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We consider a compound-Poisson model with Pareto-type claims. In contrast to the
classical case, where the claims are assumed to be iid., we assume that scaling and
location parameters of the Pareto distribution follow a certain trend. We investigate the
impact of this trend on parameter estimation and on the VaR (Value-at-Risk), if one
mis-specifies (or even neglects) this trend. In the first part we show a consistency result
for the mis-specified model, in the second part the deviations of the true parameters
from the ones obtained by applying an iid. procedure is measured. Finally we study the
impact of the mis-specification on a typical risk measure like the VaR.
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1. Introduction

In this article we look at a series of insurance or credit risk claims with recorded
claim times T; and sizes Y;, modelled as a compound Poisson process. In the present
paper, the claim times are assumed to follow an inhomogeneous process. The typ-
ical approach in risk theory is to assume the claim amounts Y; to be indepen-
dent and identically distributed according to a claim size distribution F', e.g. the
Pareto or generalized Pareto distribution. In reality, however, a typical claim may
be time-dependent and the claim size distribution will change in time, so that the


http://dx.doi.org/10.1142/S0219024910006066

1st Reading

July 23, 2010 16:20 WSPC/S0219-0249 104-1IJTAF SPI-JO71 00606

© 00 N O g »H» W N =

A OOSA A DA WWWWWWWWWWNNDNDNDNDNDNNDNNDN R B R BB B
wWw N B O W 00 N OO 00 B~ WN H O © 00 N O 0 b WD B O © 00 N O 0 W NN +H O

2 P. Grandits, R. Kainhofer & G. Temnov

variables Y; are subject to some certain trend. Detrending to iid. random vari-
ables is in general not (or only approximately) possible in practice, because the
values of the trend parameters are only estimated and not exactly known. So, even
after the transformation the Y; are not exactly iid., but subject to a (smaller)
trend, parameterized by r in this paper. The aim of this article is to investigate
the error in parameter estimation and the estimation of the VaR that is made
by applying methods derived for iid. claim amounts to data with trends of the
general form Y; = X,q(r,T;) + d(r,T;). Here r is some (small) real parameter.
In our setting, we consider the process on a limited time interval (the length of
which is normalized to 1, so that T; € [0,1]). In order to consider the limit to
infinitely many claims in a proper way, i.e. with respect to single chosen measure,
we make a certain artificial assumption. Specifically, the claim times are assumed
to follow a Poisson process with periodic jump intensity, so that the jump count-
ing process is a cadlag process. Our results are obtained on the time interval [0, 1]
without loss of generality, as a simple time-scaling will provide results on other
intervals.

We first show a consistency result for the mis-specified model, i.e. we show that
if we calculate the maximizer of the likelihood function for the iid. model, but using
data with trends, we still observe a.s. convergence of the maximizer to a certain
parameter value, say 0(r). In the next step we provide a Taylor expansion of the
maximum likelihood estimators 6(r) with respect to r around r = 0. In a final section
we investigate the impact of the mis-specification on the VaR. For the claim size
distribution we will assume a Pareto distribution. For other claim size distributions
a similar path might be possible, but our calculations depend explicitly on the form
of the Pareto density.

In [3], Grandits and Temnov investigated a similar problem, only that the claim
times were assumed to be equally spaced in time, while here we assume them to
follow an inhomogeneous Poisson process. Moreover, they considered pure inflation
only, i.e. Y;e~"Ti being iid. The special case of an homogeneous Poisson process has
the same limits as the equally-spaced case, and the results of [3] can be reproduced
here, too. Let us finally note that one could, of course, estimate also the parameter
r with the given data set. But in practice this is often not done, since it involves an
increase in the dimensionality of the problem.

The impact of hidden trends on the estimates of severity parameters has been
discussed in the literature, e.g. in application to the risk analysis and insurance
problems. To mention one of the works, [5] deals with the analysis of different
scenarios for the parameters of the generalized Pareto distribution changing in
time. In [5], the authors detect some hidden trends in the insurance data using
the graphical diagnostics of the data. Then different scenarios of the location,
scale and shape parameters changing in time, each following a linear or an expo-
nential law, are considered. Various combinations of the trends are then ana-
lyzed in order to find out which of such scenarios correspond to a better fit of
the data.
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On the Impact of Hidden Trends for a Compound Poisson Model 3

For the claim size distribution F' of the discounted claims we will assume the
Pareto distribution with shape parameter o* and scale parameter ¢*. In particular,
the CDF and the PDF are explicitly given by

*

« x

N\ -t —a*—1
Frooe@) =1 (14 2)™ g = & (10 2)
(@) )T @ = (14 2

a

The observed claims Y; will be dependent on the claim time 7; and thus not be iid.
on their own. In particular, we assume an affine time-dependence of the form

Yi = Xiq(r, T3) + d(r, T;)

for a small positive parameter r € [0, 9] with the additional conditions that ¢ and
d are smooth functions, which fulfill the limiting requirements in r

r—0

q(rt)—>1 d(r,t) — 0
uniformly on [0, 1], as well as uniform boundedness conditions in ¢
0 <q(r,t) < Cq(r,1)
0 <d(r,t) <Cd(r,1)

for some positive constant C. We restrict ourselves to positive additive trends d(r, t),
in order to avoid “negative claims”, which would cause additional technical dif-
ficulties. We postpone the (of course important) case of negative values of d to
future research. The random variables X; are assumed to be iid. Pareto-distributed,
the claim times T; are modelled as the jump times of an inhomogeneous Poisson
process.

This form of time dependence includes constant inflation rate r of the form
Y; = X,e'T¢ for the claims. For time-dependent, but still deterministic inflation
rates d(r, t), parameterized by a base inflation value r and the time ¢, the particular
forms of the Y; are obvious.

2. Preliminaries on Poisson Processes

As we model the claim arrival process as an inhomogeneous Poisson process, we
first need to recall some important properties of inhomogeneous Poisson processes,
which will greatly simplify our investigations as compared to the equally-spaced
case.

Let (N¢)e>0 be a (possibly inhomogeneous) Poisson process on [0, 1] with jump
intensity A(¢) and mean value function: (¢ fo 7)dr. Assume that the function
A is normalized to 1 so that fo T)dr =1 and E[N{] = pu(1) = 1.

On the base of the process Nt7 we now construct an inhomogeneous process
Nt on [0, M], where M € N, in the following way: Let the jump intensity )\( ) of
Nt be periodic with period 1 and coinciding with the intensity A(t) on each of its
periods [0,1],(1,2]...(M — 1, M]. We denote p(t fo T)dT and assume that

fo X(7)dr = M, so that E[Ny] = (M) = M.
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The intention behind the parameterization set above is to provide a simple way
to take the limit to infinitely many claims (M — oo) while the limiting model is
defined via a single random measure and, as we shall see below, is expressed through
the intensity A(t).

Correspondingly, we extend the functions ¢ and d defined above by defining the
periodic functions ¢ and d on the time interval [0, M ] coinciding correspondingly
with ¢ and d on each of the periods. The functions A, ¢ and d are assumed to be
piecewise smooth functions.

Let T; denote jump times of the jump count process N; defined above (for the
homogeneous PP the increments are independent and identically distributed with
exponential distribution; for the inhomogeneous PP this is no longer the case). The
jump sizes X1, Xo,..., Xy, are iid. F-distributed, independent of the jump times
T;. The notation i will correspond to the process ]\7,5.

From the theory of the inhomogeneous Poisson process (see e.g. [4]) we know the
following results. In particular, a useful property of Poisson processes is that, condi-
tional on the number N; = n of claims, the claim times have the same distribution
as the order statistics of an iid. sample.

Proposition 2.1. Let the Poisson process N; have a continuous, a.e. positive
intensity function \(t) and arriwval times 0 < Ty < Ty < -+ a.s., and let
Y = (T1,...,T,) be a sample from r.v. T with PDF g,(x) = A x)/u(t) (so that
g1(z) = X)) and G being its CDF, and X be the corresponding order statistics
vector X = (Y1), ..., Yn)) with the joint PDF gx. Then, if f is the joint PDF
of the random vector T = (Ty,...,T,) then for the corresponding conditional PDF
fr(xr,...,xn) = f(x1,. .., 25 | Ne = n) we have the following identity

ft(x17~-~’xn) = gf(xl,...,l'n) :gcfl(ﬁ)(l‘lw"axn)a

where U = (Uy, -+ Ugny) is the order statistics vector of the sample U; ~ U(0,1)
of #d. uniformly distributed random variables on [0,1], and 9G-1(0) 8 the PDF of
the corresponding random vector (G~1 Uay)s - G_l(U(n))).

Clearly, for the process N, the same property for (i, X;) holds with df G whose pdf

isg(x) = ;\1((75) and considering it at times t = M € N we have g(x) = % ’\(z)

Proposition 2.2. Let (X;) be an iid. sequence, independent of the sequence ( i) of
the arrival times of an inhomogeneous Poisson process Nt with intensity )\( ). Then
for any measurable function h : R? — R the identity

Ny N¢
>OMTL X)L Y h(G U, X))
i=1 i=1

holds, where (U;) is an idid. U(0,1) sequence, independent of (X;) and (T}), and
where G~1 is understood in the sense of the generalized inversion.
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3. The Maximum Likelihood Equation for Claims
Without and With Trend

In the absence of inflation and other time-dependent effects for the claim sizes X,
the log-likelihood function for the Pareto distribution is

l(a,a):nloga—nloga—(oH—I)Zlog <1+—) (3.1)
g

i=1

with the maximum likelihood estimators o™ and o* fulfilling the equations

dl(a, o) I 1 X;
=——=—>31 1+— ) =0
Oa |4 e @m0 ; ©8 ( - O'*)
Ol(a, o) (oz +1)1 - B
o/ P n + X o*

As mentioned in the introduction, the r.v.’s ¥; are not iid. due to a (remaining)
trend. However, since we will always consider in the sequel expressions (conditioned
on N; = n), which are symmetric with respect to the permutation of the indices
i = 1,...,n (due to the iid. property of the sequence {X;}), we assume in the
followmg that the sequence {T }7, is an iid. sample with the CDF G. Inserting the
values Y; = X;q(r, T;) + d(r, T;) instead of X; into the log-likelihood function (3.1),
the maximizer (a(r),o(r)) will be different from (a*,0*) without trend. Then we
have the equations

l(a, o) 11 = Y; _
e T R D S ( a<r>> :
0l(a, 0) _ () +1)1 - Y; _
do a(r),o(r) U(T) n ; (U(T))2 + )/7;0'(7“) 0

The summands in both equations are iid. random variables for some distribution

that can — theoretically — be calculated from the distributions of X; and ﬁ-. To

be able to apply several well known theorems from probability theory, moments of

sufficient order of the summands need to exist.

e For Z; = log(1 + W) with Z1,..., 7, iid., all moments of these
random variables are finite due to slower asymptotic growth of the logarithm
than any polynomial and if we assume a lower bound on o, i.e. 0 < n < g, then:

E[Z}] = /000/000 log" (1 + w> dF (z)dG(t)

< /°° log™ <1 | o M) + dlr, M>> dF (z)
0

g
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< /OOO log” (1 + %’qv(r, M) + @) dF ()

M) \ " n

x dF(x) < oo forany e < o™

I Xiq(r,T; +(’1‘ r,T; . = > ..
e For Z; = o(r)+(f>£iq~(r?Ti)(+J(r?Ti) with Z;, ..., Z, iid., we have

= Xiq(r,T;) +67(7‘,?¢) _ ( o(r) _ n 1>_ <1
o(r) + Xiq(r, T;) + d(r,T;) Xiq(r,Ti) +d(r,T;)

)

0<

and thus also 0 < E[Z\J"] <1 for any n > 0.

Notice that in both cases the bounds for the moments depend only on 7, but not
on the particular value of o. Thus all statements depending only on upper bounds
for the moments of Z; and Z; hold uniformly for o € [, 00).

4. Strong Law of Large Numbers

Proposition 4.1. Let (T3, X;) be a (homogeneous or inhomogeneous) compound
Poisson pmcess with jumps X; at times T;. We set E[Nt} = u(t) = fJN

with fo T)dT = M for the mean value function of the jump count process Nt7
where \ is perzodzc with period 1 (so that )\ on each of its periods, coincides with a
continuous function \).

Let the jump size distribution be X; ~ F = Pareto(a®,o*) with probability
density function fx(x) = g—(l + f—*)_o‘*_l for constants o*,c*. Let furthermore r
be constant.

Then there exists a function K : N — R such that uniformly for o € [n,00)

g

NI\/I A N. iy N.
ol L5, ( qu(r,Tz)+d(r,Tz)>

NM11

/ / log ( zq(r, Z>U+d(’“ Z>> AP (2)dG(2)| > e]
< K(M) 2= (4.1a)
L X ) + T

Eileﬁ-Xﬁ( )+ ( T)
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/M/ zq(r; 2 +d(i'z) AP (2)dG(2) >€]
M—o0

o+ xq(r,z) +d(r, 2)
<KM)—=0 (4.1b)

1 and Y 5 K(M) < oco.

Proof. For brevity, define

Z,—log (14 JACT) HAT) ) g 7, - XA L) +dr.T;)
o o+ X;q(r,T;) + d(r,Tj)
(4.2)
with
M poo ~ T
- / / log [ 1+ 242 +d2) ) o adi (4.3)
o Jo o
EZ / / 7q(r,2) +d(r, 2) dF (2)dG(2). (4.4)
o+ zq(r,z) +d(r, z)
Conditioning on the total number of claims Ny = n, which is Poisson-

distributed with mean value M, and using the conditional independence property
of the jump times of the Poisson process, we can rewrite the probabilities (4.1a)
and (4.1b) of the theorem as

N]\/[ N]M -
ZZ ~E[Z]|>¢| =E |P ZZ— >e| Ny=n

with the similar form for Ej.

Due to the properties of the inhomogeneous Poisson process, the Z; and /Z\j are
independent and identically distributed random variables, conditional on Ny, =n
fixed, and all their moments are finite as already shown. Thus we can apply
Lemma 2.1 of [3] for any fixed n =1,2,... to obtain the bound

o o A~ W N

Ny

7 P ZZE

C

=N <
etn?

(4.6)

for the inner term in (4.5) and the same bound for Z. The constant C' depends only
on the moments of Z; and Z; up to order 4 and for a fixed n > 0 can be chosen
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uniformly C' = C(n) for all o € [, 00). The whole probability in (4.6) in both cases
(for Z; and Z;) can then be bounded by

P(Ny =0)P(E[Z]| >¢)+ ) P(Ny = n)é%
Y n=1

<1

= K (M), (4.7)

where we used that P(| 7 SV 2, — ElZ]| > £ | Nas = 0) = P(E[Z]| > ).

Clearly, the series >, n%f—; is convergent.
It remains to show the assertion that the K (M) form an absolutely convergent

—n

series. The first term e~ leads to the absolutely convergent series S e =
L. The second term Y~ M Jeads to a double series and is a bit trickier:

n=1 n2n!
o0 o o o0
g M 1 _
DD e Mg = Y e Y MY, (48)
n2n! n2n!
M=0n=1 n=1 M=0

where the exchange of the two sums will later be justified by obtaining an absolutely
convergent series dominating the whole expression. As all terms are non-negative,
any reordering is then allowed and leads to an absolutely convergent series, too.
To bound the expression (4.8) one has to notice that the inner sum
ZE:O Mme=™ is just the discretized version of the integral representation of the

700 |
600 |
500
400 [
300 [
200 |

100 r

Fig. 1. Comparing the Gamma function to the discretized sum.
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1 Gamma function
o0
2 F(n+1)= / 2"e Tdx
0
3 with I'(n + 1) = n! for n € N. Thus we will bound the sum by the gamma function
4 and some additional correction terms. It is easily seen that the maximum of z"e™*
5 lies at = n € N, so that we have the following bounds

M+1 M+1
Mnre—M z/ M"e My S/ 2"e dr for M <n-—1, M eR,
M M
M

6 M
MnreM :/ Mme My S/ 2"e " dx for M >n+1, M eR.
M—1 M—1

Plugging these estimates into the sum, we arrive at

00 n—1 o) M
Z M"e M < Z / z"e Fdx +n"e " + Z / z"e "dx
M=0 M=0“M M—1

1 M=n+1

M+1

oo
= / e Fdr+n"e " =n!l +n"e "
0
=I'(n+1)=n!

According to Sterling’s formula, n! = (2)"v2mnexp(6(n)/12n) with 0 < 0(n) < 1.
Altogether, we get

M=0 n=1
(o ] o0
1 nn72efn
Sy
n=1 n=1 (—) 2mnexp(6(n)/12n)
—— e
=¢(2)
1 1 1 1
—_ ) 4+ e—9(n)/12n < 2 b -
1
=((2) + —C((2.5) < 0
C2)+ 7=((25)
7 where ((-) denotes the Riemann zeta function and the reordering of the terms of
8 the series is again justified by the non-negativity of the terms and the resulting
9 absolutely convergent series.
10 Since both terms of (4.7) lead to absolutely convergent series, their sum is also
11 absolutely convergent and the terms can be reordered in any way. This completes
12 the proof of the proposition for both equations. |
13 The previous proposition shows that the prerequisites for the Borel-Cantelli

14 lemma are satisfied, so it immediately follows that the mean of the discretized
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10 P. Grandits, R. Kainhofer & G. Temnov

observations converge almost surely to the expectation as we let M € N tend
towards infinity.

Theore~m 4.1. Let K/} be a Poisson process with mean value function [i(t) such
that E[Nay] = M € N. Then we have the limits

]VM ~, - ey -
1 X’L aTi aT’i
~—Zlog (1 + ar, To) + d(r )>
NM i=1 g

o2 / / log ( ralr2) £ z) Z>> dF (2)dG(2)

Ny

1 Xig(r, i) + d(r, T)
N & o+ Xg(nTy) + dr 1)

xq(r,z) + d(r, z)
M—oc0 // o+ xq(r,z) +d(r, 2) dF (z)dG(2)

and the convergence is uniform for o € [n,o00[, n > 0.

Remark 4.1. The above limit M — oo is proved only for M € N using the Borel-
Cantelli lemma, which is sufficient for our case. To show almost sure convergence for
R > M — o0, one might apply continuity and monotonicity arguments to extend
the above result to the general case M € R.

5. Convergence of The Maximum Likelihood Estimator

We will first show in this section that the maximum likelihood function for claims
with trend has a maximizer in a large enough compact parameter set, if the inten-
sity M is large enough. Since we have proved in the last section that the sum in
the loglikelihood function can be approximated by an expression involving a dou-
ble integral, it will turn out that it is crucial for our proof to get an idea of the
asymptotic behavior of this double integral as ¢ — oo. This asymptotic behavior is
provided in the following lemma.

Lemma 5.1. Let a = max{n € N|n < a* +1}(—a > 1).
Then we have for o — oo in the case a = 1

1) _—a* *
2q(r, 2) + d(r, 2) vo fora* <1
/ / 1n< . )dF(x)dG(z) ~1 o
2
o

for a® =1,
for some positive constants 1/% ) (1) . In the case a = 2 we have
(2) Vg)
*€]1,2
// 1n< rz)+d(7‘z))dF( )dG()NVl—— O-a*lno. for a* €]1,2]
7 7 Vg)— for a* =2,

o2
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for some positive constants u( ) ug)7 Véz) Finally for a > 2 we have

/ / In ( (r, Z>;’ d(r, Z>> dF (2)dG(z) ~ % <p01 + ploaf—il)

L (o2 0_* N Ca
+a ( 5~ PUT on(a*_l)(a*_2)),

with p;j = fooo(q(nz))i(d(nz))jdG(z).

Proof. The proof works analogously (repeated integration by parts for the inner
a-integral) to the proof of Lemma 3.1 in [3] O

We define now the normalized log-likelihood function as

g

Nu T
X; T + d(r,T;
l(a,0):=Ina—Ino — a—|—1 Zl ( a(r, ) +d(r )> (5.1)
and show that it attains its maximum over (R,)? in a large compact set A,
defined by
A={(a,0)|a>n*0c>nVa2+02<W} forn>0small and W > 0 large.
More precisely, we have
Proposition 5.1. For W large enough and n and r small enough, the following is
valid:

P[3M(w,n,W) sit. VM' > M, we have maxl > sup []=1.
A (Ry)2\A

Proof. Like in [3] we cover {(R;)?\ A} by five different sets, as shown in Fig. 2
and sequentially show, that [ does not attain its maximum inside the sets S; — S5
a.s. for M’ large enough. The sets S — S5 are defined as follows.

Sy = {(a, 0)]ax €]0, W], 0 €]0,n]}
Sy = {(a, )| €]0,7%],0 € [, W]}

D*
S3 = {(a,a)|a > VW2 —-020€]0,G" = e—}}

2
Sy = {(o,0)|a > VW2 — 02,0 € [G*,VIW]}
>0,ifc>W
55::{(0"0) {>\/7—0'21fw>0'>\/_ o VW, [}

The only difference to the definition in [3] is that now the constants G*, D* may
also depend on the function ¢(r,t) and not only on the r.v. X;.
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W

Fig. 2. Covering of (R4)? by sets for the proof of Proposition 5.1.

We condition on {N v = n} and get in complete analogy to the proof of Propo-
sition 3.3 in [3] estimates of the form

C C

P(l(a,0) < fi(n) on S;) > 1 — o3 Or P(l(o,0) < fo(W) on S;) > 1 — 2
where ¢ = 1,2, 5 = 3,4, f1(n) and fo(W) tend to —oo for n — 0, respectively for
W — oo. Arguing as in the proof of Proposition 4.1, we get via the Borel-Cantelli

lemma, for W large enough (resp. o small enough)
P |3M(w, W (resp. o) s.t. VM' > M :1(1,1) > supl| = 1, (5.2)
Si

fori=1,2,3,4.
In order to get a similar result for the set S5 we will use the following Lemma
(for the proof we refer to the Appendix).

Lemma 5.2. Let
Lia,o) = a+1// ln( TZ);d(’“ Z>>dF(x)dG(z)+ln§. (5.3)

Then, for W large enough and r small enough, there exists a point P € A,
s.t. L(P) > supg, L.

Assuming Lemma 5.2, we can find for all W large enough and r small enough a
d(W,r), s.t. there exists a point P € A with L(P) — 6(W,r) > supg, L(a,0). By
Proposition 4.1 we have

P(l—L| >eon{o >n}) < K(M,e),
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On the Impact of Hidden Trends for a Compound Poisson Model 13

where Y3, K(M,€) < oo holds for all € > 0. Choosing & = %7 one gets

P <Supl > Supl> >1-K(M,0/3),
Ss

which clearly proves the analogue of equation (5.2) for the set Ss. This concludes
the proof of Proposition 5.1 O

We can now formulate our main theorem, namely that the maximum-likelihood
estimators in the misspecified model converge almost surely to certain parameter
values a(r), o(r).

Theorem 5.1. For r > 0 small enough, the ML estimator §M = (Qm,0Mm), which
exists ultimately a.s. by Proposition 5.1, fulfills

O =5 0(r) = (alr),o(r)), (5.4)
for certain parameters a(r), o(r).

After our preparations the proof is exactly the same as the proof of Theorem 3.11
in [3].

6. Expansion of The ML Estimator for Small r

Clearly, by plugging the observed values X;q(r,T}) + glv(r,i) into the maximum
likelihood equation for the X;, the solutions («(r), o (r)) will deviate from the solu-
tions (a*,0*) without trend. In this section we will investigate the order of these
deviations for small r by Taylor-expanding the solutions.

The Maximum likelihood function (see (5.1)) is

N -~ e
Xiq(r,T3) + d(r, Ti)
l 1 -1 — 1 log (1
(a,0) =loga —logo — (a + Z g( + .
with the maximizer (an(r),onm (7‘)), Wthh exists by Proposition 5.1, fulfilling
gi =0 and m = 0. Taking limits M — oo and going to the continuous case using
Theorem 4. 1 the maximizer («(r),o(r)) fulfill the maximum likelihood equations

(L - /1/00 log (1 * W) dF(ax o) (2)dG(z) =0 (6.1a)

—1 + —|—1 / / ’/‘ B —|—d(r Z) +xdF(a*,a*)(x) dG(Z) =0. (Glb)

Remark 6.1. For » = 0 the solution reduces to (a(0),0(0)) = (a*, ™), since we
have assumed ¢(0,¢) = 1 and d(0,¢) = 0.

Remark 6.2. For G(z) = z, i.e. the arrival times are uniformly distributed in
the time interval [0, 1], the arrival process is given by a homogeneous Poisson pro-
cess with the same limiting distribution as the equally spaced arrivals treated by
Grandits and Temnov [3].
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Applying the implicit function theorem to get the derivatives of equations (6.1)
with respect to r at » = 0 leads to the first-order terms of the Taylor expansion
fulfilling

—%ar@) + %UT(O) = E[¢(0, 2)] + E[d'(0, z)]j—:
(0" +2) L B0 Bl oy @ D)
mar(o) - ;UT(O) = —E[¢'(0,2)] — E[d'(0, 2)] e
where the expectation is meant w.r.t. G(z).
The unique solution of this system is
a,(0) =0+ ME[d’(O,z)] (6.3a)
0,(0) = c*E[¢(0, 2)] + (o + (1 4+ «*)?)E[d' (0, 2)]. (6.3b)

As long as E[d(0,2)] # 0, both a and ¢ are in general affected by first-order
terms. Clearly, any first-order effect in « comes purely from the shift term d(r, z).
In [3], where the claim sizes are assumed to be of the form Y; = X;em/"
first-order term is obtained for the expansion of a(r).

In these cases with «,.(0) = 0, we are also interested in the size and form of the
second-order corrections. For simplicity, we only investigate two special cases. The
first is the pure inflation case ¥; = X;e"”* with constant rate 7, where all Y; are iid.
random variables with claim times T; following the inhomogeneous Poisson process
described above. The general case with ¢(r,¢) # 0 but E[¢'(0, z)] = 0 works similar,
but includes several cross-terms and cross-moments of the derivatives of d and gq.
As the general form does not provide any new insight, we refrain from reproducing
it here and only look at the inflation case and also at the case of inflation plus
constant shift, which will be described further.

, no such

(1) Let us turn to the case of inflation Y; = X;e"™:. As d(r, z) = 0, the first-order
effects (6.3) simplify to

ar-(0) =0 and o,.(0) =0*E[z],

which is the same form as in the case with equally-spaced claim times.

To obtain the second-order terms in the Taylor expansions of a(r) and o(r) at
r = 0, the implicit function theorem has to be applied once more to arrive at the
equations

1 1 L 2 o r(z
( *)zarr(o) + mgrr(o) (a* + 1)E[Z] + (a* i 2)(@* n 1)Va ( )
1 1 _ 1 9 (O(* _ 1)
(a* + 1)0(* OéTT(O) + (a* + 2)0.* Urr(o) (a* + 2) [Z] (a* T 2)(0{* T 3) Var(z)
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On the Impact of Hidden Trends for a Compound Poisson Model 15

with the unique solution

(a* + 1)2(a*)2

OCTT(O) = —2Var(z)m (653,)
. s 2@ +a"+1 e
00 (0) = & <E[z] ey Ve )). (6.5b)

For T; uniformly distributed in [0, 1], i.e. G(z) = z, we again obtain the results
of Grandits and Temnov.

(2) Another useful case worthy to be mentioned is the combination Y; = X;e" i +
ArT; of inflation and linear shift with some positive constant A (a realistic range of
Ais A € ]0,1]). For simplicity, we keep the assumption of T; uniformly distributed in
[0, 1] for this case. For the first order effect in «v in o, we have the following solutions

(0" +1)(a*)? A

o* 2

. (0) =

0r(0) = 5 + (" + (1 + a*)2)§.

For this case, we are interested in finding the second order corrections as well.
Like in the pure inflation case, we get back to equations (6.1), apply the implicit
function theorem twice and calculate the second derivatives with respect to r at
r = 0. Expressions become significantly more complicated than in the pure inflation
case, but one can check that the unique solution of the corresponding system of

equations is

_ 1 1+ (a7)? o*)? a o ((a*)? o*
a(0) = ETOEETS (a*)2[( (1 +a*) 4+ 240" ((*)* + 4a* + 5)
+ A(25 + 53a* + 18(a*)? — 7(a*)3 — 3(a*)?))
1 (6.7)
7r(0) = G @+ a" = (@) + 40" (44 1o’
+9(a*)? + (a*)3) + A%(3(a*)® 4+ 10(a*)* — 30(a*)? — 31a* — 8)]

7. Numerical Examples

We present some examples to illustrate the effect caused by ignoring the trends in
the data or misestimating its parameters. For the examples presented below we used
realistic values of the Pareto parameters, as well as the ranges of trend parameters
which one may meet in insurance practice. Analysis of loss models with parameters
changing in time is addressed quite often in the literature. For example, in [5] some
simple (mostly linear) trends of the parameters of generalized Pareto distribution
are considered in an insurance context. In [1], trends of the parameters of loss
distributions are analyzed on such real data examples as sea-level data or rainfall
data. Those examples deal mostly with trends in the location and scale parameters.
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In our notation, g(r,t) corresponds to the trend in the scale parameter, while d(r, t)
describes the trend in the location. This connection allows us to determine the
possible range of the rate r from the literature.

For two examples below, we add a new parameter 7' to the model, corresponding
to the number of years of observation. In fact, this means extending the unit time
interval of observations to [0,7], T € N. One can easily check that the results for
the first- and second-order corrections obtained above keep the same form, one just
has to multiply the values of the effects by T'. For instance, in the inflation case we
have 0,(0) = 0*TE[z] (still with 0 for «,(0)), and likewise for the representations
(6.3), (6.5) and (6.7).

Example 1. Inflation case. We first consider the constant inflation case Y; =
X;eli . We assume that arrival times T} follow a homogeneous Poisson process. Let
a*=1,0% =0.2 and T = 5. We are interested in how the bias of the parameters
changes with the change of the inflation rate from 0 to » = 0.04 (the maximum of
this range corresponds to the inflation rate of 4% over a time interval of 5 years).

Note that for the homogeneous Poisson process, arrival times in the interval
[0, T constitute the points of a uniform ordered sample in [0, T] (see e.g. [4]). That
gives us again simple representations E[z] = £, Var(z) = 7;—22 Using (6.3) and (6.5),
we calculate (.(0),0,(0)) and (o (0), o7 (0)).

To get an idea how precise our obtained expansion is, we compare it with results
of Monte Carlo simulations. Specifically, the sequence Y; was simulated for given
parameters and plugged into the likelihood expression (3.1). Thus, the result of its
maximization is the biased estimator (@, ), and the empirical bias can be compared
with the theoretical one provided by our expansion. The theoretical bias up to
second order is the absolute change of the parameters: Ao = 7,.(0) - r + U”T(O)TQ,
Aa = a,-(0) - g

For each point, 10 simulations of 5000 observations with a time horizon of
5 years was made. We get the results indicated in Table 1, where (@,7) stand
for the observed values of parameters, while R(@) and R(7) are the values of the
observed bias after corrections, i.e. R(7) = (@ — (o* 4+ Ac)) and similar for R(7).

Example 2. Inflation plus linear trend case. We deal now with the model Y; =
X;e'' + ArT; with arrival times T following a homogeneous Poisson process. We

Table 1.
a o
r a Aa R(@) T Ao R(7)
0.01  0.999952  —0.00004 8-10-% 0.202 0.002 108
0.02  0.99971 —0.00028 10—° 0.21017  0.01017 10-7
0.03  0.9993 —0.00071 —1075  0.21642 0.01642 10-7

0.04  0.99888 —0.00113 —10=%  0.22065 0.02065 2-10~7
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Table 2.
« g
A e} Ara Asa R(E) T Ajo Aso R(E)
0.1 1.0826 0.1 —0.0186 —0.002 0.270797 0.07 0.0007 0.0001
0.15 1.115 0.15 —0.0363 0.0012 0.2943 0.095 —0.001 0.0003
0.2 1.1495 0.20 —0.06 0.0095 0.31796 0.12 —0.004 0.002
0.25 1.1854 0.25 —0.09 0.0253 0.33905 0.145 —0.008 0.002

are interested in the change of parameters for some rate r, say r = 0.04, and for some
range of A. Using (6.3) and (6.7), one can calculate the first and second order effects
of the trend. We use Monte Carlo simulations again to check the correspondence
between observed the predicted effects of the trend. Denoting the first order changes
as (Aja, Aj0), the second order as (Asa, Ayo), the observed parameters as (@, @)
and the observed bias after the first and second order corrections as (R(@), R(7))
we get results indicated in Table 2.

We observe that the role of the second order corrections become more significant
with the growth of A, especially for the parameter «.

Example 3. The change of upper quantiles. Consider again the model Y; =
X"l + ArT; and the parameters as in Example 2. In risk management, it is
common to trace the effect on the upper quantile of the severity distribution. With
values of (1.0,0.2) for the true parameters, we consider 0.99-VaR, i.e. 0.99-quantiles
of the single-loss distribution, as well as for the aggregate loss distribution. Clearly,
if X £ Pareto(a*, ") then the VaR of the detrended observations satisfies the
following balance equation

P(X < VaR) = 0.99.

One is interested, however, in the VaR inflated to the endpoint of the observations,
and hence the true VaR satisfies

P(Xe'T + ArT < VaR) = 0.99.

The shifted (observed) VaR; is defined from the distribution having the observed
parameters (@, ) (which we obtain in this example via Monte Carlo simulations),

so that if Z < Pareto(@, @) then
P(Z < VaRy) = 0.99.

Figures 3 and 4 illustrate the growth of the difference between the true and the
observed Values-at-Risk with the increase of the yearly inflation rate for single-loss
and for the aggregate loss distributions with Poisson parameter 12 correspondingly.
The aggregate loss distributions were calculated via the approach based on fast
Fourier transform using aliasing reduction techniques.

Both figures illustrate the similar effect. Particularly, one observes the underes-
timation of the true VaR for the single loss distribution, as well as for the aggregate
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Fig. 3. Comparison of the quantities of VaR; and VaR for the single loss distribution. Biased
quantiles VaR; are presented by solid or dotted lines for the range of parameters A. Values
of true quantiles VaR are marked as lines with circles on the plot and indicated for the same
range of A.
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Fig. 4. Comparison of the quantities of VaR; and VaR for the aggregate loss distribution with
Poisson parameter 12. Biased quantiles VaR; are presented by solid or dotted lines for the range
of parameters A. Values of true quantiles VaR are marked as lines with circles on the plot and
indicated for the same range of A (the differences between the true quantiles are almost negligible
on this picture).
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loss distribution (especially for larger values of r), which becomes more significant
with the growth of A. This is in correspondence with theoretical results obtained
via our expansion.

We postpone some more numerical examples based on empirical data to future
work.

8. Conclusion and Outlook

As mentioned in the introduction, this article develops and generalizes basic results
of [3]. Though models described in the present work can be applicable in practice,
some further generalization is still to be done. Specifically, in practical applications
the Pareto distribution is often used as a model for the severity of losses exceeding
some certain threshold 4 (see e.g. [2]). Clearly, in this case the affine transformation
we have used, namely X — X,q; +d;, has also to change the threshold p with time:
w — p(t). However, usually (e.g. in practical risk management) the loss data is
collected as exceedances over some fized threshold (say, the same magnitude ).
Due to this, a change of the frequency of observed losses appears. Thus, one has to
handle a complex problem arising from the change of both severity and frequency
of observed events in time.

Examples presented in this article illustrate that certain trends in the data may
bias the estimators of the severity parameters significantly. De-trending the data
would be the only right way to avoid a misestimation of the severity parameters, but
the true inflation rates are often not known exactly. Besides, one may be interested
in forecasting the loss distribution for the next time periods, when it is hard to
predict, whether certain trends of the data will be also applicable in the future.
Those are the cases, where our results can help in quantifying the effect of the
possible trend parameter misprediction on the estimators of the severity parameters
and, consequently, on risk measures. In our future work we plan to analyze some
real data examples and illustrate the corresponding effects of the trends.
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Appendix A
Proof of Lemma 5.2

The proof is almost completely analogous to the proof of Lemma 3.10 in [3]. The
only small modification appears in the case a* €]2, 00[. There one has to show the
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positivity of a certain coefficient in the asymptotic expansion of the limiting log-
likelihood L. Note that the case o €]2, 0o[ is the only one, where the exact values
of the coefficients play a role. Therefore only in this case the functions ¢(r, z) and
d(r, z) are relevant. The inequality to be shown in [3]

(@ —=1)  pa(o¥)? __pot
po*  (a*=1)(a*=2) (a*=1)" 7
has to be replaced by
(" = 1)poz p110*
20100 + 2po1(a* — 1) p1oo™* + po1(a* — 1)
0_* 2 0_*
p0(0”) —por—pro—— >0,

(p100* + por(a* — 1)) (o — 2) ar—1
where the p’s are defined in Lemma 5.1. Since all the denominators are positive by

assumption, this is equivalent to

2p20(0*)? 2 2pTo(0*)?
-1 2 R i -2 1) ————— > 0.
(a )Po2 + 2p110”" + (@ —2) P01P100 Por (a ) (a* —1)
Now let D := QPZi(f;)z — 31(31)2. Except for D, the absolute value of all other

terms on the left hand side of the inequality above can be made arbitrarily small by
choosing r small enough. We finally show that D > const. > 0, where the constant
can be chosen independently of 7. We have by Cauchy-Schwarz

~ 2p20(0%)* 2p3(0*)? . 1 1
= (a"?—2) — (Oz”(‘)—l) > 2p20(a' )2< _

P a*—l) = const. > 0.

The constant on the r.h.s. can be chosen independently of r, since ¢(r, z) tends
uniformly to 1, for r — 0.
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