ|

cosh
(
s
√
|κ|

) if κ < 0.

Lemma 26. Under the Bonnet transformation exp ξ, the shape operator transfor-
mations according to

aexp ξ∗ξ = ΠTκ,s (aξ) Π−1

aexp ξ∗η = ΠaηSκ,s (aξ) Π−1,

with Π the parallel transport along the geodesic t 7→ exp(tξ), s = |ξ|and η ⊥ ξ any
perpendicular normal vectors.

Proof. Differentiate our equations to find that ωiµ = aiµjωj for some functions
aiµj = ajµi. Differentiate once more to find

∇aiµj ∧ ωj = 0,
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where

∇aiµj = daiµj + akµjωik + aiµkωkj

= ∇kaiµj ωk − (κvµδij + aiµkakνjvν) ds.

So if we move only along the v direction, by carrying our frame ei, eµ in parallel,

daiµj

ds
= − (κvµδij + aiµkakνjvν) .

Assuming that vµ = δµ3, which we can arrange for simplicity by change of coframing
in the normal direction at one point, we find the differential equations

da3

ds
= −

(
κ + a2

3

)
daµ

ds
= −a3aµ.

We can solve these equations explicitly:

a3(s) =


−
√

κ tan (c3 +
√

κs) , if κ > 0,

(c3 + s)−1
, if κ = 0,√

|κ| tanh
(
c3 +

√
|κ|s

)
, if κ < 0.

aµ(s) = cµ


sec (c3 +

√
κs) , if κ > 0,

(c3 + s)−1
, if κ = 0,

sech
(
c3 +

√
|κ|s

)
, if κ < 0.

�

Remark 4. Terng [14] calculated the transformation of the shape operator under
Bonnet transformations, but only in the direction ξ. One can easily see that aξ = 0
just when the Bonnet transformations exp (tξ) are isometries of the Riemannian
metric on the surface (for all t), and aξ is a multiple of the identity just when the
Bonnet transformations are conformal. So the Bonnet transformations match up
the flat normal bundles, but generally don’t match the Riemannian metrics.

Corollary 11. In Euclidean space, a compact surface (perhaps with boundary) with
hyperbolic shape operator of rank 2 is taken to one with mixed shape operator by
some Bonnet transformation, and vice versa.

Proof. Check that under the Bonnet transformation, the discriminant ∆ of a nor-
malized shape operator is taken to

∆′ =
∆ + sa2

131a
2
242 (a232 − a131)

(1 + sa131)
3 (1 + sa232)

3 .

The leading term in s will have a different sign for large positive s than for large
negative s. We need to take s large enough so that the Bonnet transformation is
smooth at all points. �

Comment 1. There is a subtle issue here: I can’t carry out the construct of A out of
a, i.e. trivialize by parallel transport, ΠA = a, unless the parallel transport along the
loop C has trivial normal holonomy. So I need to add that condition.
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