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Abstract

The periodically forced extended KdV equation is considered. We investigate the
structure of the totality of steady pro�les. The existence of pro�les which are close
to any shu�ing of two basic pro�les is proved, and hence the existence of spa-
tial ly chaotic and recurrent solutions. The proofs are based on topological degree
theory to analysechaotic behaviour. These proofs combine ideas suggested by P.
Zgliczy�nski (Topol. Methods Nonlinear Anal, 8 (1996), No. 1, pp. 169{177)
with the method of topological shadowing(A.V. Pokrovskii, Journal for Di�erence
and Di�eren tial Equations, 4 (1997), No. 3-4, pp. 335{360).
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1 In tro duction

1.1 KdV

This paper is concernedwith chaotic behaviour of a secondorder periodically forced
ordinary di�erential equation. The equationis a reducedform of the periodically forced
extendedKorteweg-deVries (eKdV) equationwhich, with viscousdamping included, is
given by

@u
@t

+ �
@u
@x

+ au2 @u
@x

+ bu
@u
@x

+ d
@3u
@x3

+ �
@2u
@x2

= R0(x) : (1.1)

Here � ; a;b;d and � are real parameters,R(x) is a periodic function and R0 is the
derivative of R. We will alsoconsiderthe casewherea is zeroand (1.1) reducesto the
forcedKdV equationwhich is a well known model for weaklynonlineardispersivewaves.
Physical problemswherequadratic nonlinearity is small and cubic nonlinearity cannot
be neglectedlead to equationssuch as (1.1). Examples include 
uid suspensions[8],
magnetohydrodynamics [47], and large amplitude internal oceanwaves[14]. Moreover
the eKdV equation is alsoof interest in its own right as a model for undercompressive
nonclassicalshocks, see[21]. Undercompressive shocks arisewhenwe view (1.1), in the
absenceof dispersion and damping, as a scalar conservation law with the nonconvex

ux function f = � u + bu2=2 + au3=3

@u
@t

+
@f
@x

= 0: (1.2)

Shock solutions to this conservation law are then known to be structurally sensitive
to regularisation through the terms d@3u

@x3 and � @2 u
@x2 : This structural sensitivity implies

that the shock strength itself is dependent on the ratio of dispersion to dissipation as
d ! 0; � ! 0: As a consequence,while solutions of the eKdV include solitary wavesof
both positive and negative polarity, there is alsofor ad < 0 an undercompressive shock
solution, see[37].

Now we can add forcing which arises,for example,as compact forcing in strati�ed

uid 
o wswhereR (x) modelsan imposedobstaclein the 
o w, see[31,29]. For the case
of periodic forcing, perhapsthe simplest physical example is a 
uid in a horizontally
oscillating container. Then forced wave oscillations are generated. For a single layer

uid in a tank which is subject to periodic sloshingcloseto a resonant frequency, the
surfacewave amplitude is described by a periodically forced,damped KdV equation(in
the notation of equation(1.1) a = 0,R = R0 sin(! x) ), see[10]. This evolution equation
was shown by Cox and Mortell [10] to exhibit multiple periodic solutions involving
solitary-like wavessuperimposedon a periodic wave background. The existenceof an
in�nite family of periodic solutionswasshown rigorously, for the undampedsteadycase,
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in [16], whereu = u(x) and a = � = 0 in (1.1). An analysisfrom a dynamical system
viewpoint was carried out in [15] to indicate a period-doubling and Melnikov sequence
of subharmonicbifurcations leadingto chaos. The extensionto a two layer 
uid results
in equation (1.1) which describes the forced sloshingof interfacial waves where R (x)
is the imposedoscillatory tank motion, and � is a detuning parametermeasuringthe
di�erence between the forcing frequencyand fundamental frequencyof the interfacial
wave.

Eliminating time dependencein(1.1), we write the ordinary di�erential equation

� u0+ au2u0+ buu0+ du000+ � u00= R0(x) : (1.3)

where u = u(x). In our setting this equation describes the steady, time independent
pro�les for the eKdV equation (1.1).

We will always assumethat d 6= 0. If, additionally, a 6= 0 then performing the
rescalingassuggestedin [29], we can eliminate the term proportional to uu0. Therefore
equation(1.3) canbe reducedto the ordinary di�erential equationin the standard form

u000+ 
 1u00+ 
 2u� u0+ 
 3u0+ r 0(x) = 0 (1.4)

where � equalseither 1 or 2, 
 1; 
 2; 
 3 are constants, and r (x) is a periodic function.
integrating (1.4) oncewith respect to x we cometo the equation

u00+ 
 1u0+

 2

� + 1
u� +1 + 
 3u + r (x) + c = 0 (1.5)

where c is an integration constant. Further particularities concerningphysical back-
ground of this equation,aswell asa small bibliography survey are relegatedto Section
1.4.

Equation (1.5) hasa broad spectrum of applicationsdi�erent from thosementioned
above. For instance,it can be consideredasa genericdescription of a forcednonlinear
oscillator with linear viscousdamping. For � = 2, 
 3 > 0 we have motion in a single
potential well with potential V(u) given by

V(u) =

 2

12
u4 +


 3

2
u2 + cu; 
 2 < 0: (1.6)

For the symmetric potential well (c = 0), a period doubling sequenceleading to
chaosis predicted in [19], and a forcing amplitude versusfrequencydiagram involving
saddle-node and period-doubling bifurcations is generatedin [46]. Another application
of (1.4) is in the modelling of the rolling motion of shipsin regularseas.In particular the
problem of escape from a potential well in responseto periodic forcing hasbeenshown
to be relevant to loss of stabilit y and eventual capsize. Extensive numerical studies
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also exist for the caseof the cubic potential and Melnikov methods have been used
to successfullypredict the onset of fractal basin boundarieswhich lead to escape, see
[45]. Melnikov methods have also beenused(both classicaland adiabatic) to examine
the periodic behaviour for a forcedeKdV, see[29]. In particular, Mackey and Cox [29]
extendthe Melnikov approach to the small frequencyregimewhich is directly applicable
to the two layer sloshingproblem. The motivation for the present paper lies in their
results where,for certain parameterstates,a Poincar�e map exhibits a fractal structure
associated with positive Lyapunov exponents.

In summary: Melnikov methodshavebeenusedto predict parameterdomainswhere
chaosmay be located, computational solutions indicate the presenceof chaosand Lya-
punov exponents show sensitivity to initial conditions. What is still required is a rig-
orousproof of the existenceof chaosfor equation (1.4). This is the aim of the present
paper. Technically we will investigatethe structure of the totalit y of boundedsolutions
of the equation(1.4). In contrast to the papers[29, 15] we are interestedin the analysis
of this structure at somegiven valuesof parameters
 1; 
 2; 
 3 (there will be no `small'
or `large' parametersin the paper). The speci�c valuesof the parametersand the form
of the forcing terms r 0(x) were adapted from the papers [15, 29], as those leading to
especially rich behaviour.

1.2 What we are going to achiev e

In this subsectionwe explain the main ideasbehind our results at an informal level.
Let T be the minimal period of the forcing term r 0(x) in the equation (1.4); thus

any periodic solution of that equationmust have a period which is a multiple of T. Let
n0 be a positive integer and

u0(x); �1 < x < 1 ; (1.7)

be a function with the minimal period n0T. This function will play the role of an
approximate n0T-periodic solution of the equation (1.4). We will always deal with
the situation when the functions u0(x); u0

0(x); u00(x) are piece-wisecontinuous,and the
limits

u(x � 0) = lim
y% x

u(x); u0(x � 0) = lim
y% x

u0(x); u00(x � 0) = lim
y% x

u00(x)

are well de�ned at the points of discontinuity. In our setting the wording `the function
u0(x) can be consideredasan approximate n0T-periodic solution of the equation (1.4)'
meansthat, �rstly , the jump

ju0(y) � u0(y � 0)j + ju0
0(y) � u0

0(y � 0)j + ju00
0(y) � u00

0(y � 0)j
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at any discontinuity point y is rather small, and, secondly, the function almost satis�es
the equationbetweensuccessive points of discontinuity (the quantitativ e boundsfor the
corresponding discrepancieswill be speci�ed below).

Supposethat for a positive integer n1 < n0, the number

ju0(0) � u0(n1T � 0)j + ju0
0(0) � u0

0(n1T � 0)j + ju00
0(0) � u00

0(n1T � 0)j

is small. Then we can treat the n1T-periodic function u1(x); �1 < x < 1 , which is
de�ned by u1(x) = u0(x); 0 � x < n1T, asan approximate n1T-periodic solution of the
equation (1.4). Sincen0 is the least period of u0(x) and n1 < n0, we de�ne r by

r = sup
x

ju0(x) � u1(x)j > 0 (1.8)

Figure 1 illustrates the situation for the casen0 = 2; n1 = 1: the functions u0 and u1

are graphedby a solid and a dotted line, respectively.

T 2T 3T0-T 4T x

u

u0

u1

Figure 1: Functions u0 (solid) and u1 (dotted). Here u0 has period 2T, u1 has period T;
thus u0; u1 coincide on 2nT � x < (2n + 1)T, n = 0; � 1; � 2; : : : in this case.

We canuseasapproximate patterns for possiblewave pro�les not only the functions
u0(x) and u1(x) themselves, but also all possible `shu�ings of these functions'. To
explain what this meanswe need additional notation and de�nitions. Let 
 be the
totalit y of all bi{in�nite binary sequences! = f ! i g

1
i= �1 with ! i 2 f 0; 1g for i = 0, � 1,

� 2, : : : : To each sequence! 2 
 there corresponds the sequenceof numbers x i to be
de�ned by x0 = 0;

x i = T
i � 1X

j =0

n! j
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for i = 1; 2; 3; : : : ; and by

x i = � T
iX

j = � 1

n! j

for i = � 1; � 2; � 3; : : : ;. That is, the real line IR1 is partitioned into the intervals
I i = [x i ; x i +1 ) where the length of the interval I i equalsn! i T. Figure 2 illustrate this
idea: here

! = : : : ; 0; 1; 0; 1; 1; 0; : : : : (1.9)

and the element ! 0 is in bold.

0 T 2T 3T 4T-T

Figure 2: Partition of IR1 corresponding to ! = : : : ; 0; 1; 0; 1; 1; 0; : : :; we graph the intervals corresponding to ! i = 0
by the solid lines and intervals I i , corresponding to ! i = 1 by the dotted line, with ! 0 = 0 in bold

Corresponding to any ! 2 
 the function u! (x) is de�ned by

u! (x) = u! i (x � x i ); for x i � x < x i +1 :

Figure 3 graphsa fragment of the function u! for the casewhen ! satis�es (1.9).

T 2T 3T0-T 4T x

u

Figure 3: Function u! for ! = : : : ; 0; 1; 0; 1; 1; 0; : : :

We will usethe notation U 
 = f u! (x) : ! 2 
 g:
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Prop osition 1.1 . Any two functions u! (1) ; u! (2) 2 U
 are di�er ent if ! (1) 6= ! (2) .
Moreover,

sup
�1 <x< 1

ju! (1) � u! (2) j = r (! (1) ; ! (2) ) � rmin > 0; ! (1) ; ! (2) 2 
 ; ! (1) 6= ! (2) (1.10)

The proof of the proposition is straightforward and so is omitted.

Corollary 1.1 . The value

r (U 
 ) = inf
! (1) 6= ! (2)

r (! (1) ; ! (2) ) � rmin > 0; ! (1) ; ! (2) 2 
 ; (1.11)

is strictly positive.

We call r (U 
 ) the separation thresholdfor the set U 
 .
If the sequence! is p-periodic in the sensethat ! i = ! i + p for i = 0; � 1; � 2; : : :, then

the function u! (x) is T! -periodic where

T! = T
p� 1X

i =0

n! i : (1.12)

The number (1.12) is the minimal period of the function u! , provided that p is the
minimal period of the sequence! . Thus, amongthe elements of the set U 
 there are
periodic functions with arbitrary largeminimal periods. However, the main bulk of the
set U 
 consistsof functions which do not follow any particular pattern.

Let " be a positive number satisfying

" < r (U 
 )=2; (1.13)

Wewill say that the equation(1.4) is (u0; u1; " )-compatibleif the following two conditions
hold:

(C1) For any function u! (x), ! 2 
 there exists a continuum of solutions u(x) of the
equation (1.4) satisfying the uniform estimate

max
�1 <x< 1

ju(x) � u! (x)j < ": (1.14)

(C2) Additionally , if the sequence! is p-periodic, then there exists a continuum of
T! -periodic solutions u(x) of the equation (1.4) satisfying the uniform estimate
(1.14), whereT! is given by (1.12).
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uw(x)- e

T 2T 3T0-T 4T x

u

uw e(x)+

u(x)

Figure 4: A function u(x) (solid dark curve) satisfying (1.14), with ! = : : : ; 0; 1; 0; 1; 1; 0; : : :

Figure 4 graphsa function u(x) that satis�es (1.14), where! satis�es (1.9).
For small " , functions u(x) satisfying (1.14) follow closely the `guidance'of a cor-

responding function u! (x). In the terminology of hyperbolicity theory, a function u(�)
is an "-shadowof u! (�). Since " is strictly lessthan half of the separation threshold
r (U 
 ), any solution u(x) can be consideredas an "-shadow of not more than for one
guide u! . Thus, the meaningof (u0; u1; " )-compatibilit y is that for any pattern given
by a function u! 2 U 
 we can �nd plenty of wave pro�les each of which is an "-shadow
of u! .

The principal purposeof this paper is to present (for particular valuesof parameters)
functions u0, u1 and a positive " < r (U 
 )=2 such that the equation (1.4) is (u0; u1; " )-
compatible.

1.3 Wh y it is in teresting and imp ortan t

The (u0; u1; " )-compatibilit y implies, in particular, that the totality of bounded wave
pro�les is spatial ly chaotic in a topological sense. We recall, as an aside, that the
three main aspects of chaotic behaviour are equally important: the measure theory
aspect such as the existenceof the Sinai{Ruelle-Bowen invariant measures[43]; the
`sensitivity' aspect, such as positivit y of Lyapunov exponents [23]; and the topological
aspect describingirregular mixing properties in terms of symbolic dynamics[23].

At an informal level the topologicalaspect of the spatially chaotic behaviour can be
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described as follows. Supposethat we register the forms of the waveswithin a certain
precision� , where� is greaterthan ", but signi�cantly lessthan the separationthreshold
(seethe relevant numerical information in the next section). Then a `shadow-solution'
u(x); satisfying (1.14), is indistinguishable from its guide u! (x), although di�erent
guidesare quite distinguishable. Thus any chaotic shu�ing u! of two basic patterns
u0, u1 provides a possiblesteadypro�le (within the accuracy� ).

The next level of formalization requiresideasof symbolic dynamics. Denoteby n the
least commonmultiple of the numbers n0; n1. Also let y 2 [0; n0T) be a �xed number
such that ju0(y) � u1(y)j > 2" (such an y exists by (1.13)). Firstly, we characterizea
function u(x); �1 < x < 1 , by the bi-in�nite sequenceof its values

ui = u(inT + y); i = 0; � 1; � 2; : : : (1.15)

That is, we measurethe valuesof u(x) `stroboscopically'with the uniform interval nT
between the measurement positions. Further, encode the function u(x) by a binary
sequence! 2 
, which is constructedas follows. Let

I 0 = [u0(y) � "; u0(y) + " ]; I 1 = [u1(y) � "; u1(y) + " ]:

The intervals I 0 and I 1 do not intersectsinceju0(y) � u1(y)j > 2" . If for any i the value
ui belongseither to I 0 or to I 1, then we de�ne the code sequence! = ! (u(�)) by setting
! i = 0 in the �rst instance,and ! i = 1 in the second.In other words, we indicate the
measurement positions inT , i = 0; � 1; � 2; : : :where the function u(x) goes through a
window I 0 or I 1 (seeFigure 5). If the value ui does not belong to one of these two
windows for somei , then our coding procedurefails, and we are not interestedin such
`unencodable' functions u(x). SinceI 0

T
I 1 = ; , not morethan onecodecancorrespond

to a particular function u(x). Now the compatibilit y condition (C1) implies that any
randomsequence ! appears as a code for somesteady pro�le . (Indeed, let us introduce
a sequence! � by substituting n=n0 ones(n=n1 zeros) instead of any one (any zero)
entry of the sequence! . Then, the function u! � (x) 2 U 
 has the required properties.)

Let usnow delve a bit deeper. For a given function u(x) we denoteby v(�) = � nT u(�)
its (left) nT-shift to be de�ned by v(x) = u(x + nT). Let us denote also by � the
standard (left) shift on 
 given by

� (! ) = ! 0 = (: : : ; ! 0
� 1; ! 0

0; ! 0
1; : : :)

where! 0
i = ! i +1 . For instance,if ! = : : : ; 0; 1; 0; 1; 1; 0; : : : , then

! 0 = : : : ; 0; 1; 0; 1; 1; 0; : : : :

Prop osition 1.2 . Suppose that the equation (1.4) is (u0; u1; " )-compatible. Then to
each ! 2 
 there is a solution v! (x) of the equation (1.4), suchthat v! (�) has the code
! , and this correspondence ! 7! v! is shift invariant: � nT v! (�) = v� ! (�) for ! 2 
 .

10



I 0

I1

u

xnT 2nT-nT

Figure 5: A function u(x) with the code : : : ; 0; 1; 0; 1; 1; 0; : : : : : :

Proposition 1.2 can be proved in a standard way using the Zorn Lemma. In technical
terms, the above proposition meansthat the restriction � nT jV of the shift � n0T to the
set V = f v! : ! 2 
 g is semi-conjugate to the shift � in 
. Such semi-conjugacyis
widely recognizedas the most important attribute of topologically chaotic behaviour,
see,for example,[23].

It is also important to note that (u0; u1; " )-compatibilit y implies the existenceof
waves with a wide range of nontrivial regular patterns. For instance, one more basic
characteristic of chaotic behaviour is an abundanceof periodic solutionsand, in partic-
ular, an exponential rate of increaseof the maximal number of pairwise "-separated1

kT-periodic solutionswhenk increases,see[23]. On the physicalside,this characteristic
is important in the context of the article by Cox and Mortell (1986).

Prop osition 1.3 . Supposethat the equation (1.4) is (u0; u1; " )-compatible and denote
by n the least common multiple of the numbers n0; n1. Then it has at least 2k periodic
solutions of period kn which are pairwise "-separated.

This assertionfollows immediately from the de�nitions.

Another exampleof functions with a regular pattern is given by the so-calledre-
current functions, which exhibit fractal type features. The recurrenceproperty of a
function u(x) with �1 < x < 1 meansthat for each pair of positive numbers ("; X )

1Two functions u(x); v(x) are " -separatedif supju(x) � v(x)j > " .
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there exists A > 0 such that for each real � , any interval which is longer than A con-
tains � such that the function x ! u(x + � ) is "-closeto the function x ! u(x + � ),
x 2 [� X ; X ]. Recurrent non-periodic functions are important today in the analysisof
desynchronized systems,various new models in biology etc.

The notion of a recurrent sequence! is de�ned analogously. Recall, in particular,
the classicalMorse exampleof a recurrent sequence.We begin from the one-element
sequences1 = 0 and then substitute at each step the two-element sequence0; 1 instead
of 0 and two-element sequence1; 0 instead of 1. Thus,

s1 = 0; 1; s2 = 0; 1; 1; 0; s3 = 0; 1; 1; 0; 1; 0; 0; 1; s4 = 0; 1; 1; 0; 1; 0; 0; 1; 1; 0; 0; 1; 0; 1; 1; 0

etc. After in�nitely many iterations we obtain the famousforward MorsesequenceM .
Consideringbackward shifts of this sequenceand their weak limits we arrive at the set
M of bi-in�nite Morse sequences.

Prop osition 1.4 . Supposethat the equation (1.4) is (u0; u1; " )-compatible and the se-
quence ! is recurrent in the Morse sense(for instance, one of the set M ). Then there
existsa recurrent, non-periodic, wavepro�le satisfying (1.14)

The proof follows the standard constructions[44] and so is omitted.
In conclusionwediscussthe advantagesand drawbacks of our resultsand techniques

comparedwith the Melnikov method.
The Melnikov method providesa tool to prove the existenceof horseshoe-like struc-

tures for the corresponding Poincar�e mappings. It has the following features:

i. The method is applicable for in�nitesimally small perturbations of Hamiltonian
systems

ii. The Melnikov method guaranteesthe existenceof the Smalehorseshoe for some
(large) iteration of the corresponding Poincar�e mapping. However, the number
of iterations required becomesin�nitely large as the perturbation is becomesin-
�nitesimally small.

iii. Due to ii, fragments of tra jectories that correspond to 0 and 1 in bi-in�nite se-
quencesgeneratedby the horseshoe arevery long and hardly distinguishablefrom
each other.

In summary, the Melnikov method is a powerful tool for the analysisof abstract dy-
namical systems. It doesnot, however, yield information about tra jectoriesof a given
system,which could be observed in experiments or veri�ed by numerical simulations.
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In this sensethe Melnikov method doesnot bridge the gap betweensystemanalysis
and observable experiments. One of the central tasksof Applied Mathematics is surely
to do so.

In contrast to the Melnikov method, the approach presented in our article allows us
to:

i. Consider a given dynamical system with speci�ed parameter values (not neces-
sarily approaching zero);

ii. Specify a relatively small number of iterations of the Poincar�e mapping and the
setsfor which there is a horseshoe-like dynamics;

iii. Give distinguishable wave pro�les that correspond to 0 and 1 in bi-in�nite se-
quences.

Our method therefore provides results which are veri�able (and maybe more impor-
tantly) falsi�able by straightforward experiments. Furthermore, we can now extend
our techniquesto analyseodesof up to 5-th order.

Another approach for establishing the existenceof chaotic behaviour is to locate
a transversehomoclinic point for the Poincar�e map. A transverseintersection of sta-
ble and unstable manifolds of a hyperbolic �xed point guaranteesthe existenceof the
Smale'shorseshoe. Sincethere is no analytical representation of the Poincar�e map, we
needto �nd a hyperbolic �xed point and numerically construct both its stable and un-
stable manifolds. Unfortunatelly guaranteed numerical construction of the reasonably
long piecesof the manifolds and check of their transverseintersection are far beyond
the computational power of modern computers.

1.4 History of the equation (1.5)

Chester[5] consideredthe physicsof resonantly forced oscillations of a �nite tank con-
taining shallow water. He derived basic steady-stateequation (5.17), which governed
the periodic oscillations balancing the e�ects of frequency dispersion, nonlinearity ,
and dissipation due to the boundary layers. In Chesterand Bones[6], the experimen-
tal observations are comparedwith the results of Chester [5] theoretical model. The
conclusionis \There is reasonableagreement betweentheory and experiment over the
range of parametersinvestigated", see[6]. The fundamental correctnessof Chester's
model has never beenchallengedin more than 30 years. The equation which we use,
equation (1.5), is a variant of Chester'sequation (5.17). We model the dispersion by
a higher derivative term instead of Chester's integral term, and we useBurgers' type
damping rather than boundary layer damping. This is standard; see[35, 32, 10, 24].
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With regard to the latter, Chester and Bones [6] remark \The oscillations here are
determined essentially by the non-linear and dispersive properties. Dissipation is of
secondaryimportance... ." Which regardto the former, it is well known that Chester's
integral term for dispersioncan be approximated by a derivative term, see[35, 32, 36].

That steady-stateperiodic oscillationsin shallow water aregovernedby our equation
(1.5) and are usedin that context can be checked in [5, 35, 9, 32, 10, 36, 30, 13, 4].

References[5, 35, 9, 32, 10, 36, 16, 22] examineour equation (1.5) in the context of
resonant water wave oscillations. References[15, 30,4] give a wider physical context for
examiningequation (1.5), and speci�cally raisethe questionof the existenceof chaotic
solutions.

The only papers to considerthe evolution of periodic waves in the context of reso-
nantly forced oscillations are [9, 32] and [10]. In [10] it was shown that the observed
periodic oscillationsdid indeedresult from an evolutionary process.

References[16] and [22] give a rigorous proof of the existenceof certain type of
periodic solutions to (1.5). In [16], the origin of the equation is speci�cally related
to the resonant water wave problem. If an observer is stationed at one end of the
oscillation tank, what he observesin the long term are the time-periodic oscillationsof
the height of the water of that end. Theseoscillationsare described by the solutionsto
equation(1.5). The predictionsof (1.5) match the experimental observations of Chester
and Bones[6]. The physicsunderlying the derivation of (1.5) couldn't be clearer.

The literature is repletewith referencesto equation (1.5) in the context of resonant
forced oscillations. The physics leading to the equation (1.5) has beenunderstood for
more than 30 yearsand has never beenchallenged. The physical referenceof periodic
solutions is establishedby examining an evolutionary processand by comparisonwith
experiment.

In the paper we do not investigate under that conditions an initial state might
evolve to a chaotic state. That is our choice. We do consider,however, whether there
are chaotic solutions to the steadystate ODE (1.5). In doing sowe do not losemost of
the physics. As demonstratedabove the essential physics in incorporated in equation
(1.5) by the balanceof dispersion and nonlinearity. To assert otherwise is to assert
that the vast bulk of the referencesgiven above, published in referencedjournals of
applied mathematics and physics, dealt with, at best, somemarginal aspects of the
physics of the problem proposed. It was shown is Seq... and Mortell (1980), J.Fluid
Mech. 99, 365-382,that resonant oscillationsof a gasin a closedtube are governedby
the \standard mapping", seeLichterberg and Lieberman [28]. (In this case,the exact
equationsare hyperbolic asthe dispersionparameteris zero). However, chaotic motion
is not possibledue to the occurrenceof shocks. In a dispersive systemshocks do not
form, and sothe possibility of chaotic motion can arise,especially in the vicinit y of the
separatricsof the hyperbolic system.
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The references[30, 13, 4] addressthe questionof the occurrenceof chaotic solutions
for the equation(1.5). The Melnikov method is usedin [13] and [4], but a rigorousproof
of the existenceof chaotic solutions is not given. In [13] they declare\our future work
will focus on whether the hypothesisof a periodic or possibly chaotic steady state for
the long time behaviour of the fKdV equation can be established". We still await the
outcome! In the meantime, we considerif worthwhile to give a rigorous proof for the
periodic casegovernedby the ODE (1.5). We further remark, that sinceour proof is a
valid one, no objections has beenraise,we seeno reasonwhy we alsohave to produce
a secondproof by using the Melnikov method (assumingone exists). Ours is a novel
proof, it ful�lls its purpose,and we seeno reasonwhy it should be censored.

1.5 Paper's structure and remarks

The paper is structured as follows. In the next sectionwe formulate our main results:
Theorem1 for the case� = 1 is in Subsection2.1, and Theorem2 for the case� = 2 in
Subsection2.2. In Section3 we give the proof of Theorem1, excludingcomputer aided
estimateswhich are relegatedto Section4. In Section5 we discusschangesconverting
the proof of Theorem 1 to the proof of Theorem 2. In Section 6 we explain how the
corresponding function u0(x) is constructed. Somemore technical constructions are
relegatedto the Appendix.

We make a remark to concludethe introduction. We have chosenand discussed
the problem, designedthe proofs and written this paper together, and the authors are
listed alphabetically. However, the three older authors would like to highlight the role
of our youngercolleague,OlegRasskazov; in particular, the resultsof Section4, aswell
as di�cult computing, are mainly his.

2 Principal results

2.1 Results for the case � = 1

This is the caseof the periodically forcedKdV equation. For � = 1 wewill be interested
in the following set of parameters


 1 = 0:2; 
 2 = 6; 
 3 = 0; (2.1)

and the forcing term r 0(x) is given by

r 0(x) = (0:194sin(0:35x))0 = 0:0679cos(0:35x) (2.2)
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Thus, equation (1.4) is

u000+ 0:2u00+ 6uu0+ 0:0679cos(0:35x) = 0 (2.3)

The parameters(2.1) and the forcing term (2.2) coincidewith those suggestedin [15]
wherethe chaotic-like behaviour was indicated.

Equation (2.3) is equivalent to the `union' of the secondorder equations

u00+ 3u2 + 0:2u0+ 0:194sin(0:35x) = c; (2.4)

where c is a constant: that is, a function u(�) satis�es (2.3) if and only if it satis�es
(2.4) for somevalue of c. A special role will be played by the equation

u00+ 3u2 + 0:2u0+ 0:194sin(0:35x) = 0:2: (2.5)

Below we will usethe values

n0 = 13; n1 = 1:

We de�ne the function u0(x) on the interval [iT =2; (i + 1)T=2), i = 0; : : : ; 25, as the
solution of (2.5) satisfying

u0(0) = ci ; u0
0(0) = c0

i ; (2.6)

All ci ; c0
i are given in Table 1. The function u1(x), by de�nition and n1 = 1, coincides

with u0 on [0; T).
Thesefunctions are easyto calculate to any reasonableaccuracy; for instance, in

Section4 we will prescribe a method which has a guaranteed accuracyno worsethan
0:0005. SeealsoFigures6-8 for a graphical representation of functions u0 and u1. Note
that, despite appearance,the functions u0 and u1 are not continuous; they have very
small jumps at points iT =2 for integer i .
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Table 1: Initial conditions

i (ci ; c0
i ) i (ci ; c0

i )
0 (0.168458,-0.028744) 13 (0.160083,-0.058045)
1 (-0.009622,0.169115) 14 (0.067558,0.201581)
2 (0.168203,-0.029341) 15 (0.19454,0.007442)
3 (-0.007826,0.170089) 16 (-0.120489,0.092541)
4 (0.168943,-0.027629) 17 (0.167001,-0.129583)
5 (-0.012995,0.16726) 18 (0.17489,0.199605)
6 (0.16757,-0.030873) 19 (0.238598,0.019429)
7 (-0.003261,0.172522) 20 (-0.012026,0.169565)
8 (0.17021,-0.024861) 21 (0.167699,-0.029433)
9 (-0.021494,0.162441) 22 (-0.009618,0.169092)
10 (0.165468,-0.036462) 23 (0.168461,-0.028752)
11 (0.012901,0.18063) 24 (-0.009566,0.169146)
12 (0.175064,-0.015762) 25 (0.168458,-0.028744)
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Figure 6: Function u0(x) with period 13T = 13(20� =7), 0 � x < 13T

17



2.5 5 7.5 10 12.5 15 17.5

-0.1

0.1

0.2

0.3

0.4

0.5

Figure 7: Function u1(x) with period T = 20� =7,
0 � x < T
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Figure 8: T-fragments u(i )
0 (x) = u0(x + iT ), i =

0; 1; : : : ; 12, 0 � x < T; of the function u0(x) su-
perposedon the samegraph.
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Let us recall that U 
 denotes the totalit y f u! (x) : ! 2 
 g of all shu�ings of
functions u0(�); u1(�) and that the separationthreshold is de�ned by (1.10) and (1.11).

Lemma 2.1 Let u0 be de�ned by (2.5) and (2.6) and n1 = 1. Then

r (U 
 ) > 0:1: (2.7)

Proof: Let ! (1) ; ! (2) 2 
, and ! (1) 6= ! (2) . We must establishthe estimate

ju! (1) � u! (2) j > 0:1; �1 < x < 1 : (2.8)

Considerthe set of functions

vi (x) = u0(x + iT ); i = 0; : : : ; 12; 0 � x < T:

Introducethe number

R = max
i

min
j 6= i

f sup
x2 [0;T )

jvi (x) � vj (x)jg: (2.9)

By construction,
sup

x
ju! (1) (x) � u! (2) (x)j � R

for any ! (1) 6= ! (2) . By (2.9) it remainsto prove

sup
x2 [0;T )

jv10(x) � vj (x)jg > 0:1; j 6= 10: (2.10)

On a heuristic level this estimatecan be seenin Figure 8. The inequality (2.10) will be
proved rigorously as part of Lemma 3.3.

By this lemma the (u0; u1; " )-compatibilit y is well de�ned whenever " < 0:05: Our
principal result for the case� = 1 is:

Theorem 1. The equation (2.3) is (u0; u1; 0:006)-compatible.
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2.2 Results for the case � = 2

This is the caseof the periodically forced eKdV equation. For � = 2, we considerthe
following set of parameters


 1 = 0:12; 
 2 = � 3; 
 3 = 2; (2.11)

and the forcing term r 0(x) given by

r 0(x) = (0:0935cos(x))0 = � 0:0935sinx: (2.12)

The equation (1.4) then is

u000+ 0:12u00� 3u2u0+ 2u0 � 0:0935sin(x) = 0: (2.13)

The parametervaluesin (2.13) almost coincidewith thosesuggestedin [29] wherethe
chaotic-like behaviour was indicated. The reasonfor a small correction of thesevalues
is explained in Section6. Again, the equation (2.13) is equivalent to the union of the
secondorder equations

u00+ 0:12u0� u3 + 2u + 0:0935cos(x) = c; (2.14)

wherec is real parameter. We considerthe speci�c equation

u00+ 0:12u0� u3 + 2u + 0:0935cos(x) = � 1: (2.15)

We choosen0 = 17; n1 = 1 and de�ne the function u0(x) on each interval

[iT ; (i + 1)T); i = 0; : : : ; 16;

as the solution of (2.15) satisfying

u0(0) = ci ; u0
0(0) = c0

i ; (2.16)

wherethe numerical valuesof ci ; c0
i are given in Table 2. The function u1(x) coincides

with u0 at [0; T). SeeFigures9-11for the corresponding graphs.
The estimate r (U 
 ) > 0:2 can be proved in a similar manner to (2.7). Therefore,

(u0; u1; " )-compatibilit y is well de�ned whenever " < 0:1:

Theorem 2. The equation (2.13) is (u0; u1; 0:01)-compatible.
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Table 2: Numerical valuesfor (ci ; c0
i ).

i (ci ; c0
i )

0 (-0.464513, -0.0791581)
1 (-0.464653, -0.0809561)
2 (-0.464345, -0.0770493)
3 (-0.464951, -0.0838275)
4 (-0.464067, -0.0718612)
5 (-0.466117, -0.0922395)
6 (-0.464224, -0.0553997)
7 (-0.471908, -0.115105)
8 (-0.475483, -0.0009379)
9 (-0.502654, -0.15927)
10 (-0.598454, 0.115258)
11 (-0.615569, -0.16338)
12 (-0.451266, -0.0501459)
13 (-0.469482, -0.0875464)
14 (-0.463314, -0.0775216)
15 (-0.46485 , -0.0798663)
16 (-0.464483, -0.0798569)
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Figure 9: Function u0(x) with period 17T = 34� , 0 � x <
17T
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Figure 10: Function u1(x) with period T = 2�
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Figure 11: Smile of CheshireCat - 17 fragments of the function u0
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3 Pro of of Theorem 1

3.1 The key prop osition

In this subsectionwe introduceanother, lessintuitiv e although technically more conve-
nient, notion of compatibilit y. We then reducethe proof of Theorem 1 to veri�cation
of this new compatibilit y property.

Denoteby 
 26 the totalit y of all bi{in�nite sequences

! = f ! i g
1
i= �1

with ! i 2 f 0; 1; : : : ; 25g; i = 0; � 1; � 2; : : : : Denoteby 
 � the totalit y of the sequences
! � 2 
 26; such that ! �

0 = 0, and for each integer i either the congruence

! �
i +1 � ! �

i + 1 (mod 26)

holdsor ! �
i = 1; and ! �

i +1 = 0. Figure 12 below illustrates the possibletransitions from
! �

i to ! �
i +1 .

3 4 5 6 7 8 9 10 11

1516171819202224

0 1 2

23 21

12

131425

Figure 12: Possibletransitions from ! �
i to ! �

i +1 for ! � 2 
 �

Let U = (U0; : : : ; U25) be a �nite family of compact connectedsubsetsof IR2: The
equation (2.4) is (U; 
 � )-compatible if the following two conditions hold:

(C1� ) For each ! � 2 
 � there exists a solution u(x) satisfying (uiT =2; u0
iT =2) 2 U! �

i
for

all integersi

(C2� ) Additionally , if ! � 2 
 � is 2p� -periodic, then the solution u(x) can be chosento
be p� T-periodic.

The geometricalmeaningof Condition (C1� ) is the following. Let ! � beany sequence
from 
 � . Considerthe planes� i = f (iT =2; u; u0)g � IR3; and cut the window U! �

i
in the

plane � i , seeFigure 13. Then compatibilit y meansthat for any ! � 2 
 � there exists a
solution u(x) such that the tra jectory (u(x); u0(x)) passesthrough all windows.

Conditions (C1� ), (C2� ) are similar to Conditions (C1), (C2) from the de�nition
of (u0; u1; " )-compatibilit y. At the end of this subsection (after the formulation of
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Proposition 3.1) we show that the proof of Theorem1 can be disagregatedinto a proof
of (U; 
 � )-compatibility for a speci�c family U, plus a straightforward veri�cation of
simple explicit estimates.On the other hand, somesimple topological methods can be
applied for proving (u0; u1; " )-compatibilit y; this will be done in Subsections3.2 and
3.3. Note also that the de�nition of (u0; u1; " )-compatibilit y is similar to that usedin
[39, 49], but we useonly those featureswhich are pertinent to this paper.

We introduce the parallelogramsPi ; i = 0; : : : ; 25; in the phaseplane (u; u0) given
by

Pi =
n
(u; u0) = (ci ; c0

i ) + � (u)v(u)
i + � (s)v(s)

i : j� (u) j � � (u)
i ; j� (s) j � � (s)

i

o
; (3.1)

Theseparallelogramsare centred at the points (ci ; c0
i ) given in Table 1, with the other

parametersgiven in Table 3, and are graphedin Figure 14.

P P
P

0
1-1

-T T0

u
x

u

Figure 13: A function going through the windows U! i

The following statement will play the key role:
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Prop osition 3.1 .

(a) For any c su�ciently closeto 0:2 there exist compact sets Ui � Pi such that the
equation (2.4) is (U; 
 � )-compatible.

(b) The inequalities

ju(x) � u0(x)j < 0:006; x 2 [iT =2; (i + 1)T=2); i = 0; : : : ; 25; (3.2)

hold wheneveru(x) is a solution of the equation (2.4) and

(u(iT =2); u0(iT =2)) 2 Pi :

Theorem1 follows directly from Proposition 3.1.
Indeed: let ! 2 
, and c be as closeto 0.2 as it is required in Proposition 3.1. To

prove the theorem we must construct a solution u(x) of the equation (2.4) satisfying
the uniform estimate (1.14) for " = 0:006, i.e.,

max
�1 <x< 1

ju(x) � u! (x)j < 0:006: (3.3)

Additionally , the function u(x) should be T! -periodic if the sequence! is p-periodic.
Here T! is given by (1.12) with n0 = 13, n1 = 1.

Firstly, we construct an auxiliary sequence! � 2 
 � by substituting each 0 2 ! by
the sequence0; 1 and substituting each 1 2 ! by the sequence0; 1; : : : ; 25. Denote

p� = p + 12
p� 1X

i =0

! i ; (3.4)

or what is the same,

p� =
p� 1X

j =0

n! j ; where n0 = 13; n1 = 1: (3.5)

By (3.4) ! � is 2p� -periodic, if ! is p-periodic.
By Proposition 3.1(a), there exist compact sets Ui � Pi such that the equation

(2.4) is (U; 
 � )-compatible. Thus, by condition (C1� ) there exists u(x) satisfying
(uiT =2; u0

iT =2) 2 U! i for all integersi . Moreover, by condition (C2� ), the function u(x)
can be chosento be p� T-periodic, if the sequence! � is 2p� -periodic. By (1.12), (3.5)
this meansthat the solution u(x) can be chosenT! -periodic, if ! is p-periodic. All
that remains is to note that the estimate (3.3) follows immediately from Proposition
3.1(b). Thus, in this subsectionwe have reducedthe proof of Theorem 1 to the proof
of Proposition 3.1. The rest of this sectionand all the next are devoted to the proof of
this Proposition.
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Table 3: Sizesof parallelogramsPi

i v( u )
i v( s)

i a( u )
i a( s)

i
0 (-0.394505,-0.918894) (-0.737837,-0.674979) 0.001 0.001
1 (-0.878053,-0.478564) (-0.985157,0.171654) 0.0028 0.001
2 (-0.394197,-0.919026) (-0.736342,-0.676609) 0.0008 0.001
3 (-0.880036,-0.474906) (-0.986085,0.166241) 0.002 0.001
4 (-0.404,-0.914759) (-0.740651,-0.67189) 0.001 0.001
5 (-0.874423,-0.485164) (-0.982058,0.188577) 0.0025 0.001
6 (-0.375719,-0.926733) (-0.732464,-0.680806) 0.0012 0.001
7 (-0.884944,-0.465698) (-0.98921,0.146502) 0.003 0.001
8 (-0.428518,-0.903533) (-0.747586,-0.664165) 0.0012 0.001
9 (-0.865376,-0.501124) (-0.974397,0.224833) 0.003 0.001
10 (-0.32828,-0.94458) (-0.717968,-0.696077) 0.001 0.001
11 (-0.902714,-0.430241) (-0.996977,0.0777) 0.0025 0.001
12 (-0.512742,-0.858543) (-0.770494,-0.637447) 0.001 0.002
13 (-0.835685,-0.549209) (-0.947796,0.318877) 0.0025 0.001
14 (-0.15667,-0.987651) (-0.633884,-0.773428) 0.0015 0.002
15 (-0.962472,-0.27138) (-0.993207,-0.116359) 0.0025 0.001
16 (-0.76808,-0.640354) (-0.837402,-0.546588) 0.0009 0.001
17 (-0.773153,-0.63422) (-0.774819,0.632183) 0.0012 0.001
18 (0.325064,-0.945692) (-0.628771,-0.777591) 0.001 0.001
19 (0.898447,-0.439083) (-0.953436,-0.301594) 0.0008 0.001
20 (0.93828,-0.345876) (0.928436,0.371493) 0.00029 0.001
21 (-0.869252,-0.49437) (-0.982735,0.185017) 0.0015 0.001
22 (-0.378772,-0.92549) (-0.736829,-0.676079) 0.0008 0.001
23 (-0.878001,-0.478658) (-0.984749,0.173983) 0.002 0.001
24 (-0.394127,-0.919056) (-0.737816,-0.675002) 0.001 0.001
25 (-0.878111,-0.478457) (-0.984815,0.173608) 0.0028 0.001
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(a) ParallelogramsP2i , i = 0; : : : ; 12
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(a) ParallelogramsP2i+1 , i = 0; : : : ; 12

Figure 14:
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3.2 Topological hyp erb olicit y

In this section we remind the readerof the de�nition of sometopological tools which
will play a major role below.

If f : IRd 7! IRd is a continuousmapping,U � IRd is a boundedopenset,y 2 IRd does
not belongto the imagef (@U) of the boundary @U of U, then the symbol deg(f ; U;y)
denotesthe topological degree of f at y with respect to U, see[11]. If 0 62f (@U), then
the number 
 (f ; U) = deg(f ; U;0) is well de�ned and it is called the rotation of the
vector �eld f at @U: The properties of 
 (f ; U) are described in detail in [25]. For an
isolated root a of the equation f (x) = 0 the Kronecker index, ind(a; f ), is de�ned as
the commonvalue of the numbers 
 (f ; Ba(" )) : Here " > 0 is su�cien tly small, where
Ba(" ) denotesthe open ball of radius " , centred at a. The Kronecker index counts the
generalisedmultiplicit y of a root of the equation f (x) = 0; in this context, due to the
Kronecker formula [25], 
 (f ; U) can be interpreted as the algebraicnumber of roots of
the equation f (x) = 0 located inside U.

Fix two positive integersdu; ds with du + ds = d. Let V and W be bounded,open
and convex product-sets

V = V (u) � V (s) � IRdu � IRds ; W = W (u) � W (s) � IRdu � IRds ;

satisfying the inclusions0 2 V; W and let g : V 7! IRdu � IRds be a continuousmapping.
It is convenient to treat g as the pair (g(u) ; g(s)) whereg(u) : V 7! IRdu and g(s) : V 7!
IRds . The mapping g is (V; W)-hyperbolic, if the equations

g(u)
�

@V (u) � V
(s)

� \
W

(u)
= ; ; g(V)

\ �

W
(u)

� (IRds n W (s) )
�

= ; ; (3.6)

hold, and
deg

�
g(u)(�; 0); V (u) ; 0

�
6= 0: (3.7)

Here S denotesthe closureof a set S.
The �rst relationship (3.6) meansgeometricallythat the imageof the `u-boundary'

@V (u) � V
(s)

of V does not intersect the in�nite cylinder C = W
(u)

� IRds ; similarly,
the secondpart of (3.6) meansthat the image g(V) of the whole set (V) can inter-
sect the cylinder C only by its central fragment W

(u)
� W (s) . Thus the �rst equation

(3.6) meansthat the mapping expandsin a rather weaksensealongthe �rst coordinate
in the Cartesian product IRdu � IRds , whereasthe secondone confersa type of con-
traction along the secondcoordinate (the indices`(s)' and `(u)' refer to the adjectives
`stable' and `unstable', respectively). Figure 15 illustrates the geometricalmeaningof
the relationships(3.6) in the two-dimensionalcase.
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The application of the conceptof topologicalhyperbolicity is simpli�ed signi�cantly
if du = 1. In this casethe mapping g(u)(0; x(u)) is one dimensional,V (u) is an interval
(� ; � ) with � � < 0; and veri�cation of the inequality (3.7) is trivial.

Lemma 3.1 The inequality (3.7) holdsif and only if g(u)(0; � )g(u)(0; � ) < 0:

g(V)

W

0

Figure 15: The horizontal axis represents IRdu and
the vertical one represents IRds for du = ds =
1. The lightly shadedrectangle represents W =
W (u) � W (s) : The darker shading is part of the
in�nite cylinder C = V � IRds : This cylinder can-
not be intersectedby the imageg(V); the images
of @V (u) � V

(s)
also cannot intersect W. The de-

formed quadrilateral represents an admissible lo-
cation of g(V): The black parts of its border are
imagesof the sets@V (u) � V (s) , whereasimagesof
V (u) � @V (s) are gray.
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3.3 How top ological hyp erb olicit y can be used in the pro of of
the Key Prop osition

In this subsectionwe will link the notions of topological hyperbolicity and (U; 
 � )-
compatibilit y. However, �rst it is convenient to present one further lemma { Lemma
3.2.

Let m be a positive integer. Denoteby 
 m the totalit y of all bi{in�nite sequences

! = f ! i g
1
i= �1

with ! i 2 f 0; 1; : : : ; m � 1g; i = 0; � 1; � 2; : : : : This is consistent with the de�nition
of 
 26 in Subsection3.1.

Let
A(0) =

�
a(0)

ij

� m� 1

i;j =0
; A(1) =

�
a(1)

ij

� m� 1

i;j =0

be squarem-matrices with binary entries (labelling a0;0 etc for matrix entries is usual
and convenient in symbolic dynamics,see[23]). We will usethe notation A (0;1) for the
pair (A (0) ; A(1) ) and analogousshorthand below. Denoteby 
 A (0 ;1) the set of sequences
! from 
 m satisfying

f ! 2 
 m : a(0)
! 2i ;! 2i +1

= a(1)
! 2i � 1 ;! 2i

= 1; i = 0; � 1; : : :g:

For instance,if m = 3 and

A(0) =

0

B
@

1 0 0
0 1 0
0 0 1

1

C
A ; A(1) =

0

B
@

1 1 0
0 0 1
1 0 0

1

C
A (3.8)

then the sequencewith the fragment

0; 0; 1; 1; 2; 2; 0; 0; 0; 0; 1; 1; 2; 2

can belongto 
 A (0 ;1) (recall that we type the element ! 0 in a bold face), although the
sequenceswith any oneof fragments

1; 2 or 2; 1

cannot: the �rst fragment is impossibleby a0
1;2 = 0, and the secondby a0

2;1 = a1
2;1 = 0.

If we have two mappingsf (0) ; f (1) : IRd 7! IRd, then a bi-in�nite sequenceui 2 IRd

is called an f (0;1)-tra jectory, if ui +1 = f (0) (ui ) for even i and ui +1 = f (1) (ui ) for odd i .
Finally, if we have two families

U(0) = U(0)
0 ; : : : U(0)

m ; U(1) = U(1)
0 ; : : : U(1)

m

of compactsetsin IRd; we say that the pair f (0;1) is (U(0;1); A(0;1))-compatible, if
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� for any ! 2 
 m there exist an f (0;1)-tra jectory f ui g1
i= �1 such that ui 2 U(0)

! i
for

even i , and satis�es ui 2 U(1)
! i

for odd i ;

� additionally, for a 2p-periodic ! this sequencef ui g1
i= �1 can be chosenalso 2p-

periodic.

We illustrate this de�nition graphically in Figure 16 for the matrices de�ned by
(3.8). The transitions which are allowed by the matrix A (0) are indicated by the solid
arrows, and thoseallowed by the matrix A (1) by the dotted lines.

U

U

U

U

U

U

0 0

1 1

2 2

0

0

0

1

1

1

Figure 16: The transitions allowed by A (0) are the solid arrows,
and those allowed by A (1) are dotted arrows

Lemma 3.2 . Let d = du + ds, and let

h(0;1)
i : IRdu � IRds 7! IRd; i = 0; : : : ; m � 1;

be homeomorphisms,and V (0;1)
i � IRdu � IRds i = 0; : : : ; m � 1; be bounded, open and

convexproduct sets. Supposethat g(0)
i;j =

�
h(1)

j

� � 1
f (0) h(0)

i is (V (0)
i ; V (1)

j )-hyperbolic when-

ever a(0)
i;j = 1, and g(1)

i;j =
�
h(0)

j

� � 1
f (1) h(1)

i is (V (1)
i ; V (0)

j )-hyperbolic whenevera(1)
i;j = 1.
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Then there exist compact sets

U(0)
i � h(0)

i (V (0)
i ); U(1)

i � h(1)
i (V (1)

i ); i = 0; : : : ; m � 1;

suchthat f (0;1) is (U(0;1) ; A(0;1))-compatible.

The proof of this lemma follows closely the proof of Theorem 1 in [42]. For readers'
conveniencethe details of the proof are given in the Appendix, Section7.

We denoteby F (0)
c the shift operator along the tra jectoriesof equation (2.4) on the

time interval [0; T=2] i.e., F (0)
c mapsa pair (u0; u0

0) 2 IR2 onto the pair (u(T=2); u0(T=2));
where u(x) is the solution of (2.4) with the initial conditions u(0) = u0; u0(0) = u0

0.
Similarly, we denote by F (1)

c the shift operator operator along the tra jectories of the
equation (2.4) on the time interval [T=2; T]. Then we have:

Corollary 3.1 . Let hi : IR1 � IR1 7! IR2; i = 0; : : : ; 25; be homeomorphisms,and Vi �
IR1 � IR1, i = 0; : : : ; 25; be bounded, open and convex product sets. Suppose that the
mappings

g2i = h� 1
2i+1 F (0)

c h2i ; i = 0; : : : ; 12; (3.9)

are (V2i ; V2i+1 )-hyperbolic; the mappings

g2i+1 = h2i+2
� 1F (1)

c h2i+1 ; i = 0; : : : ; 11; (3.10)

are (V2i+1 ; V2i+2 )-hyperbolic; the mappingg25 = h0
� 1F (1)

c h25 is (V25; V0)-hyperbolic. and
the mappingg� = h0

� 1F (1)
c h1 is (V1; V0)-hyperbolic. Then there exist compact setsUi �

hi (Vi ); suchthat the equation (2.4) is (U; 
 � )-compatible.

Proof: De�ne du = ds = 1; m = 13. Let A (0) be the identit y 13� 13-matrix, and the
elements a(1)

i;j of the matrix A (1) be given by

a(1)
i;j =

8
><

>:

1; if j � i + 1 (mod 13); i = 0; : : : ; 12;
1; if i = j = 0;
0; otherwise:

Denote, further,
h(0)

i = h2i ; h(1)
i = h2i+1 ; i = 0; : : : ; 12;

and
V (0)

i = V2i ; V (1)
i = V2i+1 ; i = 0; : : : ; 12:

In this notation the conditions of the corollary mean that G(0)
i;j =

�
h(1)

j

� � 1
F (0)

c h(0)
i is

(V (0)
i ; V (1)

j )-hyperbolic whenever a(0)
i;j = 1, and G(1)

i;j =
�
h(0)

j

� � 1
F (1)

c h(1)
i is (V (1)

i ; V (0)
j )-

hyperbolic whenever a(1)
i;j = 1. Then, by the Lemma 3.2, there exist compactsets

U(0)
i � h(0)

i (V (0)
i ); U(1)

i � h(1)
i (V (1)

i ); i = 0; : : : ; 12;
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such that F (0;1)
c is (U(0;1); A(0;1))-compatible. This implies, however, that the equation

(2.4) is (U; 
 � )-compatible with

U2i = U(0)
i ; U2i+1 = U(1)

i ; i = 0; : : : ; 12;

and the corollary is proved.

3.4 Completing the pro of of Prop osition 3.1

Introducethe product sets(rectanglesin our case)

Vi = V (u)
i � V (s)

i = [� a(u)
i ; a(u)

i ] � [� a(s)
i ; a(s)

i ]; i = 0; : : : ; 25; (3.11)

wherea(u)
i ; a(s)

i are de�ned in Table 3. Introducealso the homeomorphisms

hi : IR1 � IR1 7! IR2 i = 0; : : : ; 25; (3.12)

as the a�ne mappings

hi (x(u) ; x(s) ) = (ci ; c0
i ) + x(u)v(u)

i + x(s)v(s)
i

where(ci ; c0
i ) are as in Table 1, and v(s)

i ; v(u)
i are as in Table 3. Note immediately that

Pi = hi (Vi ); i = 0; : : : ; 25; (3.13)

where the parallelogramsPi are de�ned by (3.1). Finally we use the notation F̂ (0) =
F (0)

0:2 ; F̂ (1) = F (1)
0:2 for the shift operators along the tra jectories of the equation (2.5),

and the notation ĝ2i ; ĝ2i+1 ; ĝ� for the speci�cation of the corresponding functions (3.9),
(3.10), etc in Corollary 3.1. For a product set V = V (u) � V (s) we alsousethe notation
@(u) (V) = @V (u) � V

(s)
.

Lemma 3.3 The following inequalities hold:

jĝ(s)
i (@Vi )j < a(s)

i +1 ; i = 0; : : : ; 24; jĝ(s)
25 (@V25)j < a(s)

0 ; jĝ(s)
� (@V0)j < a(s)

0 ; (3.14)

jĝ(u)
i (@(u)Vi )j > a(u)

i +1 ; i = 0; : : : ; 24; jĝ(u)
25 (@(u)V25)j > a(u)

0 ; jĝ(u)
� (@(u)V0)j > a(u)

0 ; (3.15)

ĝ(u)
i (� a(u)

i ; 0)ĝ(u)
i (a(u)

i ; 0) < 0; i = 0; : : : ; 25; ĝ(u)
� (� a(u)

1 ; 0)ĝ(u)
� (a(u)

1 ; 0) < 0: (3.16)

Further, the estimates

ju(x) � u0(x)j < 0:006; x 2 [iT =2; (i + 1)T=2); i = 0; : : : ; 25; (3.17)

hold wheneveru(x) is a solution of the equation (2.5) and

(u(iT =2); u0(iT =2)) 2 @Pi :

Final ly
jv10(4:1) � vj (4:1)j > 0:1; j 6= 10: (3.18)
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The proof of this lemma is computer aided and is relegatedto Section4.

Corollary 3.2 . Let c be su�ciently closeto 0:2. The mappingsgi ; i = 0; : : : ; 25 and
g� are as de�ned in Corollary 3.1. Then the mappings

gi ; i = 0; : : : ; 24

are (Vi ; Vi +1 )-hyperbolic; the mapping g25 is (V25; V0)-hyperbolic and the mapping g� is
(V1; V0)-hyperbolic.

Proof: By continuity, for all c su�cien tly closeto 0.2 the inequalities (3.14) imply

jg(s)
i (@Vi )j < a(s)

i +1 ; i = 0; : : : ; 24; (3.19)

jg(s)
25 (@V25)j < a(s)

0 ; (3.20)

jg(s)
� (@V0)j < a(s)

0 ; (3.21)

wheregi ; g� are as in Corollary 3.1. Similarly, (3.15) imply

jg(u)
i (@(u)Vi )j > a(u)

i +1 ; i = 0; : : : ; 24; (3.22)

jg(u)
25 (@(u)V25)j > a(u)

0 ; (3.23)

jg(u)
� (@(u)V0)j > a(u)

0 ; (3.24)

and (3.16) imply

g(u)
i (� a(u)

i ; 0)g(u)
i (a(u)

i ; 0) < 0; i = 0; : : : ; 25; (3.25)

g(u)
� (� a(u)

1 ; 0)g(u)
� (a(u)

1 ; 0) < 0: (3.26)

Now the stronger relationships

jg(s)
i (V i )j < a(s)

i +1 ; i = 0; : : : ; 24; (3.27)

jg(s)
25 (V 25)j < a(s)

0 ; (3.28)

jg(s)
� (V 0)j < a(s)

0 ; (3.29)

can be derived from (3.19)-(3.21)using the following classicaltheorem.

Theorem [25]. Let a shift operator F along trajectories of an ordinary di�er ential
equation be well de�ned at the boundary of a bounded open set S. Then the operator F
is well de�ned on the wholeS, and @F (S) = F (@S).
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By (3.11) the relationships(3.22)-(3.24)can be written as

g(u)
i

�

@V (u)
i � V

(s)
i

� \
V

(u)
i +1 = ; ; i = 0; : : : ; 24; (3.30)

g(u)
25

�

@V (u)
25 � V

(s)
25

� \
V

(u)
0 = ; ; (3.31)

g(u)
�

�

@V (u)
1 � V

(s)
1

� \
V

(u)
0 = ; : (3.32)

The relationships(3.27)-(3.29)and (3.11) imply

gi (V i ) � IR1 � V (s)
i +1 i = 0; : : : ; 24;

g25(V 25) � IR1 � V (s)
0

g1(V 1) � IR1 � V (s)
0 ;

and, in particular,

gi (V i )
\ �

V
(u)
i +1 � (IR1 n V (s)

i +1 )
�

= ; ; i = 0; : : : ; 24; (3.33)

g25(V 25)
\ �

V
(u)
0 � (IR1 n V (s)

0 )
�

= ; ; (3.34)

g1(V 1)
\ �

V
(u)
0 � (IR1 n V (s)

0 )
�

= ; : (3.35)

Finally, (3.25), (3.26) and Lemma 3.1 imply

deg
�
g(u)

i (�; 0); V (u)
i ; 0

�
6= 0; i = 0; : : : ; 24; (3.36)

deg
�
g(u)

25 (�; 0); V (u)
25 ; 0

�
6= 0; (3.37)

deg
�
g(u)

� (�; 0); V (u)
1 ; 0

�
6= 0: (3.38)

The relationships(3.30), (3.33), (3.36) imply immediately that the mappings

gi ; i = 0; : : : ; 24

are (Vi ; Vi +1 )-hyperbolic. Similarly, (3.31), (3.34), (3.37) imply that g25; is (V25; V0)-
hyperbolic; and (3.32), (3.35), (3.38) imply that g� ; is (V1; V0)-hyperbolic. The corollary
is proved.

This corollary together with Corollary 3.1 imply

Corollary 3.3 . Let c be su�ciently closeto 0:2. Then there exist compact setsU (c)
i �

h(1)
i (V (1)

i ); suchthat the corresponding equation (2.4) is (U; 
 � )-compatible.

Thus the assertion(a) of Proposition 3.1 holds. Assertion (b) follows immediately
from the inequality (3.17) and Theoremabove. Thus Proposition 3.1 is proved, and so
is Theorem1.
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4 Pro of of Lemma 3.3

4.1 Auxiliary estimates

We introduceshift operator ' (x; y) along tra jectoriesof

y0 = f (x; y); (4.1)

and assumethat all the tra jectoriesof interest belongto an openconvex set 
. Let h be
the stepsizefor numerical integration and we approximate ' (nh; y) by � n (y) calculated
by the Runge-Kutta method of 4th order: � 0(y) = y,

� i +1 (y) = � i (y) +
h
6

4X

k=1

bkkk(ih; � i (y); h) + ! :

Here b1 = b4 = 1, b2 = b3 = 2, , ! is the error in the IEEE implementation of the
method and

k1(x; y; � ) = F (x; y);
k2(x; y; � ) = F (x + 0:5�; y + 0:5� k1(x; y; � )) ;
k3(x; y; � ) = F (x + 0:5�; y + 0:5� k2(x; y; � )) ;
k4(x; y; � ) = F (x + �; y + � k3(x; y; � )) ;

whereF (x; y) stands for right hand side of (4.1). We will refer to the numerical inte-
gration method described above asto RK4. The purposeof this sectionis to formulate
a convenient proposition about the accuracyof the RK4 method. To do this we usethe
conceptsof local and global error, Lipschitz constant and logarithmic norm.

Firstly we estimate the Lipschitz constant of the shift operator ' (x; y). To do so,
we reformulate Theorem10.6. from [17], p. 60.

Recall that the logarithmic norm (with respect to Euclidean metrics) � (Q) of a
squarematrix Q is de�ned by

� (Q) = lim
h! 0; h> 0

jj I + hQjj � 1
h

whereI is the identit y matrix and jj � jj is the operator norm of the matrix.

Prop osition 4.1 . Let ' (x; y1); ' (x; y2) 2 
 ; 0 � x � x0: Then

j' (x0; y1) � ' (x0; y2)j < eLx 0 jy1 � y2j;

where L is the upper estimate for the logarithmic norm of ' (x; y) in 


sup
x2 [0;T ];y � 2 


�

 
@F
@y

(x; y� )

!

< L:
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The local error e(h; 
) for the RK4 method in 
 is given by

e(h; 
) = supfj ' (h; y) � � 1(y)j : y; � 1(y) 2 
 g

whereh is the integration step, and � 1(y) is the point calculatedby the RK4 method.
Generalestimatesof the local error for Runge-Kutta methods canbe found for example
in Theorem 3.1 from [17], p. 157. We will make rigorous estimatesof the local error
later, and for our purposesit is enoughto note that in the caseof RK4 the error satis�es

e(h; 
) � C0h5:

We de�ne the global error E(nh; y0) of the RK4 method, for a given y0 and n, as

E(nh; y0) = j' (nh; y0) � � n (y0)j;

i.e. as the absolutevalue of the di�erence betweenexact solution and the oneobtained
by numerical integration at the points of the grid. We useTheorem 3.4 from [17], p.
160,to obtain a global error estimateE(nh) for the RK4 method. Herewe reformulate
the theoremfor our particular situation.

Theorem 3. Let y(x) be an exact solution of 4.1 belonging to 
 , and [0; nh] be a
numerical integration range. Assume that h is small enoughso that the numerical
solution remains in 
 . If the local error e(h) in 
 satis�es e(h) � C0h5 and the
logarithmic norm satis�es � ( @F

@y ) � L , then

E(nh; y0) � h4 C
L

(eLnh � 1):

We introducethe number C1 as:

C1 � sup
y2 


' 00(x; y): (4.2)

Finally we usethe notation 
( " ) as


( " ) =

(
f y� : y� 2 B(y; " ); y 2 
 g; if " > 0
f y� : B (y� ; � " ) � 
 g; if " < 0

(4.3)

Prop osition 4.2 . Let

� n (y0) 2 

�
� C1h2=2 � C0h4(eLn 0h � 1)=L

�
(4.4)

for all n � n0. Then the shift mapping ' (x; y0) is de�ned for x 2 [0; n0h] and belongs
to 
 . Moreover,

j' (nh; y0) � � (nh; y0)j <
C0h4

L
(eLn 0h � 1) (4.5)

for 0 � n � n0.
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Proof: Firstly we note that if ' (x; y0) belongsto 
 then the inequality (4.5) is satis�ed
automatically by Proposition 4.1.

We assumethat for somex satisfying 0 � x � n0h, ' (x; y0) does not belong to

. Let k0 satisfy k0h � x0 � (k0 + 1)h, and we approximate the numerical tra jectory
betweenk0h and (k0 + 1)h by � (x; y0) = � � k0 (y0) + (1 � � )� k0+1 (y0): By the conditions
of the proposition, � k0 (y0) and � k0+1 (y0) belong to 
( � C1h2=2 � C0h4(eLn 0h � 1)=L)
and so does� (x0; y0), becausethe sets
( " ) are convex. Thus

j� (x0; y0) � ' (x0; y0)j > C0h4(eLn 0h � 1)=L + C1h2=2: (4.6)

On the other hand ' (x; y0) 2 
 for all 0 � x < x0, and we can use the estimates
from Proposition 4.1. Let k satisfy x = kh + � where0 � � � h. We de�ne

y(� ) = (1 � � =h)' (kh; y0) + (� =h)' (kh + h; y0);

and then by the triangle inequality,

j' (x; y0) � � (x; y0)j � jy(� ) � � (x; y0)j + j' (x; y0) � y(� )j: (4.7)

Now we bound the terms on the right-hand side of (4.7). Recalling the de�nitions
for y(� ) and � (x; y0), we obtain

jy(� ) � � (x; y0)j � j(1 � � =h)( ' (kh; y0) � � k(y0)) j

+ j(' (kh + h; y0) � � k+1 (y0)) � =hj

� (1 � � =h)E(kh) + (� =h)E(kh + h) (4.8)

< E(kh + h) � C0h4(eLn 0h � 1)=L;

since the global error estimate E(x) increaseswith x. The secondterm on the right
hand sideof (4.7) can be written as

j' (x; y0) � y(� )j = j(' (x; y0) � ' (kh; y0)) + (' (kh; y0) � ' (kh + h; y0)) � =hj; (4.9)

and we usethe Taylor expansionsof ' (x; y0), ' (kh; y0) and ' (kh + h; y0) at the point
x = kh + h=2, e.g.

' (x; y0) = ' (kh + h=2; y0) + ' 0(kh + h=2; y0) (� � h=2) +
' 00(kh + � 1; y0) (� � h=2)2 =2:

Then substituting the expansionsinto (4.9) we get

j' (x; y0) � y(� )j = j(' 0(h=2)� � ' 00(� 2)h2=8 + ' 00(� 1)( � � h=2)2=2) +

(� ' 0(h=2)h + ' 00(� 2)h2=8 � ' 00(� 3)h2=8)� =hj;
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or

j' (x; y0) � y(� )j � j' 00(� 2)jh2=4 + j' 00(� 1)jh2=8 + j' 00(� 3)jh2=8

� j' 00
max jh2=2 � C1h2=2; (4.10)

where ' 00
max = sup
 ' 00(x; y0). Substituting (4.8) and (4.10) into (4.7), we get

j' (x; y0) � � (x; y0)j < C0h4(eLhn 0 � 1)=L + C1h2=2; (4.11)

which contradicts (4.6). Thus ' (x; y0) 2 
 for all x � n0h, and the proposition is
proved.

4.2 Algorithm for verifying (V,W)-h yp erb olicit y

Let dy=dx = f (x; y), y 2 IR2 be a dynamical systemwith the smooth right hand side.
By ' (x; y0) we denotethe solution satisfying initial condition y(0) = y0. Introducethe
shift operator F (y) = ' (n0h; y) where h > 0 is the step size in x and n0 > 0 is some
integer. Let the sets

V = [� av ; av] � [� bv ; bv] = V (u) � V (s)

W = [� aw ; aw ] � [� bw ; bw ] = W (u) � W (s)

belong to the product set IR1 � IR1 and let g = H � 1
W F H V be a mapping from V to

IR1 � IR1. Here H V , H W are somea�ne mappingsIR1 � IR1 7! IR2.
We will now describe the algorithm that, with successfultermination, establishes

the inequalities
jg(s)(@V)j < bw ; jg(u)(@(u)V)j > aw ; (4.12)

and estimates� such that
ju(x) � v(x)j < � (4.13)

whereu(0) 2 @P, v(0) = H V ((0; 0)).
SinceH V is a�ne, H V (V ) is a parallelogram f y : y = c + � a + � b; j� j; j� j � 1g

wherea; b; c 2 IR2. By �( s) we denotethe following parameterizationof @(H V V):

8
>>>>><

>>>>>:

�( s) = c � a + (2 s
� � 1)b; 0 � s � � ;

�( s) = c + (2s� �
� � 1)a + b; � � s � 0:5;

�( s) = c + a + (1 � 2s� 1
� )b; 0:5 � s � 0:5 + � ;

�( s) = c + (1 � 2s� 2� � 1
� )a � b; 0:5 + � � s � 1;

where0 � s � 1, � = jaj=p, � = jbj=p and p = 2jaj + 2jbj.
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We de�ne two auxiliary setsA 1 = H W ((IR n W (u)) � IR) and A 2 = H W (IR � W (s) ).
Introducethe distanced(y; Y) betweenthe point y 2 
 and the set Y 2 
 as

d(y; Y) = min
y� 2 Y

jy � y� j:

Let � k(y0) be a numerical solution of (4.1) computed with RK4 and let � n0 (y0) ap-
proximate F (y0) = ' (n0h; y0). We assumethat for ' (x; y) we have estimatesfor the
logarithmic norm L, the local error constant C0 and C1 as de�ned in (4.2). Let

" (y0) = min
k=0 ;:::;n0

d
�
� k(y0); IR2 n 
( � C0h4(eLhn 0 � 1)=L � C1h2=2)

�
:

The algorithm Al g is de�ned as follows:

Step 0. Let i = 0, s0 = 0 and side = 0.

Step 0a. Compute � n0 (c) and set � 0 = 0.

Step 1. Let yi = �( si ). Calculate �yi = � n0 (yi ) and "(yi ).

If side == 1 or side == 3 calculate

r i = minf "(yi ); d(A 1; �yi ); d(A 2; �yi )g

Otherwiser i = minf "(yi ); d(A 2; �yi )g.

If r i � 0 then Al g �nished unsuccessfully.

Step 1a. Compute new value for � 0 as

max
�

� 0; max
n=0 ;:::;n0

j� n (yi ) � � n (c)j
�

:

Step 2. Let si +1 = si + r i e� Ln 0h=p and i = i + 1.

If side == 0 and si � � then side = side + 1, si = � and i 0 = i .

If side == 1 and si � 0:5 then side = side + 1, si = 0:5 and i 1 = i .

If side == 2 and si � 0:5 + � then side = side + 1, si = 0:5 + � and i 2 = i .

If side == 3 and si � 1 then algorithm is terminated successfullyand we denote
by i3 the current value of i .

Step 3. Goto 1.

Lemma 4.1 . The successful termination of Al g implies that, for all y 2 H V (V),
' (x; y) 2 
 for x 2 [0; n0h]. Thus F is de�ned on HV (V).
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Proof: First we note that to prove that for all y 2 H V (V ) and x 2 [0; n0h], ' (x; y) 2 

it is enoughto show that for all y 2 H V (@V); x 2 [0; n0h] ' (x; y) 2 
. Thus, F is well
de�ned on H V (V ).

The succesfultermination of Al g implies

@HV (V) �
i 3[

i =0

B(yi ; (si +1 � si )p):

We show that Al g guarantees that F is de�ned on every B(yi ; (si +1 � si )p). Fix
somei < i 3, and considerany y 2 B (yi ; (si +1 � si )p). Lemma 4.1 implies that for all
x 2 [0; n0h]

j' (x; y) � ' (x; yi )j � eLx jy � yi j � eLn 0h jy � yi j:

From Step 2 of Al g, jy � yi j � (si +1 � si )p and we can write

j' (x; y) � ' (x; yi )j � eLn 0h(si +1 � si )p < r i � " (yi ):

Since,by Proposition 4.2 and inequality (4.10),

' (x; y) 2 B(' (x; yi ); " (yi )) � B(� (x; yi ); " (yi ) + C0h4(eLn 0h � 1)=L + C1h2=2)

and de�nition of "(y) implies that B(� (x; y); " (y) + C0h4(eLn 0h � 1)=L + C1h2=2) � 
,
the tra jectory ' (x; y) stays in 
 for x 2 [0; n0h]. Thus the lemma is proved.

Lemma 4.2 . The successfultermination of Al g implies the inequalities 4.12.

Proof: By the de�nition of the si the following inclusionshold:

H V (@(@V (u) � V (s))) �
[

i 2 [i 0 ;i 1 )[ [i 2 ;i 3 )

B(�( si ); (si +1 � si )p); (4.14)

H V (V ) �
i 3[

i =0

B(�( si ); (si +1 � si )p): (4.15)

From the choiceof r in Step 1 of Al g we obtain the inclusions
[

i 2 [i 0 ;i 1 )[ [i 2 ;i 3)

F (B(�( si ); (si +1 � si )p)) � A 1;

i 3[

i =0

F (B(�( si ); (si +1 � si )p)) � A 2:
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Recalling that H V is a homeomorphismwe can rewrite the inclusionsabove as
[

i 2 [i 0 ;i 1)[ [i 2 ;i 3)

H � 1
V (F (B(�( si ); (si +1 � si )p))) � (IR n W (u)) � IR; (4.16)

i 3[

i =0

H � 1
V (F (B(�( si ); (si +1 � si )p))) � IR � W (s) : (4.17)

Now formulas (4.14) and (4.16), together with the de�nition of W (u) , imply the �rst
inequality of (4.12), while formulas (4.15) and (4.17) with the de�nition of W (s) imply
the secondpart of (4.12). Thus the lemma is proved.

Lemma 4.3 . The successful termination of Al g implies that � in (4.13) can be esti-
mated by

� 0 + 2C0h4(eLn 0h � 1)=L + C1h2:

Proof: Choosesomey 2 H V (@V) and let x 2 [0; n0h]. Then by the triangle inequality:

ju(x) � v(x)j � j' (x; y) � � (x; y)j + j' (x; c) � � (x; c)j + j� (x; y) � � (x; c)j:

By the conditions of the lemma, the successfultermination of Al g implies (seeLemma
4.1) that j' (x; y) � � (x; y)j can be estimatedusing (4.11):

j' (x; c) � � (x; c)j + j� (x; y) � � (x; c)j � 2C0h4(eLn 0h � 1)=L + C1h2:

By the de�nitions of � (x; y) and � 0 given in Step 1a

j� (x; y) � � (x; c)j � max
n2 [0;n0 ]

j� n (y) � � n (c)j � max
y2H V (@V )

max
n2 [0;n0]

j� n (y) � � n (c)j = � 0:

The combination of the last three inequalities provesthe lemma.

4.3 Computer aided part

Introducethe area


( " ) = (� 0:175� "; 0:55+ ") � (� 0:28� "; 0:39+ "): (4.18)

Lemma 4.4 . Let F (x; y) denote the right-hand side of Equation 4.1 and � () denote
the logarithmic norm. Then

sup
x2 [0;T ];y � 2 


�

 
@F
@y

(x; y� )

!

< 1:06:

42



Proof: Let q(x; y) = (qi;j (x; y)) = ( @F i
@yj

(x; y)) and introduce

q(� )
i;j = inf

x2 [0;T ];y2 

qi;j (x; y); q(+)

i;j = sup
x2 [0;T ];y2 


qi;j (x; y):

Sinceweareworking with the Euclideanmetric, the logarithmic norm � (Q) coincides
with the largest eigenvalue of the matrix 1

2(QT + Q) where QT is the transposeof Q.
Thereforeit is su�cien t to estimatethe maximum eigenvalueof the family of symmetric
matrices A = f A = 1

2(QT + Q)g with coe�cien ts ai;j satisfying:

a(� )
i;j =

1
2

(q(� )
i;j + q(� )

j;i ) � ai;j �
1
2

(q(+)
i;j + q(+)

j;i ) = a(+)
i;j :

Let V be a totalit y of all vectors v = (v1; : : : ; vN ) with components � 1. For any
v 2 V we de�ne the key matrix

K (v) =

0

B
B
B
B
@

k11(v) k12(v) : : : k1N (v)
k21(v) k22(v) : : : k2N (v)
...

...
. . .

...
kN 1(v) kN 2(v) : : : kN N (v)

1

C
C
C
C
A

;

where

ki;j (v) =

8
>><

>>:

a(� )
i;j ; if vi vj = � 1;

i; j = 1; : : : ; N;
a(+)

i;j ; if vi vj = 1:

Let K be the set of key matrices for the family A of symmetric matrices. Denote
by m(A) and by M (A) the the minimum and maximum eigenvaluesof the matrix A.
Corollary 4.4 from [3] statesthat

Corollary 4.1 .
max
A2 A

M (A) = max
K 2 K

M (K ):

Note that the cardinality # K = # f K (v)gv2 V is equal to 2N � 1 sinceK (v) = K (� v).
In our caseN = 2 and that givesus only 2 matrices to check.

We can write down two matrices consisting of lower and upper bounds for ai;j ,
respectively A (� ) = (a(� )

i;j ) and A (+) = (a(+)
i;j ):

A(� ) =

 
0 � 1:15
� 1:15 � 0:2

!

; A(+) =

 
0 1:025
1:025 � 0:2

!

:
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The vectors v can be taken as (1; � 1); (1; 1). The maximum eigenvaluesfor both
matrices are found with the help of the package "Mathematica" and this yields the
statement of the lemma:

sup
x2 [0;T ];y � 2 


�

 
@F
@y

(x; y� )

!

< 1:06:

Lemma 4.5 . For h > 3�10� 4 the local error of the RK4 method applied to (4.1) satis�es

e(h; 
) � 3h5: (4.19)

Proof: Generalestimatesof the local error for Runge-Kutta methods can be found for
examplein Theorem3.1 from [17], p. 157,and we reformulate them for our particular
case:

e(h; 
) �
h5

(5)!
max

� 2 [0;h]
j' (5)

z (�; y)j +
h5

(4)!

4X

i =1

jbi j
6

max
� 2 [0;h]

jk (4)
i (x; y; � )j + ! : (4.20)

Here bi are taken from the de�nition of RK4: b1 = b4 = 1; b2 = b3 = 2; ! is the error
in computer implementation of the RK4 method; all derivativesare taken with respect
to the system(4.1). For example

k (1)
1 (x; y; � ) =

@F
@x

(x; y) +
@F
@y

(x; y)F (x; y) =
d
dx

F (x; y)

The estimate (4.19) follows immediately from (4.20) and the inequalities

jk (4)
1 (x; y; � )j < 45; y 2 
 ; 0 � � � h; (4.21)

jk (4)
2 (x; y; � )j < 45; y 2 
 ; 0 � � � h; (4.22)

jk (4)
3 (x; y; � )j < 45; y 2 
 ; 0 � � � h; (4.23)

jk (4)
4 (x; y; � )j < 46; y 2 
 ; 0 � � � h; (4.24)

j' (5)
x (�; y)j < 45; y 2 
 ; 0 � � � h; (4.25)

! � 10� 15: (4.26)

The restriction of h in the formulation of the lemma results from the estimation of the
computational error ! .

It remainsto justify the estimates(4.21) { (4.26). The inequalities (4.21) { (4.25)
were obtained via the following scheme. Using interval arithmetic in Mathematica
we obtain the explicit analytical formulas for k (4)

i and evaluate them with respect to
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intervals of change for x; y; � . A similar approach was used in [42] and the actual
program can be downloadedfrom www.ins.ucc.ie/kdv-chaos.htm.

The inequality (4.26) follows from the descriptionof IEEE arithmetic, and the man-
ner in which trigonometric and exponential functions are realizedin the computer (See
[34] and bibliography therein).

The lemma is proved.
Now we can �nalize the proof of Lemma 3.3.
We choosethe numerical integration step h = �

2048T , and introduce shift operators
' 1(x; y) = ' (x; y) and ' 2(x; y) = ' (T=2+ x; y). ConsidersetsVi � IR� IR; i = 0; : : : ; 25;
as introducedin (3.11), and corresponding hi from (3.12).

Prop osition 4.3 . We choosen0 = 2048. Algorithm Al g �nished successfully for the
following choicesof V; H V ; W; H W ; ' :

V2i ; h2i ; V2i+1 ; h2i+1 ; ' 1() i = 0; : : : ; 12
V2j +1 ; h2j +1 ; V2j ; h2j ; ' 2() i = 0; : : : ; 11
V1; h1; V0; h0; ' 2()
V25; h25; V0; h0; ' 2()

For eachcaseabove,estimatesof � based on Lemma4.3 satisfy the inequality � < 0:006.

Proof: This proposition was veri�ed by computations in C++ using Al g.
Now (3.14) and (3.15) follow from the proposition above and Lemma 4.2. Inequal-

ities (3.16) are veri�ed numerically with the help of Proposition 4.2. Lemma 3.3 is
proved.

5 Sketch of the pro of of Theorem 2

5.1 General constructions

The proof of Theorem2 follows the proof of Theorem1 with someminor changes.
Introducethe parallelogramsPi ; i = 0; : : : ; 16; in the phaseplane (u; u0) given by

Pi =
n
(u; u0) = (ci ; c0

i ) + � (u)v(u)
i + � (s)v(s)

i : j� (u) j � a(u)
i ; j� (s) j � a(s)

i

o
; (5.1)

Theseparallelogramsare centred at the points (ci ; c0
i ) given in Table 2, with the other

parametersgiven in Table 4, and are graphedin Figure 17.
Introducethe product sets(rectanglesin our case)

Vi = V (u)
i � V (s)

i = [� a(u)
i ; a(u)

i ] � [� a(s)
i ; a(s)

i ]; i = 0; : : : ; 16; (5.2)
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Table 4: Sizesof parallelogramsPi

i v( u )
i v( s)

i a( u )
i a( s)

i
0 (-0.080216,-0.99678) (-0.49442,-0.86922) 0.0020000 0.0010000
1 (-0.088798,-0.99605) (-0.50484,-0.86321) 0.0010000 0.0010000
2 (-0.069008,-0.99762) (-0.48042,-0.87704) 0.0010000 0.0010000
3 (-0.11118,-0.99380) (-0.52209,-0.85289) 0.0010000 0.0010000
4 (-0.038844,-0.99925) (-0.44616,-0.89495) 0.0010000 0.0010000
5 (-0.16531,-0.98624) (-0.56896,-0.82236) 0.0010000 0.0010000
6 (0.054588,-0.99851) (-0.32113,-0.94703) 0.0010000 0.0010000
7 (-0.33098,-0.94364) (-0.67039,-0.74201) 0.0010000 0.0010000
8 (0.33923,-0.94070) (-0.17168,0.98515) 0.0020000 0.0010000
9 (-0.81042,-0.58585) (-0.91227,-0.40959) 0.0010000 0.0010000
10 (0.95452,-0.29813) (-0.98913,0.14707) 0.0015000 0.0010000
11 (0.99142,-0.13070) (-0.99986,-0.016500) 0.00080000 0.0010000
12 (0.20990,-0.97772) (-0.31732,-0.94832) 0.00080000 0.0010000
13 (-0.14699,-0.98914) (-0.54486,-0.83853) 0.0010000 0.0010000
14 (-0.066283,-0.99780) (-0.48390,-0.87513) 0.0012000 0.0010000
15 (-0.088068,-0.99611) (-0.49814,-0.86710) 0.0015000 0.0010000
16 (-0.086337,-0.99627) (-0.49859,-0.86684) 0.0020000 0.0010000

and the homeomorphisms

hi : IR1 � IR1 7! IR2 i = 0; : : : ; 16; (5.3)

as the a�ne mappings

hi (x(u) ; x(s) ) = (ci ; c0
i ) + x(u)v(u)

i + x(s)v(s)
i ;

where(a(u)
i ; a(s)

i ) and v(u)
i ; v(s)

i are as in Table 4. Note immediately that

Pi = hi (Vi ); i = 0; : : : ; 16: (5.4)

We denoteby Fc the shift operator along the tra jectoriesof equation (2.14) on the
time interval [0; T] i.e., F (0)

c mapsa pair (u0; u0
0) 2 IR2 onto the pair (u(T); u0(T)); where

u(x) is the solution of (2.14) with the initial conditions u(0) = u0; u0(0) = u0
0.

We introducethe mappings

gi = h� 1
i +1 Fchi ; i = 0; : : : ; 15; g16 = h0

� 1Fch16; g� = h0
� 1Fch1 (5.5)

Finally we usethe notation F̂ = F� 1 for the shift operators along the tra jectories
of the equation (2.15), and the notation ĝi ; ĝ� for the speci�cation of the corresponding
functions (5.5). For a product set V = V (u) � V (s) we also usethe notation @(u) (V) =
@V (u) � V

(s)
.
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Figure 17: (a) ParallelogramsPi , i = 0; : : : ; 16

Lemma 5.1 . The following inequalities hold:

jĝ(s)
i (@Vi )j < a(s)

i +1 ; i = 0; : : : ; 15; jĝ(s)
16 (@V16)j < a(s)

0 ; jĝ(s)
� (@V0)j < a(s)

0 ; (5.6)

jĝ(u)
i (@(u)Vi )j > a(u)

i +1 ; i = 0; : : : ; 15; jĝ(u)
16 (@(u)V16)j > a(u)

0 ; jĝ(u)
� (@(u)V0)j > a(u)

0 ; (5.7)

ĝ(u)
i (� a(u)

i ; 0)ĝ(u)
i (a(u)

i ; 0) < 0; i = 0; : : : ; 16; ĝ(u)
� (� a(u)

1 ; 0)ĝ(u)
� (a(u)

1 ; 0) < 0: (5.8)

Further, the estimates

ju(x) � u0(x)j < 0:01; x 2 [iT ; (i + 1)T); i = 0; : : : ; 16; (5.9)

hold wheneveru(x) is a solution of the equation (2.15) and

(u(iT ); u0(iT )) 2 @Pi :

Final ly
jv10(6) � vj (6)j > 0:1; j 6= 10: (5.10)

The proof of this lemma is computer aided and follows the proof as in Lemma 3.3.
Details can be found in Subsection5.2.
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Corollary 5.1 . Let c be su�ciently closeto � 1. Then the mappings

gi ; i = 0; : : : ; 15

are (Vi ; Vi +1 )-hyperbolic; the mapping g16 is (V16; V0)-hyperbolic and the mapping g� is
(V1; V0)-hyperbolic.

Proof: The proof is similar to that of Corollary 3.2.

Now (u0; u1; " )-compatibilit y follows from the inequality (5.10) and the simpli�ed
versionof Lemma 3.2, to be formulated below.

Let f : IRn 7! IRn bea continuousmappingand let Tr (f ) bethe setof all tra jectories
of f . Let A = (ai;j ) be a square m-matrix whoseentries are either zeros or ones.
Introduce
 A � 
 m as f ! 2 
 m : a! i ;! i +1 = 1g.

Lemma 5.2 . Supposethat gi;j = h� 1
j f hi is (Vi ; Vj )-hyperbolic wheneverai;j = 1. Then

there exist compact setsX i � hi (Vi ) suchthat there is a mapping' : 
 A 7! Tr (f ), and

� the trajectory x = ' (! ) satis�es x i 2 X ! i for each ! 2 
 A ;

� if ! 2 
 A is p-periodic, the trajectory x = ' (! ) is also p-periodic.

This assertionis a particular caseof Theorem1 from [41], p. 4.
Theorem2 is proved.

5.2 Computer aided pro of of Lemma 5.1

Introduce �
 (" ) as

�
 (" ) = (� 1:01� "; � 0:42+ ") � (� 0:26� "; 0:27+ "): (5.11)

Lemma 5.3 . Let F (x; y) denotesthe right-hand sideof the equation (2.15) and let � ()
denotethe logarithmic norm. Then

sup
x2 [0;2� ];y � 2 �


�

 
@F
@y

(x; y� )

!

< 1:

Proof: Resembles the proof of Lemma 4.4 (case� = 1) with matrices

A(� ) =

 
0 � 0:24
� 0:24 � 0:12

!

; A(+) =

 
0 1:05
1:05 � 0:12

!

:

Lemma 5.4 . For h > 3 � 10� 4 the local error of the RK4 method applied to (2.15)
satis�es

e(h; 
) � 5h5: (5.12)
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Proof: Resembles the proof of Lemma 4.5 with inequalities

jk (4)
1 (x; y; � )j < 83; y 2 
 ; 0 � � � h; (5.13)

jk (4)
2 (x; y; � )j < 84; y 2 
 ; 0 � � � h; (5.14)

jk (4)
3 (x; y; � )j < 84; y 2 
 ; 0 � � � h; (5.15)

jk (4)
4 (x; y; � )j < 85; y 2 
 ; 0 � � � h; (5.16)

j' (5)
x (�; y)j < 79; y 2 
 ; 0 � � � h; (5.17)

! � 10� 15: (5.18)

Prop osition 5.1 . Let ' 0(x; y) denotesthe shift alongthe trajectories of (2.15) starting
at x0 = 0; y = (u(0); u0(0)). Let h = � =512 and n0 = 1024, which is consistent with
T = 2� . Al g �nished successfully for following the choicesof V; H V ; W; H W ; ' :

Vi ; hi ; Vi +1 ; hi +1 ; ' 0() i = 0; : : : ; 15
V1; h1; V0; h0; ' 0()
V16; h16; V0; h0; ' 0()

For each case above, the estimates of � based on Lemma 4.3 satisfy the inequality.
� < 0:01.

Proof: This proposition was veri�ed by computations in C++ accordingto Al g.
Now (5.6) and (5.7) follow from Proposition 5.1 and Lemma 4.2. Inequalities (5.8)

are veri�ed numerically with the help of Proposition 4.2. Thus Lemma 5.1 is proved.
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6 A heuristic pro cedure for choosing (ci ; c0
i ) and Pi

In this section we describe how the numerical values in Tables 1-4 were chosen. we
considerin detail only data related to Theorem1.

We considerthe shift operator F0:2 along the tra jectories of the equation (2.5) on
the time interval [0; T]:

F0:2(x) = ' (x; T):

Figure 18 graphs a numerical attractor of F and was created from information in
[29]. The picture was constructed by iterating an initial point from the vicinit y of 0
and discarding the �rst 50 iterations.

0.16 0.18 0.22 0.24
u

-0.125

-0.1

-0.075

-0.05

-0.025

0.025
u'

Figure 18: Attractor

Below we outline the algorithm that was used for the construction of the P i for
equation (2.5) which are graphedin Figure 14.

The �rst task T1 wasto locate with su�cient accuracy a �xed point y� = (u� ; u0
� ) of

F0:2 belongingto the attractor.

Subtask T1.1 wasto �nd an approximation for y� = (u� ; u0
� ).

Hereweconsidereda typical long tra jectory f (ui ; u0
i )g

104

i =0 beginningat a point
(u0; u0

0) near the numerical attractor, and chosea point ~y = (~u; ~u0) from this
tra jectory minimizing the di�erence jyi � yi +1 j.
The initial point for the long tra jectory was (u0; u0

0) = (0:18; 0), and the
rough approximation for the �xed point was (~u; ~u0) = (0:1683; � 0:0291).
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Subtask T1.2 wasto re�ne the location of the �xed point.
At this stagewewereusingtopologicaldegreetheory and the simplebisection
of the target areato closein on the �xed point. Note that wewerenot looking
for any strict result. The re�ned value was

y� = (u� ; u0
� ) = (0:1684580; � 0:0287437):

The second Task T2 was to �nd an orbit, part of which is closeto y� and part of
which is not.

Subtask T2.1 wasto �nd an approximate orbit.
As in T1.1 we checked the di�erence jyi � yi + pj for the long tra jectory. Here
p was the target minimal period.

Subtask T2.2 wasto re�ne the approximate orbit.
As in T1.1 we usedtopological degreetheory together with bisection pro-
cedureto improve the approximation of the orbit. We found that it is more
convenient to home in on a point that is not closeto the �xed point and
then to obtain the rest of the orbit by iterating that re�ned point.
We denote such an orbit by Op = f y0; y1; : : : ; yp� 1g. For conveniencewe
assumethat y0 is the closestpoint of Op to y� .

We choseto look for the orbit passingin the 0:005 neighborhood of y� . To �nd
the rough approximations to orbits we usedsamelong tra jectory as in T1 . We
decidedto choosethe orbit of length p = 13. The closestpoint of the orbit Op to
y� is y0 = (0:16859402; � 0:02842727).

The third Task T3 was to construct pilot shapes for the parallelograms P̂i i =
0; : : : ; p � 1.

To usethe topological hyperbolicity machinery it is necessaryto construct rect-
anglesin the product spaces,and homeomorphismsbetweenproduct spacesand
IR2. In our setting it was natural to introduce simple a�ne mappings as such
homeomorphisms.If rectangleP̂i is given by

P̂i =
n
(u; u0) = (ĉi ; ĉ0

i ) + � (u) v̂(u)
i + � (s) v̂(s)

i : j� (u) j � �̂ (u)
i ; j� (s) j � �̂ (s)

i

o
;

then the appropriate homeomorphismhi is automatically de�ned as

ĥi (u(s) ; u(u)) = (ĉi ; ĉ0
i ) + x(s) v̂(s)

i + x(u) v̂(u)
i :
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Subtask T3.1 wasto choosecentresof P̂i .
Natural candidatesfor the centers of P̂i are the points of the orbit Op found
at T2.2 . We chosethe center (ĉ0; ĉ0

0) of P̂0 as (y� + y0)=2 and the center
(ĉi ; ĉ0

i ) of P̂i as yi for i = 1; : : : ; p � 1. The pairs (ĉi ; ĉ0
i ) were used later as

the initial conditions (c2i ; c0
2i ) in Table 1, i.e, we de�ned

(c2i ; c0
2i ) = (ĉi ; ĉ0

i ):

Subtask T3.2 wasto choosethe orientation of P̂i .
Topologicalhyperbolicity implies contraction alongonedirection and expan-
sion along the other. Thus we consideredthe linear operators

L i =
pY

j = i

F 0
0:2(ĉj ; ĉ0

j )
iY

j =0

F 0
0:2(ĉj ; ĉ0

j );

where F 0
0:2 denotesthe Jacobian, and de�ned the side vectors v̂(s)

i , v̂(v)
i of

the P̂i as approximate eigenvectors of L i . This step also provided us with
di�eomorphisms ĥi .

Subtask T3.3 wasto choosethe roughapproximations to numbers â(s)
i ; â(u)

i .
The total areaof all the P̂i determinesthe computational time required for
the strict proof of topological hyperbolicity. On one hand, â(s)

i ; â(u)
i should

be small enoughto reducecomputational time for the strict proof and to
keepthe variation of F 0

0:2 small. On the other hand, â(s)
i ; â(u)

i should be big
enoughto allow topological hyperbolicity for pairs (ĥ� 1

0 (P̂0); ĥ� 1
0 (P̂0)) and

(ĥ� 1
0 (P̂0); ĥ� 1

0 (P̂1)). As this point we assumedthat â(s)
i = â(u)

i = 0:001for all
i = 0; : : : ; 12.

Subtask T3.4 wasto adjust the valuesof â(s)
i ; â(u)

i .
The initial choiceof parallelogramsizesguaranteesthat imagesof the rect-
anglesdo not \b end" too much, but the initial choice of side size did not
guarantee the required topological hyperbolicity for all P̂i . Figure 19 below
illustrates topologicalhyperbolicity properties of the setsh� 1

i (P̂i ) beforethe
adjustment. The last picture in the third raw, and the middle picture in the
fourth raw are `not topologically hyperbolic' (seeFigure 15).
Here we manually tuned the parallelogram sides. It was enoughto adjust
only â(u)

i . Figure 20 illustrates the situation after adjustment of the paral-
lelogramsides.Now all pairs look �ne.
For a given i the result of the adjustment of â(u)

i ; â(s)
i together with v̂(s)

i , v̂(v)
i

can be found in the line 2i of Table 3, i.e. we de�ned

v(u)
2i = v̂(u)

i ; v(s)
2i = v̂(s)

i ; a(u)
2i = â(u)

i ; a(s)
2i = â(s)

i :
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The fourth Task T4 wasto estimate the required computational time.

Oncewe producedthe picture giving the \heuristic" proof of the desiredtopolog-
ical hyperbolicity we neededto estimate the computation time for the rigorous
proof. This is proportional to the total areaof parallelogramsand to the Lipschitz
constant of F0:2. The Lipschitz constant of F is in turn proportional to eLT where
T is the period of the right-hand side f (x; t) of the 2.5 and L is the maximum of
the logarithmic norm of f (x; y) in the areawhereall the tra jectoriesexist.

We discovered that we did not have enoughcomputational power!

The �fth Task T5 was to decomposeF0:2.

To reduce the computational time we decomposed the mapping F0:2 into two
(F (0)

0:2 and F (1)
0:2 , seeSubsection3.3). With the decomposition of F0:2 we needed

to prove the sametopologicalhyperbolicity conditions but for double the number
of rectangles.Due to the decomposition, the numerical integration length fell to
T=2 thus decreasingthe computational time by a factor of eLT =2=2.

This was a a�ordable for the hardware we used.

The sixth Task T6 was to construct (c2i+1 ; c0
2i+1 ) and P2i+1 .

We usedas (c2i+1 ; c0
2i+1 ) the numerical approximations to F (0)

0:2 (c2i ; c0
2i ). Parallelo-

gramsP2i+1 were afterwards constructedfollowing the ideasof T3 .

A similar procedure was used to construct Pi for Theorem 2 with the following
exceptions.

� We beganwith the parametervaluessuggestedin [29]. However, it appearedthat
the corresponding �xed point did not belong to the attractor. So the parameter
valueswere slightly modi�ed.

� The computational time estimations in the analogof Task T4 were satisfactory
and we didn't usean analogsof T5 and T6 .
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Figure 19: Before the adjustmen t of ~� (s)
i ; ~� (u)

i . The �rst picture: ~V0 against ~g� ( ~V0);
the last picture is ~V0 against ~g12( ~V12); the other 12 pictures are ~Vi +1 against ~gi ( ~Vi ) for
i = 0; : : : ; 11.
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Figure 20: After the adjustmen t of ~� (s)
i ; ~� (u)

i . The �rst picture: ~V0 against ~g� ( ~V0);
the last picture is ~V0 against ~g12( ~V12); the other 12 pictures are ~Vi +1 against ~gi ( ~Vi ) for
i = 0; : : : ; 11.
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7 App endix. Pro of of Lemma 3.2

7.1 Auxiliary lemma

Let
Wi = W (u)

i � W (s)
i � IRdu � IRds ; i = 0; : : : ; n;

be convex, open and boundedproduct sets,and supposethat the mappings

gi : W
(u)
i � 1 � W

(s)
i � 1 7! IRdu � IRds ; i = 1; : : : ; n;

are (Wi � 1; Wi )-hyperbolic. In particular,

g(u)
i (@W (u)

i � 1 � W
(s)
i � 1)

\
W

(u)
i = ; ; gi (W i � 1)

\ �

W
(u)
i � (IRds n W (s)

i )
�

= ; ; (7.1)

and
deg(g(u)

i (�; 0); V (u)
i � 1; 0) 6= 0 (7.2)

for i = 1; : : : ; n:
We alsode�ne the auxiliary mappingsqi : (IRdu � IRds ) 7! (IRdu � IRds ); i = 1; : : : ; n:

By the secondequation of (7.1) we can choosecompact convex sets T (s)
i � IRds ; i =

1; : : : ; n; satisfying

gi (Wi � 1)
\ �

W (u)
i � IRds

�
� W (u)

i � T (s)
i :

Let IRdu � IRds = IRd be endowed with the standard Euclidean metric. We de�ne the
stable component q(s)

i (y) as the projection (the nearestpoint) of g(s)
i (y) on T (s)

i , and
de�ne the unstable component q(u)

i (y) by q(u)
i (y) = g(u)

i (z), where z is the projection
of y on W i � 1. We de�ne the iterated mappingsQi by Q0 = id and Qi = qi (Qi � 1) for
i = 1; : : : ; n (by `id' we denotethe identit y mapping). We introducethe sets

Si =
n
y 2 Wi : g(u)

i +1 (y) 2 W (u)
i +1

o
: (7.3)

Thesesetsare nonempty open setsby (7.1) and (7.2) . It is important that qi coincides
with gi on Si � 1:

qi (y) = gi (y); y 2 Si � 1; i = 1; : : : ; n; (7.4)

and we can rewrite (7.3) as

Si =
n
y 2 Wi : q(u)

i +1 (y) 2 W (u)
i +1

o
:

Lemma 7.1 .
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(a) The simultaneous inclusions Q(u)
n (y) 2 W (u)

n ; y(s)
0 2 W (s)

0 imply Qi (y) 2 Si for
i = 0; 1; : : : ; n � 1.

(b) deg
�
Q(u)

n (�; 0); W (u)
0 ; 0

�
= (� 1)ds

Q n
i=1 deg(q(u)

i (�; 0); W (u)
i � 1; 0):

(c) If Wn = W0, then deg(id � Qn ; W0; 0) = (� 1)du
Q n

i=1 deg(q(u)
i (�; 0); W (u)

i � 1; 0):

Proof: By construction the functions qi satisfy the relationships:

q(u)
i

��
IRdu n W (u)

i � 1

�
� IRds

�
� IRdu n W

(u)
i : q(s)

i (IRd) � T (s)
i (7.5)

for i = 1; : : : ; n. The �rst inclusion in (a) and the �rst inclusion in (7.5) imply

Q(u)
i (y) 2 W (u)

i ; i = 0; : : : ; n; (7.6)

by induction. On the other hand, the secondinclusion in (a) and the secondinclusion
in (7.5) imply Q(s)

i (y) 2 W (s)
i ; i = 0; : : : ; n; Thus, taking into account (7.6),

Qi (y) 2 Wi ; i = 0; : : : ; n: (7.7)

Assertion (a) follows from (7.6), (7.7) and (7.3).
It remains to establish(b) and (c). The proofs of thesetwo assertionsare similar,

with the latter being a bit more interesting. So we will prove in detail only (c).
We de�ne the mappingsqi;# : IRd � IR1 7! IRd for 0 � # � 1; i = 1; : : : ; n; by

qi;# (y) =
�
q(u)

i (y(u) ; (1 � #)y(s)); q(s)
i ((1 � #)y(u) ; y(s))

�
:

The mappingsqi;# ; 1 � # � 1 satisfy the inclusions

q(u)
i;#

��
IRdu n W (u)

i � 1

�
� IRds

�
� IRdu n W

(u)
i ; q(s)

i# (IRd) � T (s)
i ; (7.8)

together with qi , see(7.5). Therefore,any �xed point y 2 W 0 of Qn;# belongsto W0.
Thus, the transformation Qn;# � id is nonsingularon @W0, that is

Qn;# (y) 6= y for y 2 @W0:

This deformation is also continuous and compact. Therefore, Qn;0 � id and Qn;1 � id
are homotopic([25], p.93) on @D0 and

deg(Qn;0 � id; W0; 0) = deg(Qn;1 � id; W0; 0) (7.9)
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by Theorem 20.1 [25], p.100. On the other hand, the mapping Qn;1 � id is the direct
sum, ([25], p.117) of the mapping Q(u)

n;1(0; y(u)) � id on W (u)
0 � IRdu and the mapping

Q(s)
n;1(y

(s) ; 0) � id on W (s)
0 � IRds in IRds :

Qn;1(�) � id = (Q(u)
n;1(�; 0) � id) � (Q(s)

n;1(0; �) � id):

Thus, Theorem22.4 [25], p.117implies that

deg(Qn;1 � id; W0; 0) = deg
�
Q(u)

n;1(�; 0) � id; W (u)
0 ; 0

�
deg

�
Q(s)

n;1(0; �) � id; W (s)
0 ; 0

�

= deg(Qn;0 � id; W0; 0)

by (7.9). Since

deg
�
Q(s)

n;1(0; �) � id; W (s)
0 ; 0

�
= (� 1)ds deg

�
id � Q(s)

n;1(0; �); W (s)
0 ; 0

�
= (� 1)ds ;

by the �rst inclusion (7.1) and Theorem21.5, [25], p.108, it follows that

deg(Qn;0 � id; W0; 0) = (� 1)ds deg
�
Q(u)

n;1(�; 0) � id; W (u)
0 ; 0

�
: (7.10)

On the other hand, Q(u)
n;1(w) 62W (u)

n = W (u)
0 for w 2 @W (u)

0 ; and so the vectors

Q(u)
n;1(w; 0) � w and Q(u)

n;1(w; 0) do not point in opposite directions for w 2 @W (u)
0 , that

is Q(u)
n;1(w; 0) � id = �Q (u)

n;1(w; 0) doesnot hold for any � � 0. Otherwise Q(u)
n;1(w; 0) =

w=(1+ � ) and that contradicts the �rst inclusion in (7.8) because0 2 W (u)
0 ). Therefore

Q(u)
n;1(w; 0) � w and Q(u)

n;1(w; 0) are homotopic on @D (u)
0 by Theorem 2.1 [25], p.4, and,

further, the equation

deg
�
Q(u)

n;1(�; 0) � id; W (u)
0 ; 0

�
= deg

�
Q(u)

n;1(�; 0); W (u)
0 ; 0

�
:

holds by Property 1 [25], p.5. Now (7.10) implies

deg(Qn;0 � id; W0; 0) = (� 1)ds deg
�
Q(u)

n;1(�; 0); W (u)
0 ; 0

�
:

On the other hand,

deg(Qn;0 � id; W0; 0) = (� 1)ddeg(id � Qn;0; W0; 0)

(for instance,againby the product formula (7.6) in [25]). The last two equationsimply

deg(id � Qn;0; W0; 0) = (� 1)du deg
�
Q(u)

n;1(�; 0); W (u)
0 ; 0

�
:
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It remainsto establishthat

deg
�
Q(u)

n;1(�; 0); W (u)
0 ; 0

�
=

nY

i =1

deg
�
q(u)

i (�; 0); W (u)
i � 1; 0

�
:

Sinceq(u)
i (0; y(u)) = q(u)

i; 1 (0; y(u)) for y(u) 2 @W (u)
i , we have to establishthe equality

deg
�
Q(u)

n;1; W (u)
0 ; 0

�
=

nY

i =1

deg
�
q(u)

i; 1 (�; 0); W (u)
i � 1; 0

�
: (7.11)

Let W
(u)
i be contained in an open ball B i , i = 1; : : : ; n. The valuesof the mappings

q(u)
i; 1 (w) belong to the closedand boundedset Z i = B i n W (u)

i for w 2 @W (u)
i � 1. Indeed,

this assertionis true for i = 1 by the secondequality in (7.1), and can be proved by
induction for other i . The set IRdu nZ i consistsonly of two connectedcomponents with
0 being contained in the bounded component. The mapping q(u)

i; 1 is nonsingular and
continuous on Z i . Thus, the product formula for rotations (seeTheorem 7.2 and the
formula (7.6), [25], p.18) implies

deg(Q(u)
i +1 ;1; W (u)

0 ; 0) = deg(Q(u)
i; 1 ; W (u)

0 ; 0) � deg(q(u)
i +1 ;1; W (u)

i ; 0); i = 1; : : : ; n � 1:

SinceQ(u)
1;1 = q(u)

1;1 , the `baseequation' deg(Q(u)
1;1 ; W (u)

0 ; 0) = deg(q(u)
1;1 ; W (u)

0 ; 0) also holds,
and (7.11) follows inductively. Thus the lemma is proved.

De�ne Yi = Si
T

gi (Si � 1); i = 1; : : : ; n � 1, whereSi were de�ned in (7.3). The sets
Yi are compactsubsetsof Wi , by (7.1). In the casewhen W0 = Wn , it is convenient to
de�ne Y0 = S0

T
gi (Sn� 1).

Corollary 7.1 . There exists a sequence satisfying yi = gi (yi � 1), i = 1; : : : ; n, and
yi 2 Yi , i = 1; : : : ; n � 1. If additionally Wn = W0, then there existsa sequence yi 2 Wi

satisfying the equality y(n) = y0 and the inclusion y0 2 Y0.

Proof: Firstly we prove the equalities

deg(g(u)
i (�; 0); W (u)

i � 1; 0) = deg(q(u)
i (�; 0); W (u)

i � 1; 0): (7.12)

De�ne
Si; 0 =

n
w 2 W (u) : gi (0; w) 2 W (u)

i

o
= Si

\
(0 � IRdu ):

By the de�nition, neither g(u)
i (0; w), nor q(u)

i (0; w) have zerosoutside Si; 0. Thus

deg(g(u)
i (�; 0); W (u)

i � 1; 0) = deg(g(u)
i (�; 0); Si � 1;0; 0)
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and
deg(q(u)

i (�; 0); W (u)
i � 1; 0) = deg(q(u)

i (�; 0); Si � 1;0; 0):

On the other hand, g(u)
i (�; 0) coincideswith q(u)

i (�; 0) in Si; 0 by (7.4). Thus (7.12) is
proved.

By the assertions(b) and (c) of Lemma 7.1, the relationships (7.2), (7.12) imply
deg

�
Qn (�; 0); W (u)

0 ; 0
�

6= 0; and deg(id � Qn ; W0; 0) 6= 0 if Wn = W0. This implies the

existenceof y = (0; w) 2 W0 satisfying Q(u)
n (y) = 0 and also the existenceof y 2 W0

satisfying Qn (y) = y if Wn = W0. It remains to use assertion(a) of Lemma 7.1 to
establishthe inclusionsyi 2 Yi for the appropriate i and Corollary 7.1 is proved.

7.2 Finalizing the pro of of Lemma 3.2

De�ne
S(0)

i;j =
�

y 2 V
(0)
i : g(0)( u)

i;j (y) 2 V
(1)( u)
j

�

;

and
S(1)

i;j =
�

y 2 V
(1)
i : g(1)( u)

i;j (y) 2 V
(0)( u)
j

�

;

whereV (0;1)
i and g(0;1)

i;j are speci�ed in the conditions of the lemma. De�ne further

Z (0)
i =

0

B
B
@

[

a(0)
i;j =1

S
(0)
i;j

1

C
C
A

\

0

B
B
@

[

a(1)
j;i =1

g(1)
j;i

�

S
(1)
j;i

�
1

C
C
A

and

Z (1)
i =

0

B
B
@

[

a(1)
i;j =1

S
(1)
i;j

1

C
C
A

\

0

B
B
@

[

a(0)
j;i =1

g(0)
j;i

�

S
(0)
j;i

�
1

C
C
A

Sinceby the de�nition Z (0;1)
i are compactand satisfy the inclusions

Z (0;1)
i � V (0;1)

i ; i = 0; : : : ; m � 1;

Lemma 3.2 follows immediately from the following assertion.

Lemma 7.2 .

(a) Let ! 2 
 m be a given 2p-periodic symbolic sequence. Then there exists a 2p-
periodic trajectory u of f (0;1) satisfying ui 2 h(0)

i

�
Z (0)

! i

�
for even i and ui 2

h(1)
i

�
Z (1)

! i

�
for odd i .
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(b) Let ! 2 
 m be a givensymbolic sequence. Then there existsa trajectory u of f (0;1)

satisfying ui 2 h(0)
i

�
Z (0)

! i

�
for eveni and ui 2 h(1)

i

�
Z (1)

! i

�
for odd i .

Proof: (a) Let usconsiderthe sequenceof product-setsWi i = 0; 1; : : : ; 2p; to be de�ned
by

Wi = V (0)
! i

; i = 0; 2; : : : ; 2p;

and
Wi = V (1)

! i
; i = 1; 3; : : : ; 2p � 1:

De�ne also the sequenceof mappingsgi , i = 0; 1; : : : ; 2p by

gi = h(0)
! i

� 1
f h(1)

! i
; i = 0; 2; : : : ; 2p;

and
gi = h(1)

! i

� 1
f h(0)

! i
; i = 1; 3; : : : ; 2p � 1:

By the secondassertionof Corollary 7.1 there exists a `g-tra jectory' y satisfying
yi 2 Yi ; i = 0; : : : ; p� 1, and yp = y0. Then the 2p-periodic sequenceu which is de�ned
by

ui = h0
! i

(yi ); i = 0; 2; : : : ; 2p;

ui = h1
! i

(yi ); i = 1; 3; : : : ; 2p � 1;

is an f (0;1)-tra jectory satisfying our requirements.
(b) Making useof the �rst assertionin Corollary 7.1, we can establishthat for any

! 2 
 m and any positive integer n there existsa tra jectory u� n ; u1� n ; : : : ; un satisfying

ui 2 h(0)
! i

�
Z (0)

! i

�

for even i and satisfying
ui 2 h(1)

! i

�
Z (1)

! i

�

for odd i .
Taking the coordinate-wiselimit we concludethat for any given sequence! 2 
 m

there exists a tra jectory satisfying

ui 2 h(0)
! i

�
Z (0)

i

�

for even i and satisfying
ui 2 h(1)

! i

�
Z (1)

i

�

for odd i . The lemma is proved.
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8 App endix

8.1 Pro of of Prop osition 1.1

Let � i ; i = 1; : : : ; n0 denotessegments of u0(x) on the interval (i � 1)T � x < iT .
Now we introducea positional notation u� (x) = : : : ; � j � 1 ; � j 0 ; � j 1 ; : : : which meansthat
u� (x) is de�ned as u0(x � kT + (j k � 1)T) on kT � x < (k + 1)T. In this notation
u! can be written as the concatenationof sequences� 1; : : : ; � n0 and � 1; : : : ; � n1 ; such
a representation can be easilyobtained by an expansionof ! where0 is substituted by
� 1; : : : ; � n0 and 1 by � 1; : : : ; � n1 .

Consider the casewhen there exists i � 0 such that ! (1)
i 6= ! (2)

i . The other case,
when all i such that ! (1)

i 6= ! (2)
i are lessthan 0, is symmetrical and can be proved in

the similar fashion. We usethe following combinatorial lemma.

Lemma 8.1 Consider the set 
 = f ! = ! 0; ! 1; ! 2; : : : : ! i 2 f 0; 1gg of in�nite se-
quences of 0s and 1s. Let � = � 0; : : : ; � n0 � 1 and � = � 0; : : : ; � n1 � 1 be words with
symbols from the a �nite alphabet A . We assumethat � is longer then � . Consider
the encoding w(! ) of ! when each 0 in ! is substituted by the word � and each 1 is
substituted by the word � .

If ! (1) 6= ! (2) then w(! (1) ) 6= w(! (2) ).

Proof: First we would like to note that if � i 6= � i for somei , 0 � i < n1, then the
statement of the lemma is obvious. Thus we considerthe casewhen

� i = � i wherei = 0; : : : ; n1 � 1: (8.1)

Denotew(1) = w(! (1) ) = w(1)
0 ; w(1)

1 ; : : : and w(2) = w(! (2) ) = w(2)
0 ; w(2)

1 ; : : :. Weargue
from the contrary, assumingthat w(1) = w(2) . Let i0 = minf i : ! (1)

i 6= ! (2)
i g. Without

lossof generality we assumethat
8
>><

>>:

! (1)
i 0

= 0;
! (2)

i = 1 for i 0 � i < l; l > 0;
! (2)

l = 0:

(8.2)

Let ! (f ) = ! 0; ! 1; : : : ; ! i 0 � 1 denotesthe commonpart of the ! (1) ; ! (2) . Introduce p =
(i0 � 1)n0 � (n1 � n0)

P i 0 � 1
i =0 ! (1)

i which is the length of w(! (f )).
Table below contains parts of w(1) ; w(2) starting at p. Vertical lines are used for

element grouping and their meaningwill be clari�ed later.
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i 0 1 : : : n1 � 1 : : : ln1 : : : (l + 1)n1 � 1 : : : n0 � 1
w(1)

i + p � 0 � 1 : : : � n1 � 1 : : : � ln1 : : : � (l+1) n1 � 1 : : : � n0 � 1

w(2)
i + p � 0 � 1 : : : � n1 � 1 : : : � 0 : : : � n1 � 1 : : : an0 � ln1 � 1

(8.3)
To simplify the discussionwe de�ne rewrite the sequence� 0; : : : ; � n0 � 1 asa sequenceof
k = bn0=n1c blocks B i of length n1 (i.e. B i = � in 1 ; : : : ; � (i +1) n1 � 1 for 0 � i < bn0=n1c)
and B � = � kn1 ; : : : ; � n0 � 1. If n1 divides n0 we assumethat B � is empty.

Now (8.3) can be rewritten in the block form as

i p p + n1 : : : p + (l � 1)n1 p + ln1 p + (l + 1)n1 : : : p + kn1

w(1) B0 B1 : : : B l � 1 B l B l+1 : : : B �

w(2) B0 B0 : : : B0 B0 B1 : : : Bk� l

(8.4)
wheretop row contains the position of the �rst symbol of the blocks in the sequences.
The assumption w(1) = w(2) implies that blocks in the sequencesabove that have
sameposition should have equal elements. By (8.2) B0 = B1 = : : : = Bmin f l ;k � 1g and
B l+ i = B i with 0 < i < k � l which meansthat

B0 = B1 = : : : = Bk� 1 (8.5)

or ai = aj for all 0 � i; j < kn1 such that i = j mod n1.
Now if n1 divides n0 then the sequenceB0; : : : ; Bk� 1 is periodic with period n1 and

so does the word � . This contradicts with the fact that � has minimal period n0 by
the conditions of the lemma.

Consider the casewhen n1 doesnot divide n0, which meansthat B � is not empty.
By (8.5) we have the following equationsfor the � i composing B � : � kn1+ i = � i , i =
1; : : : ; n0 � kn1. SinceB � is always followed by B0 (see(8.1) ), we have � i = � j for all
0 � i; j < n1 such that i = j mod (n0 � kn1). This in turn implies that either all � i are
equal or � is n0 � kn1 < n0-periodic. Any of those facts contradicts the conditions of
the lemma for � .

Finally sinceu! (1) 6= u! (2) we can write

sup
�1 <x< 1

ju! (1) � u! (2) j � min
d(i;j )6=0

d(i; j ) = rmin > 0;

whered(i; j ) = sup0� x<T ju0(x + (i � 1)T) � u0(x + (j � 1)T)j. Proposition 1.1 is proved.
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