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Abstract

In this paper we address the problem of modeling and measuring operational risk.
First, we introduce general ideas about operational risk — a brief description of the
methodology for selecting models for loss severity and frequency is given. Then we
turn to the problem of loss aggregation. Coming from insurance mathematics, there
are in general three popular and commonly used ways to aggregate operational risk:
a Monte Carlo approach, an approach based on the Fourier transformation, and a
recursion approach. These three methods and their application are therefore discussed
in this paper. For the recursion approach a reinterpretation of the portfolio credit risk
model Credit Risk™ is used. The three methods are compared concerning speed and
accuracy.

Keywords: Operational risk, Loss models, Risk aggregation, VaR, Recursive methods,
FFT.
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1 Operational risk data: models for severity and frequency

We start with a short overview of the methods for modeling severity and frequency of
operational losses and outline the common methodological background before passing to
the loss aggregation.

1.1 Basic assumptions on the data

Usually, operational risk (OpRisk) data keep their common traits in whichever financial
institution they are observed — heavy—tailedness of loss distributions, the phenomenon of
rare but very severe losses, especially for some particular lines of business, appears in any
OpRisk database. At the same time, some peculiarities of business processes, responsible for
loss occurrences, are present in every financial structure, and may significantly influence loss
distributions for certain business lines and change the final VaR estimation dramatically.
In our investigation we rely on two historical databases of operational losses: the internal
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data of our selected financial institution (in the following the Bank), and the external
data. The latter contains the loss data from a group of banks and could be an important
contribution, especially for the analysis of losses that have not yet occurred to the Bank.
The task of mixing internal and external data properly poses a very important and non-
trivial problem. The use of external data becomes essential when there are not sufficient
internal loss records to produce satisfactory distribution fits. At the same time, external
data must not hide the peculiarities of the internal data.

The problem of choosing optimal probability distributions for fitting observed heavy-
tailed loss data is the subject of extreme value theory (EVT). The problem of keeping the
balance between internal and external data, while taking them both into account, relates
to credibility theory. In this section we refer to results of EVT, and also to the foundations
of the bayesian methodology, which is one of the key points of credibility theory.

Let us make some remarks about the structure of the data. The loss data is classified
both by lines of business (BL’s) and types of loss events (ET’s), so that each loss value
corresponds to one particular BL and a particular ET. The division by BL’s is more
important for the problem of the calculation of regulatory capital for OpRisk, as, according
to Basel II recommendations (Basel Committee of Banking Supervision 2001), it is the
quantile of the aggregate loss distribution for each separate line of business that should
be analyzed at first. But the division by ET’s can also be taken into account dealing with
problems such as insurance; i.e. if the Bank wishes to insure the losses corresponding to
certain BL’s and ET’s.

An important part of the data mixing is the bayesian inference: if internal data is
insufficient, then the external data is used to estimate prior distributions of parameters
for a severity distribution and, subsequently, bayesian estimators using internal data are
applied to obtain posterior distributions of the corresponding parameters.

1.2 Estimating parameters for loss severity and frequency

Applying extreme value theory to severity distributions: Extreme value theory,
originated in the 1920’s in the works of Fisher and Tippett (Fisher & Tippett 1928), plays
an important role in actuarial problems. Two distribution families play a major role in EVT
— the generalized extreme value (GEV) and the generalized Pareto distribution (GPD).
The GEV describes the limit distribution of normalized maxima, while the GPD appears
as the limit distribution of scaled excesses over a high threshold. Dealing with GPD one
should keep in mind that it is an ideal model for large infrequent losses displaying a better
fit (a) the larger the sample size is, (b) the higher the threshold is, and (c) the closer
the mechanism of loss generation is to the unbiased ideal process (e.g., concerning the
possibility of extremely high losses far beyond the total value of all assets of the Bank).
Clearly, in practice one can never expect the above requirements to hold exactly and simul-
taneously. Hence, the real distribution of large losses can deviate from GPD significantly
and another theoretical distribution can display a better fit. That’s why considering each



business line we always search for an alternative for the GPD; in the present investigation
the three-parameter Weibull distribution is used as an alternative to GPD.

The GPD is parametrized such that the distribution function is given by
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Gepplz) =1— (1 +5%> / . forz >, (1.1)
where p > 0 is the location parameter (in our approach it coincides with the selected
threshold), 8 > 0 is the scale parameter and & > 0 is the shape parameter.

The distribution function of the Weibull distribution, in its generalized form — with
shape parameter £ > 0, scale parameter § > 0 and location parameter y > 0 — can be
written as

Wepp(x) =1— 67((337“)/6)5, for z > p. (1.2)

In order to obtain severity distributions we use the peaks-over-threshold (POT) method,
see e.g. (Embrechts, et al. 1997). Standard diagnostics tools for heavy tailed distributions,
such as ME-plots and QQ-plots, are used for the preliminary analysis of the data and the
initial intuitive choice of the severity distribution.

Furthermore, we find it useful to apply additional graphical diagnostics in order to figure
out how precisely the data follows the GPD law with estimated parameters, and also to
trace possible evolutions of the data within the observed time period. Namely under the
hypothesis, that the size of losses exceeding some threshold u follows GPD, residuals in
the sense of (Cox & Snell 1968), i.e.

where L denotes the ith loss exceeding u, should be i.i.d. unit exponentially distributed.
This could be checked using graphical diagnostics, if we create a QQ-plot of the ordered
residuals W; against exponential quantiles. Additionally, a plot of the residuals W; in
chronological order, superimposed with a smooth curve fit (which is based on robust locally
linear fits), see Figure @ indicates whether some evolution of the residuals W; in time exists
(here we follow the methodology proposed in (McNeil & Saladin 2000)). We notice that for
certain business lines GPD overestimates the heavy-tailedness of the real loss distribution.
One of the plots in Figure [l illustrates this effect. Namely, in the case of BL 2 (left plot)
we see a better fit of the Weibull distribution (confirmed by a Kolmogorov—Smirnov test),
which with certain parameters has lighter tails than the GPD.

The tendency of the GPD to overestimate the probability of extremely large losses can
intuitively be understood. Obviously, the GPD extrapolates the loss distribution to the
area beyond the largest historical loss and of course does not take into account the fact
that extremely large losses (e.g., larger than the sum of all assets) just cannot occur to the
Bank.



Figure 1: Top right: BL. 1 - GPD fit with confidence intervals, bottom right — fitted tail
of BL 1, Left: BL2 — Comparison of GPD fit(grey) with Weibull fit (black) for the tail.
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Loss Occurrences: To model counting processes, homogeneous and inhomogeneous
Poisson processes, as well as negative binomial distributions arising from mixing the inten-
sity of a Poisson process with a gamma distribution were considered in our analysis.

Remark 1.1. Working with the negative binomial distribution we use the following parametriza-
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withr >0, b > 0. For the expectation and the variance we have E(N) = rb and Var(N) =
rb(b+1).

tion:

The graphical diagnostics for checking the hypothesis that the number of losses follows
a Poisson process is similar to the one used for the severity. Namely, if the counting process
of losses follows a Poisson law with intensity A, then the scaled inter-occurrence times

Zi = A X (E — E—1)7 (14)



Figure 2: Diagnostics of a GPD-Poisson model for BL 2
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with Tp = 0, should also be unit exponentially distributed. This could be checked graph-
ically with the corresponding QQ-plot. A scatterplot of the Z; also gives a notion about
the evolution in time. Figure B shows some trend in the frequency of occurrences for BL
2. Note that, at the same time, ordered severity residuals don’t show any evident trend,
hence for BL 2 losses are becoming more frequent without consequent change of the sever-
ity. However, joint trends in the severity and frequency can be observed quite often in
OpRisk data, and the modeling of joint trends is intensively discussed in the literature, see
e.g. (McNeil & Saladin 2000, Schmock 1999).

If some trend in the frequency is detected, then we have to extrapolate it to the future
time period over which the aggregate loss has to be considered and to estimate the expected
frequency over this period. Hereafter we assume that the constant frequency parameter
entering the formulae for the distribution of the aggregate losses is either the estimated
constant or the predicted expected value.



1.3 Bayesian inference for mixing Internal and external data

Bayesian estimation has proved to be one of the most efficient methods for parameter
adjustment. It is commonly used, when both the common database of observations and a
particular series of observations ought to be taken into account. We follow the bayesian
methodology for Pareto-type distributions, developed in (Hesselager 1993) and (Reiss &
Thomas 1999).

First we repeat the assumptions and notations of the theory based on Bayes’ theorem.
The basic idea of this approach is to consider the parameter of the distribution as a random
variable (if there are several parameters, then we deal with a random vector). Then the
prior distribution () is defined as a probability distribution over the space of possible
parameter values. Assume that a random variable X has a distribution depending on
the parameter vector ¢. Then the model distribution fx|g(x|6) is the probability density
for the observed sample given a particular value of the parameter (it is identical to the
likelihood function). The posterior distribution denoted by mg|x (6 |x) is the conditional
probability distribution of the parameters given the observed data.

Using Bayes’ theorem the posterior distribution of the parameters given the ob-
served data is given by

o 1x(0]x) = fxje(x|0)m(9)
o [ xjex|0)r(0)do”

(1.5)

Let us consider how this theory can be applied to the problem of estimating severity
distributions of operational losses. We should take into account both the internal data
from the Bank and the external database, in which the loss data from many banks are
accumulated. Values of parameters, estimated from the external data, correspond to the
expectation under the prior distribution of the parameter vector while the variance of the
prior distribution includes a measure of uncertainty of the estimate. Evaluating the model
fX|@(X\«9) at the internal data points corresponding to the selected BL and plugging the
result into (L), one is able to compute the posterior distribution of the parameters.

Applying this theory to the present problem, we have, first of all, to choose appropriate
prior distributions. Under the assumption that the loss severity distribution is GPD and
that the loss frequency follows a Poisson process, we need distributions for the shape and
scale parameters of the GPD, as well as for the Poisson intensity of the occurrences.

Recall one of the key concepts of the bayesian theory: a prior distribution is said to be
a conjugate prior distribution for a given model if the resulting posterior distribution
is of the same type as the prior. Consider the Pareto distribution with the distribution
function given by

- y -1/¢
G&B(ZJ) =1- <1 + B) , fory>0 (1.6)

(compare this to the GPD distribution (ICTl)). Well known results (see, e.g., (Klugman,
et al. 2004)) tell us that if the model distribution is the Pareto distribution with the scale



parameter 8 equal to one, then the gamma distribution for the shape parameter £ is a con-
jugate prior. The same is true for the gamma distribution as prior for the Poisson intensity.
In this case the estimation of posterior parameters becomes very simple. Unfortunately,
for the scaled Pareto distribution with 5 # 1, as well as for the GPD given in ([T]), such
a convenient choice for the prior distribution of £ does not exist.

In certain cases the model and the prior distribution can be chosen such that the joint
distribution of the parameters (as a product of the likelihood function and the prior dis-
tribution) can be split into marginal distributions of each parameter. Then the posterior
distribution of each parameter can be calculated directly. This is for example the case when
the model distribution is the Pareto ([LH)). If, moreover, the prior for the shape parameter
is the gamma distribution then an explicit representation can be derived (see (Reiss &
Thomas 1999) for details). In most other cases, however, no evident way for an explicit
expression for the posterior parameters can be found. In these cases numerical methods
such as Monte Carlo Markov chain (MCMC) have to be used to calculate the marginal dis-
tributions from the joint distribution. We used MCMC for the calculation of the posterior
distributions for both GPD and Weibull model distributions.

2 Estimation of the aggregate loss distribution and its char-
acteristics

Before we continue with a short description of three methods of loss aggregation, we would
like to mention that different issues arise in the context of quantifying operational risk.
As mentioned before one can consider the operation loss of each business line split up into
various loss event types or one considers the aggregate operational loss of a business line.
Certainly an analysis on the level of event types matters in special in-depth operational
risk analyses such as the question of buying insurance against losses in specific business
lines due to specific event types. But in the context of quantifying the regulatory capital
under the Basel II guidelines it is not required to distinguish losses by their type. We
therefore present methods and results on a business line basis. Obviously the methods can
be applied on the basis of event types as well.
We will use the following notation in the description of the aggregation methods:

L;: The aggregate operational loss of business line i,i = 1,...,m.
N;: The number of operational losses in BL 7, =1,...,m.
L; n: The size of the ny, operational loss in BL ¢,¢ =1,...,m.

2.1 Monte Carlo simulations for aggregating operational risk

Monte Carlo simulation is widely used for operational risk aggregation. Due to its technical
simplicity, it plays an important role in the problem of calculating aggregated risk and its



results can be compared to the ones obtained by other methods. For each business line

1=1,...,m we proceed as follows:

e Simulate n (say, n = 107, J > 4) yearly losses, for short we denote them by
Lq,...,L,, by the following procedure:

— Simulate the number of loss occurrences in this business line i.e. a realization
of NZ

— Subsequently simulate the corresponding loss sizes from the distribution of L; ;
(we choose L;; as a prototype of the independently identically distributed

losses) for each of these occurrences.

Dealing with heavy—tailed distributions, one usually needs quite a large number of
simulations (say, 105 simulations for each BL).

e Put the obtained sample in increasing order to get the order statistics

I/LI;L <. <L LAn:/n, where I//I/n denotes the smallest of the n simulations and LAn/n the
biggest simulated loss.

e The element at position an of the ordered sample is an estimator of the quantile to
the level « for the corresponding business line - thus an estimator of VaR to the level
a (e.g. choose a = 0.999).

The estimation of high quantiles and thus also of the VaR by Monte Carlo techniques
suffers from high variances. Monte Carlo techniques nevertheless provide a higher degree of
flexibility when complicated structures appear, e.g. in the framework of insurance problems.
However, FFT and recursive procedures, as deterministic methods, give in general more
reliable results for comparably simple tasks such as calculating the VaR.

2.2 Fast Fourier Transformation

Another way to calculate the distribution of the aggregate loss is to consider its character-
istic function (see appendix [Alfor details). While performing a series of convolutions of the
severity distribution is clearly not feasible, under the assumption of independence between
loss occurrences and loss sizes one can easily calculate the characteristic function (chf) of
the aggregate loss. Fix a business line ¢, then formula ([AZH) for the chf of the aggregate
loss for BL L; becomes

fLi (u) - PNi(.]/C\Li,l (u))7 (2'1)

where L; 1 is a random variable modeling the loss size if an operational loss in BL ¢ happens
no matter of which type. If sufficiently many data are collected then this procedure can be
done for certain event types as well.



Hence, an obvious approach to compute the pdf of the aggregate loss is to calculate
the chf (I and then to invert it numerically using the discrete Fourier transformation
(DFT). Note that in many cases such as GPD the chf of loss sizes J/C\Lzl(u) can not be
calculated explicitly, but it can be computed via DFT as well. An efficient algorithm is
provided by the Fast Fourier transformation (FFT) which is available in most statistics or
mathematics computer packages.

Thus, the scheme for calculating the density of the aggregate loss is the following:

e Choose an equidistant grid of points at which you want to approximate the loss
density say zg < ... < x,_1 := gy where gy denotes some upper bound.

e Calculate the density of the severity distribution at these points fr, (z;) for j =
1,...,n.

e From this sequence, compute the sequence ﬁ for/ =0,...,n — 1 using the FFT:
n—1 s
=) e w (), (2.2)
k=0

e Plug the result into the expression for the chf of the aggregate loss and perform the
inverse Fourier transform in order to calculate an approximation of the density of
the aggregate loss on this grid.

Using this approximate density we get an approximate quantile and thereby the value-at-
risk.

Remark 2.1 (Truncating severity distributions). Dealing with heavy-tailed distributions
such as GPD, one faces the problem of properly choosing the right endpoint qns, up to
which one considers the loss size distributions. Obuviously, fixing n and choosing qyr too
high causes a coarser grid leading to an increase of the discretization error. On the other
hand qpr should be chosen high enough in order to capture the desired quantile, e.g. in our
case the aggregate loss cdf at qpr must exceed 0.999.

Remark 2.2 (Reducing the aliasing error). We use aliasing reduction techniques for in-
creased precision of the FFT as described in Section [Al of the appendiz. The method with
an exponential window is used in order to calculate a benchmark for the results obtained
with the other methods.

2.3 Applying the Credit Risk™ Methodology to Operational Risk

We are passing to the description of another methodology for efficient loss aggregation. The
CreditRisk™ methodology was developed by Credit Suisse First Boston (Credit Suisse First
Boston 1997) for large credit risk portfolios and a detailed description of various extensions
can be found in (Gundlach & Lehrbass 2003). This approach was initially developed for



the estimation of aggregate credit risks, and adjusted to operational risk (see for exam-
ple (Schmock 2006)). Basically it is a compound Poisson model where gamma distributed
risk factors scale default intensities (in this context rather: intensities of loss occurrence).
One specialty of this approach is, that the calculation of the loss distribution is performed
by the expansion of the probability generating function (pgf) of the loss which can be
calculated in closed form. In particular the coefficients of the power series expansion of
the pgf are calculated as they coincide with the corresponding probabilities. Note that the
moment generating function or the characteristic function can be obtained in closed form
as well. However, the expansion of the pgf arises naturally as the power series expansion
of an analytical function. See appendix [Al for more information on generating functions.

In order to reduce computational effort losses are counted in integer multiples of a
chosen loss unit (this can be one Euro or 100,000 depending on the need for speed and
accuracy). Consequently the loss sizes in each business line (L;,)nen for i =1,...,m are
assumed to be discrete i.i.d. random variables. This does not limit the choice of the loss
size distribution as we can use a discretization of any continuous distribution. Note that
there are discretization steps in the FFT approach of Section as well. In order to arrive
at closed form expressions we furthermore assume the loss sizes to be independent of all
other random variables. Finally we will use the probability generating function of the claim
size, denoted by Py, (z) = E[z%1], which is defined at least for |z| < 1.

In this description we stick to the original CreditRisk™ model with a gamma distributed
risk factor. The set-up which we use to calculate the distribution of the operational loss of
one particular business line is the following: Consider a risk factor A that randomly scales
loss intensities. This risk factor is assumed to be gamma distributed such that E[A] = 1 and
Var(A) = 02 > 0. We assume that, knowing the risk factor, the number of loss occurrences
N; is Poisson distributed with an intensity scaled by the risk factor, i.e.

L(N;|A) = Poisson(\;A)

where )\; denotes the expected number of operational losses in business line i for ¢ =
1,...,m. Integrating over the gamma distribution we arrive at a negative binomial distri-
bution with E[N;] = \; and Var(N;) = \;(1+02)\;) = E[N;](1 + 0?E[N;]). Due to the risk
factor the number of losses in a business line can be modeled over-dispersed with a degree
of over-dispersion depending on ¢2. The case 0? = 0 simply means that we have a Poisson
distribution where the expected number of losses equals its variance. Using the formula for
compound Poisson distributions (A4 the conditional pgf of the loss L; of business line 4
is found to be

E[zl|A] = exp (AXNi(Pr,, (2) — 1)) (2.3)

Using the formula for the moment generating function of the gamma distribution the
expectation of (Z3)) is given by

Pr(2) = (1 NPy, (2) — 1)) 772 (2.4)

10



Recursive algorithms described in (Haaf, et al. 2003, Schmock 2006) can be applied to
calculate the probability distribution of the aggregate loss from this expression.

Random sums L; = L; 1+ - -+L; n, as described above are called compound sums in the
insurance literature. Note that the loss distribution in compound Poisson and compound
negative binomial models can alternatively be calculated using the Panjer recursion (see, for
example, (Klugman et al. 2004)). Although some authors argue that this algorithm is not
numerically stable, it is nevertheless shown (Panjer & Wang 1993) that the Panjer recursion
in the case of the Poisson as well as in the case of the negative binomial distribution is
stable with respect to the relative rounding error. We implemented the Panjer recursion
as well to check results obtained by the CreditRisk™ algorithm.

The problem of estimating VaR remains sensible approaching this problem with CreditRisk™.
With the same idea as in the context of FFT, providing severity data for CreditRisk™, one
must again choose some sufficiently high loss value where the estimated distribution is
truncated. In the recursive algorithm for the calculation of the loss distribution only the
probabilities of lower losses are needed. Thus, besides unavoidable rounding errors the
distribution and thereby the quantiles are calculated exactly up to the truncation point.

3 Description of results, comparison and analysis

In this chapter we present numerical results of the VaR calculation for all business lines.
Since confidentiality does not allow us to present real values, absolute values of all results

are fictitious, but the relative proportions are realistic.

3.1 Overview of results

Due to the Basel II regulatory rules (Basel Committee of Banking Supervision 2001), the

basic recommendation for the OpRisk capital charge calculation is given by
m
C'=> VaRa(Ly),
i=1

where VaR,(L;),7 = 1,...,m denotes the value-at-risk of the loss of the corresponding BL
to the level a.. The quantile level used is o = 99.9%, which corresponds to the usual capital
charge under the Advanced Masurement Approach of the Basel II guidlines.

Hence, the calculation of regulatory capital for operational risk does not require splitting
data by ET’s, but only by BL’s, which simplifies the problem. Note that the lines of
business are encoded as follows: corporate finance (BL 1), trading and sales (BL 2), retail
banking (BL 3), commercial banking (BL 4), clearing (BL 5), agency services (BL 6), asset
management (BL 7), retail brokerage (BL 8), and private banking (BL 9).

Aggregate loss densities and VaR A graphical illustration of the results using the
three methods is given in Figure The distributions obtained using MC, FFT and

11



Figure 3: Density plots of the aggregate loss of BL. 1 obtained by the three methods.
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CreditRisk™ are relatively close, but obviously the estimated distribution using MC devi-
ates most. A visible difference between FFT and CreditRisk™ in the region of small losses
can be explained by the fact, that the loss unit used in CreditRisk™ is significantly larger
than the grid width used in FFT. In particular, for the plot presented the loss unit is
50,000 and the grid width is equal to qus/n = 10?/2'° = 1907.4 (where n is the number
of grid points and gj; denotes the highest loss considered).

In Table Ml we present VaR results, obtained with the three methods and pass to the
further discussion and comparison of the methods in the following paragraph. Confidence
intervals for the value-at-risk are presented in Section [Bl of the appendix.

Business lines 3, 8 and 9 (retail banking, retail brokerage and private banking) are put
together due to the advice by experts of the Bank who consider the mechanism of loss
generation in these three BL’s to be very similar. For BL’s 2, 4, 6 and 7 external data
were used to obtain the prior estimates of the severity parameters first, and then bayesian
inference was applied to adjust the parameters with respect to the internal data according
to the methodology described above (see Section [[3]). In order to model losses below the
thresholds which were used to fit the severity parameters, empirical distributions based on

12



H Severity ‘ Frequency* H M-C FFT CRP
Line 1 p=3500,& =1.12 | (33.07, 0.9) 662 656.12 | 656.45
GPD-NB B = 7460
Line 2 p=>510°¢=0.61 | 44.7 67.4 68.34 68.29
W-P B =3.13-10°
Lines 3,8,9 || u = 7500,& = 0.71 | (23.69, 2.9) 33.5 32.33 32.6
GPD-NB B = 7375
Line 4 p=4-10°¢6=052 | 7.1 26 27.3 27.26
W-P B =1.38-10°
Line 6 p=10%¢6=115 |22 108.5 110.17 | 110.31
GPD-P 3 = 18100
Line 7 p=10*¢6=12 3.2 212 209.47 | 209.76
GPD-P £ = 15600

Table 1: Fitted parameters and VaR for various business lines. The entries in the first
column tell the models used for the severity, as well as for the frequency, where "W" stands
for Weibull distribution, "P" for Poisson distribution and "NB" for negative binomial
distribution

the internal data were used for all BL’s (which is of special importance for BL 2 and BL
4 due to relatively high thresholds).

3.2 Comparative analysis

In this section we illustrate the performance of different methods and compare them on the
example of BL 1 (Corporate finance). Thus severity is modeled by a GPD with parameters
& = 1.12, p = 3500, and B = 7460. For the occurrences we use a Poisson process with
intensity A = 28.4.

We compare the results obtained using the three methods with the most precise result,
which was obtained using advanced FF'T techniques, i.e. FFT with an exponential window.
Particularly, with the parameter for the exponential window adjusted to the optimal value,
the VaR of the aggregate loss is calculated to be 650.7 million.

Monte Carlo Simulations were done using the Insightful™ S-Plus 6.0 package. We
denote the sample size by Njy;c and consider how long it takes to simulate a certain
number of samples using an Intel Pentium 2.0 GHz processor. As we notice, the time of
random sample generation increases intensively with the sample size. The resulting errors
for BL 1 in terms of the deviation in percentage are given in the Table

*For the negative binomial case we use the parametrization (r,b) defined according to Remark [Tl
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Fast Fourier Transformation VaR calculations based on FFT were also done in S-
Plus. Nppr denotes the number of points in the uniform grid used as input for FFT and
IFFT. As a tool for reducing the aliasing effect the input sequence is padded by a set of
zeros as large as the number of grid points used. Note that Nppp pointed out in the table
denotes the number of points in the grid before padding. The truncation point for the
severity is chosen to be 10°. The relative errors are presented in Table [ as the deviation

from 650.7 million in percentage.

CreditRisk"™ Using the CreditRisk™ methodology the size of the loss unit is the key
parameter of performance and accuracy. The smaller the loss unit, the more recursions
are performed. The range of the loss size distribution is chosen analogous to FFT and the

results are illustrated in Table Hl.

Nuc 5-106 5-10° 10°
Machine time (sec.) 207 95 23
Error in percentage 1.1% 4.3% 6.9%

Table 2: Accuracy vs. Speed using MC

NFFT 221 220 219 218

Machine time (sec.) 35 9.5 4.5 2.5

Error in percentage —0.012% —0.06% —0.16% —0.38%
Table 3: Accuracy vs. Speed using FFT

LossUnit 10,000 25,000 50, 000 100, 000

Machine time (sec.) 686 110 27 6.7

Error in percentage +0.043% +0.088% +0.18% +0.38%

Table 4: Accuracy vs. Speed using CreditRisk™

We note that FFT and CreditRisk"™ show almost equal precision deviating from our
benchmark by +0.2% — +0.4% whereas MC can only compete using extremely large sam-
ples. When a higher precision is required, the computational time increases slower in the
case of FFT. This fact is clear considering the increase of the computational effort. Using
a recursive scheme such as CreditRiskt one needs O(n?) operations to calculate the prob-
ability of losing n times the loss unit, which is significantly higher than the effort of FFT
of O(nlogy(n)) (with a grid size which is a power of 2). On the other hand one advantage
of CreditRisk™ is, that besides rounding errors the only source of error is the discretization
error whereas using FFT one has to handle the aliasing error additionally as mentioned
before in Remark 222
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3.3 Conclusions

In the present paper we applied several methods of loss aggregation in order to analyze the
operational risk of a financial institution. We focused on the comparison of an application
of the FFT algorithm and the CreditRisk™ recursion scheme. In the financial services in-
dustry Monte Carlo methods are very popular but without managing the stochastic error
of the simulation results the outcomes turn out to be significantly less reliable than the
outcomes of deterministic methods. The advantages of FFT and CreditRisk™ as determin-
istic methods are confirmed by our analysis. Concerning accuracy the two deterministic
methods show to be equally precise whereas FFT is in general quicker than CreditRisk™.
Whereas identifying the error sources is more delicate using FFT, the main source of error
using CreditRisk™ is the discretization of the loss size distribution. The choice between
the two methods can, therefore, depend of the particular conditions of the risk analysis,
e.g.: the number of risk cells to be analyzed or the period of time between the renewal of
the data as this may claim a recalculation of the loss distribution, so that the speed of
computations becomes important. The CreditRisk™ framework allows to incorporate de-
pendence between business lines. Estimating the parameters of this dependence structure
and comparing aggregated losses is a topic for further research.

A The probability generating function and the characteristic
function of compound distributions

The probability generating function of the compound sum. We shortly recall the
derivation of the probability generating function as well as of the characteristic function

of a compound sum of the form

s=%"xi, (A.1)

where N is the loss counting variable independent of the i.i.d. sequence (X;)3,. We denote
the cdf of the loss sizes by Fx(x) :=P[X < z].

For a random variable N taking only nonnegative integer values consider the prob-
ability generating function (pgf) Pn(z) = E[zV] = >2° JP[N = n]z" which is defined
and analytic at least for |z| < 1. Considering the power series expansion of this function
Py (z) = Y02y pn2™ one is able to retrieve the distribution P[N = n] = p,, for n > 0 by
calculating the coefficients of Py (z). Denoting the pgf of a compound sum of the form ([AT])
by Ps(z), considering integer valued loss sizes and using the independence assumption we
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find

[e.9]

Ps(z) =E[z°] = Y P[N=kE [z %]

k=1
00 k

= Y PN =k ] E[Y]
k=1 j=1

= Y P[N=kPx(2)". (A.2)
k=1

Finally, one arrives at the well known representation
Ps(z) = Pn(Px(2)), (A.3)

where obviously Py (z) is the pgf of the distribution of loss occurrences and Px (z) analogous
for loss sizes. We get

Ps(2) = exp(A(Px(2) - 1)) (A4)

for Poisson distributed occurrences and

1

bsG) = i =em oy

in the case of the negative binomial distribution as defined in ([3]).

The characteristic function of the compound sum. Let

fx(u) = E[¢"Y] = / edFy(z), forueR,

—00

denote the characteristic function of the loss size distribution and J/”tq(u) — the chf of the
distribution of the compound sum.
Analogously to the representation ([A2), one immediately obtains

fs(u) = Pn(fx(u)). (A.5)

For the occurrences following a Poisson distribution with intensity A formula ([AZH) becomes

fs(w) = exp(A(fx (u) = 1))

and for the negative binomial distribution with parameter r and b the corresponding ex-

pression is
~ 1

S SRy
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A remark on errors associated to FFT. An efficient way to compute the chf of a
compound distribution as given in ([AH) numerically is to use DFT and, particularly, FFT*.
The inverse FFT algorithm is used to get an approximation of the density, however, there
is a significant specialty dealing with heavy tailed distributions — the so called aliasing
error.

The origin of the aliasing error is easier to see on an example of the 2—fold convolution.
Consider two functions f(z) and g(z), both having positive support on a uniform grid xy =
kE/N, k =0,...,N —1 . They define vectors {fi} and {gr}, via fr = f(zk), gx = g(xk).
The approximate values of the convolution ¢ := f x g can then be expressed by

1 n
CnZNkZ%fkgn_k forn=0,...,N — 1. (A.6)

Applying the convolution theorem in the discrete case we get the following quantity

N-1 N-1

i 1 o 1

Cp = N E flgle2Z In/N _ N E TrGn—k forn=0,...,N —1. (A?)
1=0 k=0

Note that the range of summation in (A7) is different form the one in ([(AZf). Indeed, it
implies the appearance of negative vector indices n — k in some of the summands. This
can be understood as a consequence of the periodicity of the Fourier transformation: For
n—k <0, g,—x has to be identified with g,_x4n , as is most easily seen by applying the

identity
eZiwl(n—k)/N _ eQiﬂl(n—k—i—N)/N

to ((AZ0). To avoid ambiguities we may wish to restrict our notation to indices in the range
0,...,N — 1. We may then rewrite (A1) as

N-1

Cn =cCp+ Z fng-‘,-n—k-
k=n

The difference between ¢, and ¢, is usually called aliasing error.

Artificially adding zeros to the initial input sequence — so called padding by zeros —
is, perhaps, the simplest tool for reducing the aliasing error. In the case of the twofold
convolution the aliasing error could be completely eliminated. However, for the n-fold
convolution one would have to use {fz}, k:=0, ..., (nN — 1) with f = fj, for k < N —1
and fk =0 for £ > N — 1 to eliminate the aliasing error completely. To reduce the aliasing
error significantly in the calculation of the compound distribution one would need at least
fourfold padding by zeros, as empirical tests (Schaller & Temnov 2007) show.

Another way to reduce the aliasing error in the FFT algorithm is to apply a transfor-
mation which decreases the input values at the right-hand end of the grid and which can

*For an overview of FFT as a special algorithm for DFT see, e.g. (Jerri 1992)
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be easily inverted. Probably the simplest of such transformations is the exponential one.
Obviously, if f,(z) := f(x)e™*/7 then

(f * g9)(x) = "/ (fr * g-)(2).

Decreasing the values on one hand reduces the aliasing error but can cause other problems
as the precision at which very small numbers can be stored is limited. The problem to
choose the optimal value for the parameter 7 such that the aliasing error is reduced and
that simultaneously the small numbers appearing can still be represented in a satisfactory
way is solved in (Schaller & Temnov 2007). In the present paper we use the methodology
developed to compute the benchmark for the VaR of the compound distributions for each
BL.

B Confidence Intervals for maximum likelihood estimators

Confidence intervals in the context of QQ-Plots We consider a simple but illus-
trative way of constructing confidence intervals in the context of QQ-plots as proposed
in (Schaller 2006) and apply it to the estimated severity distributions. Assume that we
have chosen some distribution F(x) = P[X < z| for the severity of some business line.
Furthermore we consider the ordered sample of losses from the internal loss database
X(1m) <+ < X(zn)- Then it is known that the distribution of F/(X.,)) for k=1,...,n
is the same as the distribution of the k — th element of an ordered sample of size n of
(0,1)—uniforms Uy, k = 1,...,n. This sample of uniforms is usually approximated by
simply taking the sequence Uy := niﬂ fork=1,...,n.

Comparing the ordered sample X(1,,) < -+ < X(,.;,) and quantiles of the fitted dis-
tribution F~*(Uy),k = 1,...,n shows us how well F(x) fits the data. If F(x) is the true
distribution then the plot of the quantiles of F~'(Uy),k = 1,...,n against the ordered
sample (i.e. the QQ-plot) should result in a straight line. However, statistical fluctuations
can lead to a picture showing deviations from this straight line. The statistical task in this
context is to test whether these fluctuations are in admissible bounds or whether the em-
pirical quantiles X(1.,), ..., X(n:n) differ significantly from theoretical ones. The following
procedure described in (Schaller 2006) allows us to calculate confidence intervals for each
Xk for k =1,...,n. Considering that P[(X;) < ¢] =qfori=1,...,n and q € (0,1),
we get the following expression for the probability of the k—th order statistic of our sample
to be greater than the quantile to some level q:

k—1
-1 LAWY’ n—i .

PLX(tn) > )] = PIF (X)) = 3 (1) a'(1 = )" = Bin(n.g.b - 1)

=0

Thus fixing some confidence level p (e.g. p = 0.95) we can solve

Bin(n’QI;ak - 1) =D
Bin(n,q,j,k —-1)=1-p
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for q, resp. q,j such that the corresponding quantiles fulfil
PIFg) < Xkm) < FHg)] = (1 +p)/2

for k = 1,...,n. Note that ¢, and q,j only depend on the sample size n and the chosen
confidence level p. In Figure Bl we provide a QQ-plot of the severity of losses of selected
business lines together with the confidence intervals constructed as above for p = 0.95.
If points lay outside of these confidence bands we would have to reject the respective
distribution. Confidence intervals associated with the largest observations may seem too
wide. But considering the heavy—taildness of the distributions we deal with, it is natural
that the largest losses have a wide admissible range in terms of theoretical quantiles.

Figure 4: QQ-plots and confidence intervals.

BL 2 BL 4
©0
S
- 1 [ ) L]
) 4 o
w | g |
zg ] A
g “ 8
o s o
= d = <
S o
| o 4
b X
wn n
541073 5+1074 51015 5000 50000 500000
Sorted data Sorted data
BL 7 BL 10
~
s Py
21 S °
£ 1 o o
2 1 21
n -
0 13
2 2
S o 3 \&n
[N & 51
¥
SR 7
b S
-
5*10"M 5*10"5 5*10"6 10nM4 1075 1076 10n7
Sorted data Sorted data

Confidence intervals according to asymptotic normality We analyze the MLE pa-
rameter estimation accuracy for GPD and for Weibull. The problem of calculating approxi-
mate confidence intervals for MLE estimators is a classical problem of statistics. Estimating
the variance of an MLE in the context of EVT is of particular interest, as the influence of
the estimated parameter errors on the VaR is very strong for heavy—tailed distributions.
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The precision of MLE estimators for GPD was discussed, e.g., in (Coles 2001, Klugman
et al. 2004, Embrechts et al. 1997, Han 2003). The well known way to calculate confidence
intervals for MLE estimators using asymptotic normality (see (Klugman et al. 2004) for
details) leads to the following expression for a confidence interval to the level 0.95 of the
maximum likelihood estimator & of some parameter 6

_1_96\/Var(5> <6-— 5§ 1.964 /Var(é\)] ,

where Var <§> denotes the variance of the estimator which can be estimated by the inverse

0.95 =P (B.1)

of the Fisher information matrix (Klugman et al. 2004). Applied to our problem, this
method allows us to compute confidence intervals for the estimated parameters for each of
the BL’s in question. The results are presented in Table Bl as well as estimated lower and
upper bounds for VaR corresponding to the uncertainty of the parameters.

Line No Parameters | Error bounds | VaR lower upper
(shape, (via FFT) bound bound
scale)

Line 1 §=112 (0.95, 1.29) 656.12 115 3738
B = 7460 (6326, 8594)

Line 2 £ =0.61 (0.65, 0.57) 68.34 54.2 88.2
B =3.13-10° | (2.93, 3.13)-106

Lines 3,8,9 | £ =0.71 (0.66, 0.76) 32.33 19.2 55
B = 7815 (7268, 8362)

Line 4 £ =0.52 (0.58, 0.46) 27.3 18 44
B =1.38-10% | (1.21, 1.55)-10°

Line 6 =115 (1.07, 1.23) 110.17 59.6 203.8
8 = 18100 (16833, 19140)

Line 7 E=12 (1.1, 1.3) 209.47 94 468
B = 15600 (14352, 16848)

Table 5: VaR bounds from confidence intervals

Remark B.1. One should distinguish the level of the confidence intervals for VaR from
the quantile level. The quantile level we use is 99.9% while the level of the confidence
intervals is 95%. That is, we consider the VaR for each BL as a random variable due to
the parameter uncertainty of the corresponding severity distribution. The choice of the level
95% for confidence intervals is common practice in statistics.

The lower and upper bounds for VaR displayed in Table Bl are calculated considering
the uncertainty of the severity parameters only. In order to determine strict bounds for VaR
the uncertainty of the frequency parameters, as well as the error of the procedure of loss
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aggregation should also be taken into account. However, as shown above, the error of the
loss aggregation is relatively low in comparison to the error stemming from the parameter
uncertainty. Concerning the uncertainty of the frequency parameters, one has to keep in
mind that a future evolution is extrapolated.
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