NOTES ON REPRESENTATIONS OF FINITE GROUPS
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1. DEFINITIONS

From here on, all vector spaces will be finite dimensional complex vector spaces.
All groups will be finite groups.

Definition 1. Let V be a vector space. Then GL (V) is the the group of all isomor-
phisms from V to V.

Definition 2. A representation of a group G is a group morphism p: G — GL (V).

So to each abstract group eleemnt g € G, we associate a linear map p(g): V — V|
so that for any g,h € G, p(gh) = p(g)p(h). In particular p(1) = I and

p(g7") =plg)~"

When the particular morphism p is clear, we will often say that V' is a represen-
tation of G.

Definition 3. A isomorphism of two representations p1: G — GL (V1) and p2: G —
GL (V3) is an isomorphism of vector spaces (just one linear map, not depending on
the group element) say ¢: V4 — V4 so that

p2(g) 0 ¢ = ¢ o pi(g),
for all g € G.
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2. EXAMPLES

Let G be the group of permutations of the numbers 1,2,...,n. Let V be
an n-dimensional vector space with a basis vy, vs, ..., v,. Associate to each
permutation p the linear map p(p) given by

p(p)vi = vp(s).-
Let G be the group Z, and V = C. Each linear map V' — V is just
multiplication by some complex number. Let
p(m) — eQﬂ'im/n e CX,

For any group G, let V = C, we can just let p(g) = I for every g € G. This
p is called the trivial representation.

Suppose that G is a finite group, and that V is a vector space whose di-
mension equals the number of elements in G. Suppose that V has a basis
which is indexed by the elements of G, say

{vitica-
Then for each g € G, define p(g) by
p(g)vi = vgi.
This representation is called the reqular representation.

We can generalize the notion of representation.

Definition 4. If G is a group and X is a set, an action of G on X is a choice,
for each g € G, of permutation p(g): X — X, so that p(gh) = p(g)p(h). If
the choice of permutation p(g) is understood, we will write p(g)x as gz.

For example, the group of permutations G of the numbers 1,2,...,n acts
in the obvious way on
X ={12,...,n}.

If G acts on X, take V' to be any vector space with a basis

{vitiex
indexed by the elements of the set X. Then let

p(g)vw = Vgx,
for each z € X. We call p the permutation representation associated to the
action on X.
Recall that if V3 and V, are two vector spaces, they have a direct sum
Vi @ Vi consisting of the pairs (vy,vs) for v; € V; and vy € Vi, with
pairwise addition and scaling. If p;: G — GL(V}) and p1: G — GL (Vs)
are two representations, then Vi @ V5 is a representation, via the rule

p(g) (v1,v2) = (p1(g)v1, p2(g)v2) .
Recall that if V4 and V5 are two vector spaces, they have a tensor product
Vi ® V. It is tricky to say what the elements of Vi ® V5 are, but we can
say that if
Ul,UQ,...,le
is a basis of V; and
Wi, W2, ..., Wy
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is a basis of V5, then there are some elements

Ul @ Wi, U @ Wa, ..., U1 Q Wq,
Uz ® W1, U2 @ Wa, ..., U2 @ Wq,
:7
Up @ W1, Up Q Wa, ..., Up Q Wy,

forming a basis of V1 ® V5 (called the product basis). If p1: G — GL (V1) and
p1: G — GL (V3) are two representations, then V3 ® V3 is a representation,
via the rule

p(9) (u; @ wy) = p1(g)ui @ p2(g)w;.

3. INVARIANTS

Definition 5. If p: G — GL (V) is a representation, a fized vector of the represen-
tation is a vector v € V so that p(g)v = v for every g € G. We denote by V& the
set of all fixed vectors. For any vector v € V, we denote by p(v) the vector

1
P = 17 > plg)v,

geqG

the average of all of the things that G can do to v. We call p the averaging operator,

and sometimes write p(v) as v©.

Lemma 1. The averaging operator is linear, and G-invariant, and is a projection
to VG, i.e. pop=p, and p is the identity on VE.

Proof. Linearity is clear. Clearly since we averaged over all of the different elements
of G, p is G-invariant. If v is fixed, each p(g) drops out, and we get p(v) = v. Clearly
the p(v) is G-invariant, i.e. the image of p is contained in V¥ so pop = p. O

4. SUBREPRESENTATIONS
Lemma 2. Suppose that p: G — GL (V) is a representation of a finite group G.
Take any inner product
v,we V= (v,w) € C.

From this inner product, define a new operation, which we will write as
v,w eV i~ (v,w)G eC,

and is defined by

w.0) = 21 2 ol playe).

geG

(Average over all ways of getting G to act on the pair v,w of vectors). Then this
new operation is a G-invariant inner product, i.e.
G G
(p(g)v, p(g)w)” = (v, w)
forany g€ G andv,w e V.
In particular, V' has a G-invariant inner product.

)
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Proof. Because we averaged over all the things that G can do, the result is clearly
G-invariant. It is clearly linear in v and conjugate linear in w. We only need
to check that <v,v>G > 0 and equals 0 only if v = 0. But <v,v>G is a sum of
nonnegative terms, vanishing only when p(g)v = 0 for all g. But p(g) is linear
isomorphism, so p(g)v = 0 just when v = 0. (I

Ezample 1. If we let G be the group of permutations of X = {1,2,...,n}, with the
permutation representation on V' = C™, then the usual inner product

(z,w) = Z Z;W;

is G-invariant.

Lemma 3. If p: G — GL(V) is a representation of a finite group, then every
element p(g) is diagonalizable, and its eigenvalues are complex numbers of unit
length.

Proof. By lemma [2 on the preceding pagel we can pick an invariant inner prod-
uct. By definition, the inner product is invariant under every p(g), so every p(g)
is unitary for that inner product. Unitary linear maps are normal, so unitarily
diagonalizable. 0

Warning: we can diagonalize each individual p(g) in some basis, but maybe not
all of them at once.

Definition 6. If V is a representation of GG, then a subrepresentation of V is a
G-invariant subspace of V.

Lemma 4. If p: G — GL(V) is a representation of a finite group, then every
subrepresentation has an invariant complement.

Proof. If W C V is a G-invariant subspace, then take any G-invariant inner prod-
uct, and clearly W+ is also G-invariant, and V = W @ W+. O

Ezercise 1. Suppose that G is a finite abelian group and p: G — GL(V) is a
representation. Prove that there is a basis, say
V1, V2, -, Up,
so that all of the p(g) are diagonal this one basis, i.e. for every g,
p(g)vi = Ai(g)vi,
for some functions \;: G — C*.

Ezxample 2. Let G be the symmetric group on 3 letters.

(1) One obvious representation is the trivial one, on V = C.
(2) Consider the permutation representation of G on V = C3. Take the sub-
space U C C3 to be the vectors

for which z1 + 29 + 23 = 0. Clearly U is G-invariant.
(3) Define a representation of G on V.= C by p(g)z = sgn(g)z (where sgn is
the usual sign of a permutation).
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Lemma 5. Suppose that V is a representation of a finite group G, with averaging
operator p: V. — V. Then trp = dim VC.

Proof. The map p is a projection map (i.e. p is the identity on its image), and
therefore we can split V' into the kernel and image of p. On the kernel, p = 0, while
on the image, p = 1. O

5. IRREDUCIBLE REPRESENTATIONS

Definition 7. A representation V of a group G is irreducible if it admits no G-
invariant subspaces other than 0 and V.

Theorem 1. FEvery representation of a finite group is a direct sum of irreducible
representations.

The proof is clearly by induction: take any subrepresentation W, and then V'
splits V = W @ W+. Then try to split W and W+, etc.

FEzxercise 2. Prove that every representation of any finite abelian group is a direct
sum of dimension 1 representations.

Exercise 3. Prove that an irreducible representation of a finite group G has at most
one G-invariant inner product.

Ezercise 4. Prove that the 2-dimensional representation U of example
is irreducible.

6. SCHUR'S LEMMA

Theorem 2. Given two irreducible representations p1: G — GL (V1) and pa: G —
GL (V2), any G-invariant linear map ¢: Vi — Va is either an isomorphism of
representations or is 0.

Either there is no isomorphism of representations from Vi to Vs, or else there is
an isomorphism and any two isomorphisms, say ¢ and ¥, satisfy ¥ = co for some
nonzero complex number c.

Proof. The kernel of ¢ is a G-invariant subspace of Vi, since ¢ is G-invariant.
Therefore the kernel of ¢ is 0 or is V5. The kernel is V; just when ¢ = 0, so we can
assume that the kernel of ¢ is 0. So ¢ is 1-1.

The image of ¢ is a G-invariant subspace of Vs, so either is 0 or is Va. If the
image of ¢ is 0 then ¢ = 0, so we can assume that the image if V5. But then ¢ is
an isomorphism.

If v is another isomorphism, then let o = 1~ ! 0 ¢. So « is a G-invariant linear
isomorphism V; — Vj. The eigenspaces of a are G-invariant, so each eigenspace
is either V7 or 0. So there can only be at most one eigenspace. Every linear map
V1 — V1 on any finite dimensional complex vector space has an eigenvalue, whose
eigenspace must be nonzero, so must be V7; let a be the corresponding eigenvalue.
Then a = al, i.e. ¢ = ar). O

If V is a vector space, it is traditional in representation theory to write 2V to
mean V & V| etc.

Theorem 3. IfV is a representation of a finite group G, then V splits into a sum
of multiples of irreducible representations

V=nmVi®nVo® - - dnVg,
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so that each V; is not isomorphic to any V; for i # j. The summands n;V; are
uniquely determined, as are the multiplicities n;, up to ordering. The various V;
are uniquely determined up to isomorphism.

Proof. We know that we can split V' into irreducible representations by theorem [T]
[on the preceding pagel Suppose that we have two splittings as above, say

V=mVi®dnVo®- - ®ngVyg, =p W1 ®paWo @ --- D pWp.

The identity map V' — V yields a map on each factor V;, and either identifies it
with a factor W;, or maps it to that factor by the O linear map. g

Example 3. Careful: take any group G and the trivial G representation on V = C2.
Then we can split C?> = C @ C. But we could also (for example) let V; be the span

of the vector
1
1
and let V5 be the span of the vector

(&)

Then V =V; & V5. So V has many decompositions into G-invariant subspaces, but
(by the theorem) only one into maximal sums of irreducible subspaces.

Definition 8. If p1: G — GL (V}) and pa: G — GL (V2) are two representations of
a finite group, then W = Hom (V7, V5) (the set of all linear maps V4 — V) has
G-representation
p: G— GL (W),
given by taking p(g)¢ to be the linear map
(p(9)0) (v) = p2(9)¢ (p1(9)"'v) -
Ezercise 5. Prove that this makes Hom (V3, V2) into a G-representation.

Definition 9. A morphism of representations is a linear map ¢: Vi3 — V5 so that

¢ (p1(9)v) = p29(v),
for all vinV; and g € G. Let Homg (V3, V2) be the set of all morphisms of repre-
sentations Vi — V5.

Ezercise 6. Prove that Homg (V1, V3) is precisely the set of vectors in Hom (Vq, V5)
which are invariant under all elements of G, i.e.

Homg (Vi, Va) = Hom (V1 V2)“ .
Lemma 6. If V and W are two representations of a finite group G, say with each
splitting into irreducibles as
V=pVi®pVa®...pyVi,
and
W=qaW1&@pWed...qW,
then Homg (V, W) splits into irreducibles as
Homg (V,W) = @pinHOTn Vi, Wj),

ij
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where the direct sum is a sum over pairs ¢ and j for which V; and W; are isomorphic.
Moreover, Hom (V;, W;) is then 1-dimensional.

Proof. From theorem [3 on page 5| we have unique splittings into irreducibles. From

theorem [2 on page 5| any linear map ¢ € Hom (V, W) must split into a sum of

isomorphisms and 0 maps. Moreover, each isomorphism is unique up to scaling, a
1-dimensional representation Hom (V;, W). O

7. CHARACTERS
Definition 10. The trace of a square (say n x n) matrix A is
trA=Aj + Aso+ -+ Apn,
the sum of the diagonal entries.
Ezercise 7. Prove that tr(AB) = tr(BA) for any n X n matrices A and B.

Definition 11. The trace
tr ¢
of a linear map ¢: V — V on a finite dimensional vector space V' is defined by
tro =trA
where A is the matrix of ¢ in some basis.

Exercise 8. Prove that tr ¢ does not depend on the choice of basis.

Choosing a basis in which A is in Jordan normal form, we see that tr ¢ is the
sum of the eigenvalues, counted with multiplicities.

Definition 12. If p: G — GL (V) is a representation, its character is the function
X (also written as x,) given by

x(g) = trp(g)-

Ezercise 9. Let G be the group of permutations of 1,2, 3. Write out each permuta-
tion, and find the value of the character of the permutation representation on each
permutation.

Ezercise 10. Prove that if G is the group of permutations of 1,2,...,n then the
character of the permutation representation is given by x(g) equal to the number
of numbers from among 1,2, 3,...,n which are fixed by g.

Ezxercise 11. If x is the character of an n-dimensional representation of a finite
group G, then x(1) = n.

Lemma 7. The average of the character of a representation is the dimension of
the set of fixed vectors. In other words, if p: G — GLV is a representation with

character x, then
1 .
1€l g x(g9) = dim V¢,

geG

Proof. Let p: V. — V be the averaging operator. By lemma dim V& =
trp. But

1
p(v) = Il > o9,

geG
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i.e.
1
p== D _r(9).
P>
Thus

dim V% = trp

= & X elo)

geG

= T(1;| > x(9)-

geG
([l

Ezample 4. Let p: G — GL (V') be the regular representation of a finite group G,
and x its character. Then x(1) = |G|. Moreover, exercise [L0 on the preceding page]
tells us that x(g) is the number of elements of G fixed by ¢g. But if g # 1, then
the action takes each h € G to gh € G, and has no fixed points: if gh = h then
multiply on the right by A to find ¢ = 1. So x(g) = 0 for g # 1. The average of
X is therefore 1. So there is a one dimensional space V& of fixed vectors, which is
precisely the span of the vector
Z Vh -

heG

Lemma 8. If x is the character of an n-dimensional representation of a finite
group G, then

(1) x (g’l) = x(g) (complex conjugation), and

(2) x (gh) = x (hg),
for any g,h € G.

Proof. The second property is exercise [7_on the previous pagel The first is just
that, for each g, the linear map p(g) is unitarily and so is unitarily diagonalizable
with eigenvalues being unit length complex numbers, say \; = %% . So

x(g) = trp(g)

:ZAJ‘
J

:Zeieﬂ'.
J

But then
(g =trp(g7")

O

Lemma 9. If p1: G — GL(V}) and pa: G — GL(V3) are two representations of a
finite group, with characters x1 and x2, then the character of V1 & Vs is x1 + X2,
and the character of Vi ® V5 is x1Xx2.
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Proof. Fix one element g € G. Pick a basis of eigenvectors
UL, U, ..., Up € V]
of p1(g), say
p1(g)ui = Ajuy.

So these \; are the eigenvalues, and
xi(9) =Y A
i

Similarly, pick a basis of eigenvectors
wy, Wa, ..., wq € Va
of pa(g), say
p2(9)w; = pjw;,

and

xa(g) = Zuj-

Let p(g) be the direct sum representation. Make the basis
(u170)7(u270)a'~'7(u;070)7(Oawl)v(oan)a'”v(Oawq) € Vl 69‘/2
These are eigenvectors of the representation on the direct sum, with eigenvalues

A17>\27"'7>\p7/~‘L17/~‘627"'7/‘1“(1'

So the trace is the sum of the traces.
The proof for tensor products is similar. Clearly

plg)ui @ wj = Aipju; @ wy,

so diagonal in the product basis, with character

x(g) = Z Nt

(2] (2

= x1(9)xz2(9)-
O
FEzercise 12. If p: G — GL (V) is the permutation representation of some finite

group G acting on some finite set X, and x = x,, prove that, for any g € G, x(g)
is the number of elements of X fixed by g.

Lemma 10. If p1: G — GL(V}) and p3: G — GL(V3) are two representations of
a finite group, with characters x1 and x2, then the character of the representation
on Hom (V1,V3) is

X = X2X1-
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Proof. For each g € G, again pick a basis {v;} C V; of eigenvectors of p1(g),
p1(g)vi = Aivi,
and a basis {w;} C V; of eigenvectors of ps(g),
p2(g)w; = pjw;.
Then using a G-invariant inner product on V;, we can define linear maps
¢ij € Hom (Vl, Vg)
by
ij(v) = (v, v3) w;.
We then check that
P(9)Pi; = 1 Nibij.

Exercise 13. Check the last step in the last proof.

8. CHARACTERS AND CLASS FUNCTIONS

Definition 13. A class function for a finite group G is a function f: G — C so that
f(gh) = f(hg) for any g,h € G.

For example, the character of any representation is a class function.

Ezxercise 14. Let Cg be the vector space of all class functions on G, with usual
addition and scaling of functions. For G' = Z,,, what is the dimension of Cg?

Definition 14. We define an inner product on class functions. If f; and fo are two
class functions, define the inner product

(f1. f2) = |G| Zfl

geqG

(where the bar is complex conjugate).

FEzxercise 15. Prove that the space Cg of class functions is a finite dimensional inner
product space, with this inner product.

Theorem 4. If V; and Vo are irreducible representations of a finite group G, say
with characters x1 and X2, then

1 if V1 is isomorphic to Vs,
(X1,Xx2) = .
0 otherwise.

Proof. Let x be the character of the representation Hom (V1, V2). Recall x = xa2x1
from lemma [10 on the preceding pagel

(x1,x2) = |G\ > xalg)

g€eG

|G\ 2 x()

geG

so by lemma [7]
= dim Hom (V1 VQ)G ,
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and by exercise [f] this is
= dim Hom¢ (V1, V2),

and because V7 and V5 are irreducible this is

1 if V] is isomorphic to V5,
0 otherwise.

O
Theorem 5. Suppose that V is a representation of a finite group G, with character
X, and V splits into a sum of multiples of irreducibles, say
V=mVi®nVo®- - ®niVi,
and V; has character x;, then

n; = <Xa X1> .
In particular, two representations with the same character are isomorphic.

Corollary 1. There are only finitely many irreducible representations of any finite
group up to isomorphism.

Proof. Each one gives us a unit vector in C¢, and all of the unit vectors given this

way are orthonormal. But C¢ has finite dimension. g

Theorem 6. The character x of a representation has (x,x) an integer, and this
integer 1s 1 just when the representation is irreducible.

Proof. Write out our representation as a sum of multiples of irreducibles, say
V=nVi®nVo® - ®nVi,
and so

X =nix1 +n2x2 + ... NkXk,
if V; has character y;. Then
(6x) = nl.

O

Theorem 7. Fvery irreducible representation of a finite group appears as a sum-
mand in the reqular representation. Its multiplicity equals its dimension.

Proof. By exercise [12 on page 9] the character of the regular representation V has
Xx(g) equal to the number of fixed points of g acting on X = G. But g acts by
taking h +— gh. There are no fixed points unless g = 1, when every point is fixed.

So
G| ifg=1,
x(9) = {l | g

0 otherwise.

Take any character n of any irreducible representation W. Then the number n of
times that W occurs in the regular representation V is

n= (o) = ﬁ S x(9)ii(9)-

geG
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But x(g) = 0 except at g = 1, so
1
n = —x(1)n(1)

G|
1

= —=1|Gli(1)
a

=7(1)

= dim W.
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