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Abstract

The periodically forced extendel KdV eguation is considerd. We investigate the
structure of the totality of steady pro les. The existene of pro les which are close
to any shuing of two basic pro les is provead, and hene the existene of spa-
tial ly chaotic and recurrent solutions. The proofs are basal on topological degree
theory to analyse chaotic behaviour. These proofs combine ideas suggestd by P.
Zgliczynski (Topol. Methods Nonlinear Anal, 8 (1996), No. 1, pp. 169{177)
with the methal of topological shadowing(A.V. Pokrovskii, Journal for Di erence
and Di erential Equations, 4 (1997), No. 3-4, pp. 335{360).
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1 Intro duction

1.1 KdV

This paper is concernedwith chaotic behaviour of a secondorder periodically forced
ordinary di erential equation. The equationis a reducedform of the periodically forced
extendedKorteweg-deVries (eKdV) equationwhich, with viscousdampingincluded, is
given by

@ @ 2= + bu@ + d@ + @u _ RO(x) : (1.1)

@ @& @& @ @ o

Here ;a;b;d and arereal parameters,R(x) is a periodic function and R%is the

derivative of R. We will alsoconsiderthe casewherea is zeroand (1.1) reducesto the
forcedKdV equationwhich is a well known model for weakly nonlinear dispersive waves.
Physical problemswhere quadratic nonlinearity is small and cubic nonlinearity cannot
be neglectedlead to equationssud as (1.1). Examplesinclude uid suspensions[8],
magnetolydrodynamics[47], and large amplitude internal oceanwaves[14]. Moreover
the eKdV equationis alsoof interest in its own right asa model for undercompressig
nonclassicakhaocks, seg[21]. Undercompressig shocks arisewhenwe view (1.1), in the
absenceof dispersion and damping, as a scalar consenation law with the noncorvex
ux functionf = u+ bu?=2+ au®=3

@, 0 _

@ @
Shack solutions to this conseration law are then known to be structurally sensitive
to regularisation through the terms d% and %: This structural sensitivity implies
that the shock strength itself is dependen on the ratio of dispersionto dissipation as
d! 0; ! O:Asaconsequenceyhile solutionsof the eKdV include solitary waves of
both positive and negative polarity, there is alsofor ad < 0 an undercompressie shock
solution, see[37].

Now we can add forcing which arises,for example,as compactforcing in strati ed
uid owswhereR (x) modelsanimposedobstaclein the ow, se€[31,29]. For the case
of periodic forcing, perhapsthe simplest physical exampleis a uid in a horizontally
oscillating cortainer. Then forced wave oscillations are generated. For a single layer
uid in atank which is subject to periodic sloshingcloseto a resonan frequency the
surfacewave amplitude is described by a periodically forced,damped KdV equation (in
the notation of equation(1.1) a= O,R = Rgsin(! x) ), se€[10]. This ewlution equation
was shavn by Cox and Mortell [10] to exhibit multiple periodic solutions involving
solitary-like waves superimposedon a periodic wave badkground. The existenceof an
in nite family of periodic solutionswasshaown rigorously, for the undamped steadycase,

0: (1.2)
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in [16], whereu = u(x) anda= = 0in (1.1). An analysisfrom a dynamical system
viewpoint was carried out in [15]to indicate a period-doubling and Melnikov sequence
of subharmonicbifurcations leadingto chaos. The extensionto a two layer uid results
in equation (1.1) which descrikes the forced sloshingof interfacial waveswhere R (x)
is the imposedoscillatory tank motion, and is a detuning parameter measuringthe
di erence betweenthe forcing frequencyand fundamenral frequencyof the interfacial
wave.
Eliminating time dependencen(1.1), we write the ordinary di erential equation

u+ au?u®+ bul+ du®®® u%= RO(x): (1.3)

whereu = u(x). In our setting this equation descrikes the steady time independert
pro les for the eKdV equation (1.1).

We will always assumethat d 6 0. If, additionally, a 6 O then performing the
rescalingas suggestedn [29], we can eliminate the term proportional to uu®. Therefore
equation(1.3) canbe reducedto the ordinary di erential equationin the standardform

u®%  u%% Lu WO+ WP+ rdx) =0 (1.4)

where equalseither 1 or 2, ;; ,; 3 are constarts, and r(x) is a periodic function.
integrating (1.4) oncewith respect to x we cometo the equation

—21u Ty u+r(x)+c=0 (1.5)

u%%+ 1uo+
where c is an integration constart. Further particularities concerningphysical badk-
ground of this equation, aswell asa small bibliography survey are relegatedto Section
1.4.

Equation (1.5) hasa broad spectrum of applicationsdi erent from those mertioned
above. For instance,it canbe consideredas a genericdescription of a forced nonlinear
oscillator with linear viscousdamping. For = 2, 3 > 0 we have motion in a single
potential well with potential V (u) given by

V(u) = 1—22u4+ guz + cu; ,< O (1.6)

For the symmetric potertial well (c= 0), a period doubling sequencedeading to
chaosis predicted in [19], and a forcing amplitude versusfrequencydiagram involving
saddle-nale and period-doubling bifurcations is generatedin [46]. Another application
of (1.4) isin the modelling of the rolling motion of shipsin regular seas.In particular the
problem of escape from a potential well in responseto periodic forcing hasbeenshavn
to be relevant to loss of stability and eventual capsize. Extensive numerical studies
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also exist for the caseof the cubic potential and Melnikov methods have been used
to successfullypredict the onset of fractal basin boundarieswhich lead to esca, see
[45]. Melnikov methods have also beenused(both classicaland adiabatic) to examine
the periodic behaviour for a forcedeKdV, see[29]. In particular, Mackey and Cox [29]
extendthe Melnikov approad to the small frequencyregimewhich is directly applicable
to the two layer sloshingproblem. The motivation for the presen paper lies in their
results where, for certain parameter states, a Poincare map exhibits a fractal structure
assaiated with positive Lyapunov exponens.

In summary: Melnikov methods have beenusedto predict parameterdomainswhere
chaosmay be located, computational solutionsindicate the presenceof chaosand Lya-
punov exponerts show sensitivity to initial conditions. What is still required is a rig-
orous proof of the existenceof chaosfor equation (1.4). This is the aim of the presen
paper. Tednically we will investigatethe structure of the totalit y of boundedsolutions
of the equation(1.4). In cortrast to the papers[29, 15]we areinterestedin the analysis
of this structure at somegiven valuesof parameters 1; ,; 3 (there will be no "small'
or "large' parametersin the paper). The speci ¢ valuesof the parametersand the form
of the forcing terms r{x) were adapted from the papers [15, 29], as those leading to
especially rich behaviour.

1.2 What we are going to achieve

In this subsectionwe explain the main ideasbehind our results at an informal level.

Let T be the minimal period of the forcing term rqx) in the equation (1.4); thus
any periodic solution of that equation must have a period which is a multiple of T. Let
No be a positive integer and

Ug(x); 1 <x<1; 2.7)

be a function with the minimal period ngT. This function will play the role of an
approximate ngT-periodic solution of the equation (1.4). We will always deal with
the situation when the functions ug(x); ud(x); u°¢{x) are piece-wisecortinuous, and the
limits

u(x 0)= ym ux); uqx 0)= ym udx); ulx 0)= ym ux)

are well de ned at the points of discortinuity. In our setting the wording “the function
Uo(X) can be consideredas an appraximate nqT -periodic solution of the equation (1.4)'
meansthat, rstly , the jump

juo(y) uo(y 0)+jug(y) uoly O0)i+jugly) ugly O)
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at any discortinuity point y is rather small, and, secondly the function almost satis es
the equationbetweensuccessi@ points of discortinuity (the quartitativ e boundsfor the
correspnding discrepancieswill be speci ed below).

Supposethat for a positive integer n; < ng, the number

juo(0) ug(niT  0)j + jug(0) ug(niT  0)j + jupf0) ugtn: T O);

is small. Then we cantreat the n;T-periodic function u;(x); 1 < x < 1, which is
de ned by u;(x) = ug(x);0 x < n,T, asan approximate n, T-periodic solution of the
equation (1.4). Sinceny is the least period of ug(x) and n; < ng, we de ne r by

r = supjuo(x) ui(x)j> 0 (1.8)

Figure 1 illustrates the situation for the caseny = 2;n; = 1: the functions uy and u;
are graphedby a solid and a dotted line, respectively.

Figure 1: Functions ug (solid) and u; (dotted). Here ug has period 2T, u; has period T;
thus ug; u; coincideon2nT x< (2n+ 1)T,n=0; 1; 2;:::in this case.

We canuseasapproximate patterns for possiblewave pro les not only the functions
uo(x) and uy(x) themsehes, but also all possible 'shuings of these functions'. To
explain what this meanswe need additional notation and de nitions. Let be the
totalit y of all bi{in nite binary sequence$ = f! igilz ., with!;2f0;1gfori=0, 1,

2,:..: Toeah sequenceé 2 there correspndsthe sequenceof numbersx; to be
de ned by xo = 0;



fori=1;2,3;:::; and by
Xi= T n
fori = 1; 2 3;:::;. That is, the real line IR! is partitioned into the intervals

Ii = [Xi;Xi+1) wherethe length of the interval |; equalsn, T. Figure 2 illustrate this
idea: here

Il =::::0:1,0;1;1;0;::: (1.9)
and the elemen ! ; is in bold.
- | i ERRRREEE RS (——
T 0 T 2T 3T 4T
Figure 2 Partition of IRy corresponding to ! = :::;0;1;0;1;1;0;:::; we graph the intervals corresponding to ! ; = 0
by the solid lines and intervals I, corresponding to ! ; = 1 by the dotted line, with ! ¢ = 0 in bold

Correspondingto any ! 2 the function u, (x) is de ned by
u(X)=u,(x X); for Xi X< Xj:

Figure 3 graphsa fragmert of the function u, for the casewhen! satis es (1.9).

Figure 3: Function u, for! =:::;0;1;0;1;1,0;:::

We will usethe notation U =fu, (x):! 2 @



Prop osition 1.1. Any two functions u, ;U@ 2 U are dierentif | D 6 1@,
Moreover,

sup juw Uej=r0W1®y rao>0 1W1@2 - 1We1@ (1.10)

1 <x<1
The proof of the proposition is straightforward and sois omitted.

Corollary 1.1. The value

(U )=t r@OHE) e >0 1@ @2 (@)

is strictly positive.

We call r(U ) the sepration thresholdfor the setU
If the sequence is p-periodic in the sensehat ! ; = !, fori=0; 1, 2::: then
the function u, (x) is T, -periodic where

T! =T n . : (112)

The number (1.12) is the minimal period of the function u,, provided that p is the
minimal period of the sequence . Thus, amongthe elemens of the setU there are
periodic functions with arbitrary large minimal periods. Howewer, the main bulk of the
setU consistsof functions which do not follow any particular pattern.

Let " be a positive number satisfying

"<r(U )= (1.13)

Wewill say that the equation(1.4)is (uo; uy; ")-compatibleif the following two conditions
hold:

(C1) For any function u, (x), ! 2 there existsa cortinuum of solutionsu(x) of the
equation (1.4) satisfying the uniform estimate

max jux) uwX)j<™ (1.14)

1 <x<

(C2) Additionally, if the sequence is p-periodic, then there exists a cortinuum of
T, -periodic solutions u(x) of the equation (1.4) satisfying the uniform estimate
(1.14), whereT, is given by (1.12).



U (x)- e

Figure 4: A function u(x) (solid dark curve) satisfying (1.14), with ! = :::;0;1,0;1;1;0;:::

Figure 4 graphsa function u(x) that satis es (1.14), where! satis es (1.9).

For small ", functions u(x) satisfying (1.14) follow closelythe "guidance'of a cor-
responding function u, (x). In the terminology of hyperbolicity theory, a function u( )
is an "-shadowof u, (). Since" is strictly lessthan half of the separationthreshold
r(U ), any solution u(x) can be consideredas an "-shadav of not more than for one
guide u, . Thus, the meaningof (ug; us;")-compatibility is that for any pattern given
by afunctionu, 2 U wecan nd plenty of wave pro les eat of which is an "-shadav
of u, .

The principal purpose of this paper is to present(for particular valuesof parameters)
functions ug, u; and a positive " < r(U )=2 suchthat the equation (1.4) is (ug; uy;")-
compatible.

1.3 Why it is interesting and imp ortan t

The (up; us;")-compatibility implies, in particular, that the totality of boundel wave
pro les is smatially chaotic in a topological sense We recall, as an aside, that the
three main aspects of chaotic behaviour are equally important: the measure theory
aspect sudh as the existenceof the Sinai{Ruelle-Bownen invariant measures[43]; the
“sensitivity' aspect, sud as positivity of Lyapunov exponerts [23]; and the topological
aspect describingirregular mixing propertiesin terms of symbolic dynamics[23].

At an informal level the topologicalaspect of the spatially chaotic behaviour canbe



descriked asfollows. Supposethat we register the forms of the waveswithin a certain
precision , where isgreaterthan", but signi cantly lessthan the separationthreshold
(seethe relevant numerical information in the next section). Then a “shadav-solution'
u(x); satisfying (1.14), is indistinguishable from its guide u, (x), although di erent
guidesare quite distinguishable. Thus any chaotic shuing u, of two basic patterns
Ug, U; provides a possiblesteady pro le (within the accuracy ).

The next level of formalization requiresideasof symbolic dynamics. Denoteby n the
least commonmultiple of the numbersng;n;. Alsolety 2 [0;neT) bea xed number
sudh that jug(y) ui(y)] > 2" (such any existsby (1.13)). Firstly, we characterizea
function u(x); 1 < x< 1, by the bi-in nite sequenceof its values

u = u(inT +y); i=0 1, 2::: (1.15)

That is, we measurethe valuesof u(x) “stroboscopically'with the uniform interval nT
between the measuremen positions. Further, encale the function u(x) by a binary
sequence 2 , which is constructed asfollows. Let

lo = [uo(y) " uo(y)+"]; l1=T[uily) "uuy)+"[

The intervals | and | ; do not intersectsincejug(y) ui(y)j > 2". If for any i the value

u; belongseitherto I or to 14, then we de ne the code sequenceé = ! (u()) by setting
I = 0in the rst instance,and!; = 1 in the second.In other words, we indicate the
measuremen positionsinT , i = 0; 1; 2;:::wherethe function u(x) goesthrough a

window 1, or I, (seeFigure 5). If the value u; doesnot belongto one of thesetwo
windows for somei, then our coding p{ocedurefails, and we are not interestedin sut
‘unencalable’ functionsu(x). Sincelo 1, = ;, not morethan onecode cancorrespnd
to a particular function u(x). Now the compatibility condition (C1) implies that any
randomsequene ! appears as a code for somesteady pro le. (Indeed, let usintroduce
a sequence by substituting n=ny ones(n=n; zeros)instead of any one (any zero)
ertry of the sequence . Then, the function u, (x) 2 U hasthe required properties.)

Let usnow delve a bit deeper. For a given function u(x) we denoteby v() = ,ru()
its (left) nT-shift to be de ned by v(x) = u(x + nT). Let us denotealsoby the
standard (left) shift on given by

() =10= ot O 39y

10700 1
where! °=1,,;. Forinstance,if ! = :::;0;1;,0;1;1,0;:::, then
19=:::;0,1,0;1;1,0;:::

Prop osition 1.2. Supmse that the equation (1.4) is (uo; us;")-compatible. Then to
each! 2 thereis a solution v, (x) of the equation (1.4), suchthat v, () hasthe code
I, and this corresppnden@! 7! v, is shift invariant: v, ()=v () for! 2
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-nT nT 2nT X

Proposition 1.2 can be proved in a standard way using the Zorn Lemma. In technical
terms, the above proposition meansthat the restriction ,rjy of the shift , r to the
setV = fv, : 1 2 gissemi-onjugateto the shift in . Sud semi-conjugacyis
widely recognizedas the most important attribute of topologically chaotic behaviour,
see,for example,[23].

It is also important to note that (ug; uy;")-compatibility implies the existenceof
waves with a wide range of nontrivial regular patterns. For instance, one more basic
characteristic of chaotic behaviour is an abundanceof periodic solutionsand, in partic-
ular, an exponertial rate of increaseof the maximal number of pairwise "-separated
kT -periodic solutionswhenk increasesse€23]. On the physicalside,this characteristic
is important in the cortext of the article by Cox and Mortell (1986).

Prop osition 1.3. Suppsethat the equation (1.4) is (uo; us;")-compatible and denote
by n the least common multiple of the numkers ng; n1. Then it hasat least 2 periodic
solutions of period kn which are pairwise "-searated.

This assertionfollows immediately from the de nitions. 0O

Another example of functions with a regular pattern is given by the so-calledre-
current functions, which exhibit fractal type features. The recurrenceproperty of a
function u(x) with 1 < x < 1 meansthat for eat pair of positive numbers ("; X)

Two functions u(x); v(x) are "-separatedif supju(x) v(x)j>"

11



there exists A > 0 sud that for eat real , any interval which is longerthan A con-
tains sud that the function x ! u(x + ) is "-closeto the function x ! u(x+ ),
x 2 [ X;X]. Recurrert non-periodic functions are important today in the analysisof
desyntironized systems,various new modelsin biology etc.

The notion of a recurrert sequence is de ned analogously Recall, in particular,
the classicalMorse example of a recurrert sequence.We begin from the one-elemen
sequences; = 0 and then substitute at eat step the two-elemen sequencd; 1 instead
of 0 and two-elemen sequencel; 0 instead of 1. Thus,

$1=0;1;5,=0;1;1;0; s3= 0;1;1;0;1;0;0;1; s, = 0;1;1,0; 1, 0; 0; 1, 1, 0; 0; 1, 0; 1; 1; O

etc. After in nitely many iterations we obtain the famousforward Morse sequencev .
Consideringbadkward shifts of this sequencend their weak limits we arrive at the set
M of bi-in nite  Morse sequences.

Prop osition 1.4. Supmsethat the equation (1.4) is (up; u;;")-compatible and the se-
qguene ! is recurrent in the Morse sense(for instance, one of the setM ). Then there
existsa recurrent, non-periodic, wavepro le satisfying (1.14)

The proof follows the standard constructions[44] and sois omitted.

In conclusionwe discussthe advantagesand drawbadks of our resultsand techniques
comparedwith the Melnikov method.

The Melnikov method providesa tool to prove the existenceof horseshe-like struc-
tures for the correspnding Poincare mappings. It hasthe following features:

I. The method is applicable for in nitesimally small perturbations of Hamiltonian
systems

ii. The Melnikov method guararteesthe existenceof the Smalehorseshe for some
(large) iteration of the correspnding Poincare mapping. Howewer, the number
of iterations required becomesn nitely large asthe perturbation is becomesn-
nitesimally small.

iii. Due to ii, fragmerns of trajectoriesthat correspnd to 0 and 1 in bi-in nite se-
guencegeneratedby the horseshe are very long and hardly distinguishablefrom
ead other.

In summary the Melnikov method is a powerful tool for the analysis of abstract dy-

namical systems. It doesnot, howeer, yield information about trajectories of a given
system,which could be obsened in experimerts or veri ed by numerical simulations.
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In this sensehe Melnikov method doesnot bridge the gap betweensystemanalysis
and obsenable experimerts. One of the certral tasksof Applied Mathematics s surely
to do so.

In cortrast to the Melnikov method, the approad presened in our article allows us
to:

i. Considera given dynamical systemwith speci ed parameter values (not neces-
sarily approading zero);

ii. Specify a relatively small number of iterations of the Poincare mapping and the
setsfor which there is a horseshe-like dynamics;

iii. Give distinguishable wave pro les that correspnd to 0 and 1 in bi-in nite se-
guences.

Our method therefore provides results which are veri able (and maybe more impor-
tantly) falsi able by straightforward experimerts. Furthermore, we can now extend
our techniquesto analyseodesof up to 5-th order.

Another approad for establishingthe existenceof chaotic behaviour is to locate
a transversehomaclinic point for the Poincare map. A transverseintersection of sta-
ble and unstable manifolds of a hyperbolic xed point guararteesthe existenceof the
Smale'shorseshe. Sincethere is no analytical represetation of the Poincare map, we
needto nd a hyperbolic xed point and numerically construct both its stable and un-
stable manifolds. Unfortunatelly guararteed numerical construction of the reasonably
long piecesof the manifolds and ched of their transverseintersection are far beyond
the computational power of modern computers.

1.4 History of the equation (1.5)

Chester[3 consideredthe physicsof resonainly forced oscillations of a nite tank con-
taining shallov water. He derived basic steady-state equation (5.17), which governed
the periodic oscillations balancing the e ects of frequency dispersion, nonlinearity ,
and dissipation due to the boundary layers. In Chesterand Bones[6], the experimen-
tal obsenations are comparedwith the results of Chester [5] theoretical model. The
conclusionis \There is reasonableagreemeh betweentheory and experimert over the
range of parametersinvestigated”, see[6]. The fundamenal correctnessof Chester's
model has newer beenchallengedin more than 30 years. The equation which we use,
equation (1.5), is a variant of Chester'sequation (5.17). We model the dispersion by
a higher derivative term instead of Chester'sintegral term, and we use Burgers' type
damping rather than boundary layer damping. This is standard; see[35, 32, 10, 24].
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With regard to the latter, Chester and Bones[6] remark \The oscillations here are
determined essetially by the non-linear and dispersive properties. Dissipation is of
secondaryimportance... ." Which regardto the former, it is well known that Chester's
integral term for dispersioncan be approximated by a derivative term, see[35, 32, 36].

That steady-stateperiodic oscillationsin shallov water are governedby our equation
(1.5) and are usedin that context canbe chedked in [5, 35,9, 32,10, 36, 30, 13, 4].

Referenceg5, 35, 9, 32 10, 36, 16, 22] examineour equation (1.5) in the context of
resonarn water wave oscillations. Reference$15, 30, 4] give a wider physical cortext for
examining equation (1.5), and speci cally raisethe questionof the existenceof chaotic
solutions.

The only papersto considerthe ewlution of periodic wavesin the cortext of reso-
nantly forced oscillationsare [9, 32] and [10. In [10] it was shovn that the obsened
periodic oscillationsdid indeedresult from an ewlutionary process.

Referenceq16] and [22] give a rigorous proof of the existenceof certain type of
periodic solutions to (1.5). In [16], the origin of the equation is speci cally related
to the resonam water wave problem. If an obsener is stationed at one end of the
oscillation tank, what he obsenesin the long term are the time-periodic oscillations of
the heigh of the water of that end. Theseoscillationsare descrilked by the solutionsto
equation(1.5). The predictionsof (1.5) match the experimertal obsenations of Chester
and Bones[6]. The physicsunderlying the derivation of (1.5) couldn't be clearer.

The literature is replete with referencedo equation (1.5) in the context of resonan
forced oscillations. The physicsleadingto the equation (1.5) has beenunderstood for
more than 30 yearsand has newer beenchallenged. The physical referenceof periodic
solutionsis establishedby examiningan ewlutionary processand by comparisonwith
experimert.

In the paper we do not investigate under that conditions an initial state might
ewlve to a chaotic state. That is our choice. We do consider,howewer, whether there
are chaotic solutionsto the steady state ODE (1.5). In doing sowe do not losemost of
the physics. As demonstratedabove the essehal physicsin incorporated in equation
(1.5) by the balanceof dispersion and nonlinearity. To assertotherwiseis to assert
that the vast bulk of the referencesgiven above, published in referencedjournals of
applied mathematics and physics, dealt with, at best, some marginal aspects of the
physics of the problem proposed. It was shown is Seq... and Mortell (1980), J.Fluid
Medh. 99, 365-382that resonar oscillationsof a gasin a closedtube are governed by
the \standard mapping", seeLichterberg and Lieberman[2§]. (In this case,the exact
equationsare hyperbolic asthe dispersionparameteris zero). Howeer, chaotic motion
is not possibledue to the occurrenceof shacks. In a dispersive systemshocks do not
form, and sothe possibility of chaotic motion can arise, esgecially in the vicinity of the
separatricsof the hyperbolic system.
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The referenceg30, 13, 4] addressthe questionof the occurrenceof chaotic solutions
for the equation(1.5). The Melnikov method is usedin [13 and [4], but a rigorousproof
of the existenceof chaotic solutionsis not given. In [13]they declare\our future work
will focus on whether the hypothesisof a periodic or possibly chaotic steady state for
the long time behaviour of the fKdV equation can be established". We still await the
outcome! In the meartime, we considerif worthwhile to give a rigorous proof for the
periodic casegovernedby the ODE (1.5). We further remark, that sinceour proof is a
valid one, no objections has beenraise, we seeno reasonwhy we also have to produce
a secondproof by using the Melnikov method (assumingone exists). Ours is a novel
proof, it ful lls its purpose,and we seeno reasonwhy it should be censored.

1.5 Paper's structure and remarks

The paper is structured as follows. In the next sectionwe formulate our main results:
Theorem1 for the case = 1lisin Subsection2.1,and Theorem2 for the case = 2in
Subsection2.2. In Section3 we give the proof of Theorem 1, excluding computer aided
estimateswhich are relegatedto Section4. In Section5 we discusschangescorverting
the proof of Theorem 1 to the proof of Theorem 2. In Section 6 we explain how the
correspnding function ug(x) is constructed. Somemore technical constructions are
relegatedto the Appendix.

We make a remark to concludethe introduction. We have chosenand discussed
the problem, designedthe proofs and written this paper together, and the authors are
listed alphabetically. Howewer, the three older authors would like to highlight the role
of our youngercolleague Oleg Rasslkazov; in particular, the results of Section4, aswell
asdicult computing, are mainly his.

2 Principal results

2.1 Results for the case =1

This is the caseof the periodically forcedKdV equation. For = 1wewill beinterested
in the following set of parameters

1=02, =6, 3=0; (2.1)
and the forcing term r{x) is given by

rqx) = (0:194sin(0:35x))°= 0:0679c0s(0:35x) (2.2)
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Thus, equation (1.4) is
u%% 0:2u%%+ 6uu’+ 0:0679c0s(0:35x) = 0 (2.3)

The parameters(2.1) and the forcing term (2.2) coincidewith those suggestedn [15]
wherethe chaotic-like behaviour was indicated.
Equation (2.3) is equivalert to the “union' of the secondorder equations

u%+ 3u? + 0:2u%+ 0:194sin(0:35) = c; (2.4)

where c is a constant: that is, a function u( ) satis es (2.3) if and only if it satis es
(2.4) for somevalue of c. A special role will be played by the equation

u%+ 3u?+ 0:2u%+ 0:194sin(0:35x) = 0:2: (2.5)
Below we will usethe values

Ng=13 n; = 1

solution of (2.5) satisfying

uo(0) = G; ug(0) = ¢, (2.6)
All ¢;c are given in Table 1. The function uy(x), by de nition and n; = 1, coincides
with ug on [O; T).

Thesefunctions are easyto calculate to any reasonableaccuracy; for instance, in
Section4 we will prescribe a method which has a guararteed accuracyno worsethan
0:0005. SeealsoFigures6-8 for a graphical represetation of functions ug and u;. Note
that, despite appearance,the functions up and u; are not cortinuous; they have very
small jumps at points iT =2 for integeri.
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0.3

0.2

0.1

Table 1: Initial conditions

(ci; D

(ci; )

©CO~NOUOD_WNEO™

(0.168458,-0.028744)
(-0.009622,0.169115)
(0.168203,-0.029341)
(-0.007826,0.170089)
(0.168943,-0.027629)
(-0.012995,0.16726)
(0.16757,-0.030873)
(-0.003261,0.172522)
(0.17021,-0.024861)
(-0.021494,0.162441)
(0.165468,-0.036462)
(0.012901,0.18063)
(0.175064,-0.015762)

(0.160083,-0.058045)
(0.067558,0.201581)
(0.19454,0.007442)
(-0.120489,0.092541)
(0.167001,-0.129583)
(0.17489,0.199605)
(0.238598,0.019429)
(-0.012026,0.169565)
(0.167699,-0.029433)
(-0.009618,0.169092)
(0.168461,-0.028752)
(-0.009566,0.169146)
(0.168458,-0.028744)

-0.1

Figure 6: Function ug(x) with period 13T = 13(20 =7), 0
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Figure 7: Function u;(x) with period T = 20 =7,

0
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0.3 ¢
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Xx<T

-0.1 ¢

Figure 8: T-fragments u$’(x) = up(x + iT), i =

0;1;::

;12,0  x < T; of the function ug(x) su-

perposedon the samegraph.
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Let us recall that U denotesthe totality fu, (x) : ! 2 g of all shuings of
functions ug( ); us( ) and that the separationthreshold is de ned by (1.10) and (1.11).

Lemma 2.1 Let ug be de ned by (2.5) and (2.6) andn; = 1. Then
r(u )> 0oL (2.7)
Proof: Let ! W;1 @ 2 and! ® 6 | @, We must establishthe estimate
Uy UE]>01 1 <x<1: (2.8)
Considerthe set of functions
Vi(X) = Up(x+IT); i=0;:::;12; 0 x<T:
Introducethe number

R = maxminf sup jvi(x) Vv;(X)jg: (2.9)
I J81 x210T)

By construction,
SEPJ'U! o(X) ueXj R

forany ! W 6 1 @ By (2.9) it remainsto prove

sup jvio(x) Vvj(x)jg> 01, j 6 10 (2.10)
x2[0;T)

On a heuristic level this estimate can be seenin Figure 8. The inequality (2.10) will be
proved rigorously as part of Lemma3.3. O

By this lemmathe (uo; us;")-compatibility is well de ned whenewer " < 0:05. Our
principal result for the case = 1lis:

Theorem 1. The equation (2.3) is (ug; uy; 0:006)}compmatible.
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2.2 Results for the case = 2

This is the caseof the periodically forced eKdV equation. For = 2, we considerthe
following set of parameters

1= 012 = 3 3= 2; (2.11)
and the forcing term rq{x) given by
rqx) = (0:0935c0%x))°=  0:0935sinx: (2.12)
The equation (1.4) then is
u®% 0:120%° 3u?u®+ 2u® 0:0935sin(x) = O: (2.13)

The parametervaluesin (2.13) almost coincidewith those suggestedn [29 wherethe
chaotic-like behaviour wasindicated. The reasonfor a small correction of thesevalues
is explainedin Section6. Again, the equation (2.13) is equivalert to the union of the
secondorder equations

u% 0:12u° ud+ 2u+ 0:0935c0€X) = c; (2.14)
wherec is real parameter. We considerthe speci ¢ equation
u%+ 0:12u° u®+ 2u+ 0:0935cogx) = 1 (2.15)
We chooseng = 17; n; = 1 and de ne the function ug(x) on ead interval
[T;(i+1T); i=0;:::;16
asthe solution of (2.15) satisfying
Uo(0) = G; ud(0) = ¢ (2.16)

wherethe numerical valuesof ¢;; c® are given in Table 2. The function u;(x) coincides
with ug at [0; T). SeeFigures9-11for the correspnding graphs.

The estimater(U ) > 0:2 can be proved in a similar mannerto (2.7). Therefore,
(uo; ug;")-compatibility is well de ned wheneer " < 0:1:

Theorem 2. The equation (2.13) is (ug; uy; 0:01)-compatible.
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Table 2: Numerical valuesfor (c;; c?).

(ci;c?)

(-0.464513, -0.0791581)
(-0.464653, -0.0809561)
(-0.464345, -0.0770493)
(-0.464951, -0.0838275)
(-0.464067, -0.0718612)
(-0.466117, -0.0922395)
(-0.464224, -0.0553997)
(-0.471908, -0.115105)
(-0.475483, -0.0009379)
(-0.502654, -0.15927)
10  (-0.598454, 0.115258)
11  (-0.615569, -0.16338)
12 (-0.451266, -0.0501459)
13 (-0.469482, -0.0875464)
14  (-0.463314, -0.0775216)
15 (-0.46485 , -0.0798663)
16  (-0.464483, -0.0798569)

©Co~NoOUMWNEFO

20 20 ch \}éo 100

Figure 9: Function ug(x) with period 17T = 34 ,0 x <
17T
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Figure 10: Function uy(x) with period T = 2
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Figure 11: Smile of CheshireCat - 17 fragmerts of the function ug
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3 Proof of Theorem 1

3.1 The key prop osition

In this subsectionwe introduce another, lessintuitiv e although technically more corve-
nient, notion of compatibility. We then reducethe proof of Theorem 1 to veri cation
of this new compatibility property.

Denoteby ,5 the totality of all bi{in nite sequences

I = flig-,
with !'; 2 f0;1;:::;25g;, 1=0; 1, 2;::::Denoteby the totality of the sequences
I 2 4 sudhthat ! = 0, and for ead integeri either the congruence
liep !y + 1(mod 26)
holdsor!; = 1;and!,,;, = 0. Figure 12 below illustrates the possibletransitions from

. to!l,,,.

@: ~J~-W-O-E- DO~~~
\

e)~(23~ (B~ @) ~ (0~~~ @) ~ @~ B~ @@

Figure 12: Possibletransitions from ! ; to !;,, for! 2

equation (2.4) is (U; )-compatible if the following two conditions hold:

(C1) Foreah! 2 there exists a solution u(x) satisfying (uir =; u% _,) 2 U, for
all integersi

(C2 ) Additionally, if I 2 is 2p -periodic, then the solution u(x) can be chosento
be p T-periodic.

The geometricalmeaningof Condition (C1 ) isthe following. Let! beany sequence
from . Considerthe planes ; = f(iT=2;u;u9g IR®; and cut the window Uy, inthe
plane ;, seeFigure 13. Then compatibility meansthat forany! 2  there existsa
solution u(x) sud that the trajectory (u(x);uqx)) passeghrough all windows.

Conditions (C1 ), (C2 ) are similar to Conditions (C1), (C2) from the de nition
of (up; uyg;")-compatibility. At the end of this subsection (after the formulation of
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Proposition 3.1) we shaw that the proof of Theorem 1 can be disagregatednto a proof
of (U; )-compmatibility for a specic family U, plus a straightforward veri cation of
simple explicit estimates. On the other hand, somesimple topological methods can be
applied for proving (ug; uy;")-compatibility; this will be donein Subsections3.2 and
3.3. Note alsothat the de nition of (ug; uy;")-compatibility is similar to that usedin
[39, 49], but we useonly thosefeatureswhich are pertinent to this paper.

by
n (0]
Pi= (U= (c;d)+ O+ Oy 5w Wy O, (3.1)

Theseparallelogramsare certred at the points (c;; ¢®) givenin Table 1, with the other
parametersgiven in Table 3, and are graphedin Figure 14.

W
P
R Ay H
.
- X
T o T

Figure 13: A function going through the windows U,

The following statemen will play the key role:
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Prop osition 3.1.

(a) For any c su ciently closeto 0:2 there exist compact setsU;  P; suchthat the
equation (2.4) is (U; )-compatible.

(b) The inequalities
ju(x)  up(x)j < 0:006 x2I[iT=2;(i+ 1)T=2); i=0;:::;25 (3.2)
hold wheneveru(x) is a solution of the equation (2.4) and

(u(iT=2); u{iT =2)) 2 P;:

Theorem 1 follows directly from Proposition 3.1.

Indeed: let! 2 , andc beascloseto 0.2 asit is requiredin Proposition 3.1. To
prove the theorem we must construct a solution u(x) of the equation (2.4) satisfying
the uniform estimate (1.14) for " = 0:006,i.e.,

L max, ju(x)  u (x)j < 0:006 (3.3)
Additionally, the function u(x) should be T, -periodic if the sequence is p-periodic.
HereT, is givenby (1.12) with ng = 13,n, = 1.
Firstly, we construct an auxiliary sequenced 2 by substituting ead 02 ! by
the sequence; 1 and substituting ead 12 ! by the sequence; 1;:::;25. Denote
X 1
p=p+t12 Iy (3.4)
i=0

or what is the same,
p = n,; where no=13 n; = 1 (3.5)

By (3.4)! is 2p -periodic, if ! is p-periodic.

By Proposition 3.1(a), there exist compact sets U Pi sud that the equation
(2.4) is (U; )-compatible. Thus, by condition (C1 ) there exists u(x) satisfying
(uir=2; U% _,) 2 Uy, for all integersi. Moreover, by condition (C2 ), the function u(x)
can be chosento be p T-periodic, if the sequence is 2p -periodic. By (1.12), (3.5)
this meansthat the solution u(x) can be chosenT, -periodic, if ! is p-periodic. All
that remainsis to note that the estimate (3.3) follows immediately from Proposition
3.1(b). Thus, in this subsectionwe have reducedthe proof of Theorem 1 to the proof
of Proposition 3.1. The rest of this sectionand all the next are dewoted to the proof of
this Proposition.
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Table 3: Sizesof parallelogramsP;

i vi(”) vi(s) ai(u) ai(s)

0 (-0.394505,-0.918894)  (-0.737837,-0.674979) 0.001 0.001
1 (-0.878053,-0.478564)  (-0.985157,0.171654) 0.0028 0.001
2 (-0.394197,-0.919026)  (-0.736342,-0.676609) 0.0008 0.001
3 (-0.880036,-0.474906)  (-0.986085,0.166241) 0.002 0.001
4 (-0.404,-0.914759) (-0.740651,-0.67189) 0.001 0.001
5 (-0.874423,-0.485164) (-0.982058,0.188577) 0.0025 0.001
6 (-0.375719,-0.926733)  (-0.732464,-0.680806) 0.0012 0.001
7 (-0.884944,-0.465698)  (-0.98921,0.146502) 0.003 0.001
8 (-0.428518,-0.903533)  (-0.747586,-0.664165) 0.0012 0.001
9 (-0.865376,-0.501124) (-0.974397,0.224833) 0.003 0.001
10 (-0.32828,-0.94458) (-0.717968,-0.696077) 0.001 0.001
11  (-0.902714,-0.430241) (-0.996977,0.0777) 0.0025 0.001
12 (-0.512742,-0.858543) (-0.770494,-0.637447) 0.001 0.002
13 (-0.835685,-0.549209) (-0.947796,0.318877) 0.0025 0.001
14  (-0.15667,-0.987651)  (-0.633884.-0.773428) 00015  0.002
15 (-0.962472,-0.27138) (-0.993207,-0.116359)  0.0025 0.001
16 (-0.76808,-0.640354) (-0.837402,-0.546588)  0.0009 0.001
17  (-0.773153,-0.63422) (-0.774819,0.632183) 0.0012 0.001
18 (0.325064,-0.945692) (-0.628771,-0.777591) 0.001 0.001
19 (0.898447,-0.439083) (-0.953436,-0.301594)  0.0008 0.001
20 (0.93828,-0.345876) (0.928436,0.371493) 0.00029 0.001
21 (-0.869252,-0.49437) (-0.982735,0.185017) 0.0015 0.001
22 (-0.378772,-0.92549) (-0.736829,-0.676079)  0.0008 0.001
23 (-0.878001,-0.478658) (-0.984749,0.173983) 0.002 0.001
24 (-0.394127,-0.919056) (-0.737816,-0.675002) 0.001 0.001
25  (-0.878111-0.478457) (-0.9848150.173608) 0.0028  0.001
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Figure 14:
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3.2 Topological hyperbolicit y

In this sectionwe remind the reader of the de nition of sometopological tools which
will play a major role below.

Iff : IRY 7! RYisacortinuousmapping,U  IRYisaboundedopenset,y 2 IR does
not belongto the imagef (@) of the boundary @ of U, then the symbol dedf; U;y)
denotesthe topological degree of f at y with respectto U, see[1]]. If 0 62f (@QJ), then
the number (f;U) = dedf;U;0) is well de ned and it is called the rotation of the
vector eld f at @J: The propertiesof (f;U) are described in detail in [25]. For an
isolated root a of the equation f (x) = 0 the Kroneder index, ind(a;f), is de ned as
the commonvalue of the numbers (f;Ba(")): Here" > 0is suciently small, where
B.(") denotesthe open ball of radius ", certred at a. The Kronedker index courts the
generalisedmultiplicit y of a root of the equationf (x) = 0; in this cortext, due to the
Kronedker formula [25], (f;U) canbe interpreted asthe algebraicnumber of roots of
the equationf (x) = O locatedinside U.

Fix two positive integersd,; ds with d, + ds = d. Let V and W be bounded, open
and corvex product-sets

v=VvWwW yvO Rt RE Ww=ww w6 RL RS

satisfyingthe inclusions02 V; W andletg:V 7! R® IR% be a cortinuous mapping.
It is corveniert to treat g asthe pair (g™:;g®) whereg® : vV 7! IR% and g : V 7!
IR% . The mapping g is (V; W)-hypertolic, if the equations

e Vo U
g @® V® S wW¥=:;;. gV) WY (R*nwW®) =;: (3.6)

hold, and
deg g (;0);V:0 6 0 (3.7)

Here S denotesthe closureof a set S.

The rst relationship (3.6) meansgeometricallythat the image of the "u-boundary’
@@  V® of V doesnot intersect the in nite cylinder C = W™  IR%; similarly,
the secondpart of (3.6) meansthat the image g(V) of the whole set (V) can inter-

sectthe cylinder C only by its certral fragmen w" WO, Thusthe rst equation
(3.6) meansthat the mapping expandsin a rather weaksensealongthe rst coordinate
in the Cartesian product R® IR%, whereasthe secondone confersa type of con-
traction along the secondcoordinate (the indices '(s)' and "(u)' refer to the adjectives
“stable’ and “unstable’, respectively). Figure 15 illustrates the geometricalmeaning of

the relationships(3.6) in the two-dimensionalcase.
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The application of the conceptof topologicalhyperbolicity is simpli ed signi cantly
if dy = 1. In this casethe mapping g (0; x")) is one dimensional,V() is an interval
( ; ) with < 0; and veri cation of the inequality (3.7) is trivial.

Lemma 3.1 The inequality (3.7) holdsif and only if g (0; )g™(0; )< O

a(v)

Figure 15: The horizortal axis represets R% and
the vertical one represets IR% for d, = ds =

1. The lightly shadedrectanglerepresets W =

WM W®: The darker shading is part of the
in nite cylinder C = V. IR%: This cylinder can-
not be intersectedby the imageg(V); the images
of @ V® alsocannotintersect W. The de-
formed quadrilateral represeits an admissiblelo-
cation of g(V): The black parts of its border are
imagesof the sets@ () V), whereasimagesof
v @/ aregray.
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3.3 How top ological hyperbolicit y can be used in the pro of of
the Key Prop osition

In this subsectionwe will link the notions of topological hyperbolicity and (U; )-
compatibility. Howewer, rst it is cornveniert to presen one further lemma{ Lemma
3.2.

Let m be a positive integer. Denoteby , the totalit y of all bi{in nite sequences

I = flig-,

with 12 f0;1;:::;m 1g; i=0; 1, 2;:::: This is consistem with the de nition
of .6 in Subsection3.1.

et AO = @ ™. AL = g ™17
- iij =0 ’ -8 iij =0
be squarem-matrices with binary ertries (labelling ag,o etc for matrix ertries is usual
and corveniert in symbolic dynamics,see[23]). We will usethe notation A®Y for the
pair (A©; AD) and analogousshorthand belov. Denoteby ,0:1 the setof sequences

I from , satisfying

fl 2 m:a@, =a% ., =1i=0 1::g
For instance,if m = 3 and
0 1 1
100 110
AO =80 10%; AW=8o0 0 1 (3.8)
001 100

then the sequencavith the fragmert
0;0,1;1,2,2,0;0;0;0; 1; 1, 2; 2

can belongto A1 (recall that we type the elemen ! ¢ in a bold face), although the
sequencesvith any one of fragmerts

1;2 or 2,1

cannot: the rst fragmert is impossibleby a?, = 0, and the secondby a3, = a}, = O.

If we have two mappingsf ©@;f® : |RY 71 IRY, then a bi-in nite sequencay; 2 IR
is called an f @V-trajectory, if uj.2 = f @ (u;) for eveni and uj.; = f @ (u;) for odd i.
Finally, if we have two families

U@ = ;0@ u® =y u®

of compactsetsin IRY; we say that the pair f © is (UOD; AQD)-compatible, if
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forany ! 2 ., there exist an f @D-trajectory fuigh ; sud that u; 2 U© for
ewveni, and satis es u; 2 U® for odd i;

additionally, for a 2p-periodic ! this sequence u;g.. ;, can be chosenalso 2p-
periodic.

We illustrate this de nition graphically in Figure 16 for the matrices de ned by
(3.8). The transitions which are allowed by the matrix A© are indicated by the solid
arrows, and those allowed by the matrix A® by the dotted lines.

Figure 16: The transitions allowed by A© arethe solid arrows,
and those allowed by A® are dotted arrows

Lemma 3.2. Letd= d, + ds, and let
hOD R%  R% 71 R%: i=0::m 1
be homemorphisms,and V@ R%* |R® i = 0::::;m 1; be boundal, open and

convexproduct sets. Suppsethat g’ = h{ 't OhO js v; v®)-hypertolic when-

1
evera) = 1, andg’ = h® “fOhY is (V; V) -hypertolic whenevera) = 1.
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Then there exist compact sets
u® hQnvOy: u® h®Ov®y = om 1
suchthat f @1 s (U©D: ACD)-compmtible.

The proof of this lemma follows closely the proof of Theorem 1 in [42]. For readers’
conveniencethe details of the proof are given in the Appendix, Section7.

We denoteby F© the shift operator along the trajectoriesof equation (2.4) on the
time interval [0; T=2]i.e., F{® mapsa pair (Uo; u) 2 IR? onto the pair (u(T=2); u{T=2));
where u(x) is the solution of (2.4) with the initial conditions u(0) = ug;uY0) = ud.
Similarly, we denoteby F® the shift operator operator along the trajectories of the
equation (2.4) on the time interval [T=2; T]. Then we have:

Corollary 3.1. Leth; : IR* IR'7! IR?i = 0;:::;25 be homemorphisms,and V;

R! IR, i = 0;:::;25 be boundal, open and convex product sets. Supmse that the
mappings
Qi = hy FOhy; i=0::1;12 (3.9)
are (Vai; V41 )-hyperkolic; the mappings
Girt = Moz 'F®Phguq; 1= 0000518 (3.10)

are (Vaira ; Vaisz )-hypertolic; the mappinggzs = ho *F® hys is (Vas; Vo)-hypertolic. and
the mappingg = ho F®hy is (Vi; Vo)-hyperbolic. Then there exist compact setsU;
hi (V;); suchthat the equation (2.4) is (U; )-compatible.

Proof: Dene d, = ds = 1, m = 13. Let A@ bethe identity 13 13-matrix, and the
elemeits aﬁ) of the matrix A® be given by
8
21 ifj] i+1(mod13);i=0;:::;12
a)=_1 ifi=j=0

>
© 0; otherwise
Denote, further,
h = ha; h® = hga; i= 0001512
and
VO = vy, v =V, i=0101512
. . . © - WO ronO ;
In this notation the conditions of the corollary meanthat G;;" = h; F&h™ is

1
(V¥;v;®)-hyperbolic wheneer & = 1, and G’ = h® “F®h® is (v;v?)-
hyperbolic wheneer ai(;}) = 1. Then, by the Lemma 3.2, there exist compact sets

U?  hP ) U vy =0z
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suc that FO is (UOD; ACD)-compatible. This implies, howewer, that the equation
(2.4) is (U; )-compatible with

Uz = U Upn = U 1= 05101312,

and the corollary is proved. 0O

3.4 Completing the pro of of Prop osition 3.1
Introducethe product sets(rectanglesin our case)
Vi= v v = a®:a™ [ a®:a¥); i=0:0:25 (3.11)
wherea,-(“); a,-(s) are de ned in Table 3. Introduce alsothe homeomorphisms
hi :IR' R'7!'IR? i=0;:::;25 (3.12)
asthe a ne mappings
hi(x; x®) = (¢; ) + xWv™ + xOy®
where (¢; & areasin Table 1, and v¥; v{*)
Pi=hi(V); 1=0;:::;25 (3.13)
where the parallelogramsP; are de ned by (3.1). Finally we usethe notation F© =

(0) CF@ = F(l) for the shift operators along the trajectories of the equation (2.5),
and the notation @i; Gxi+1;Q for the speci cation of the correspnding functions (3.9),
(3.10), etc in Corollary 3.1. For a product setV = V) V() we alsousethe notation

@ (V)= @W ve
Lemma 3.3 The following inequalities hold:
(@) < af; i=0::24 j0(@s)j < al); j0O(@0) < ay);  (3.14)
@V > &% i = 0124 jO (@ Ves)j > &85 j0W (@ Vo)) > aY”; (3.15)
o a;0)0M@":0)< 0; i = 0;:::;25 ¢ a(“) 0™ (@&";0)< 0. (3.16)
Further, the estimates
ju(x)  up(x)j < 0:006 x2[iT=2(i+ 1)T=2); i=0;:::;25 (3.17)
hold wheneveru(x) is a solution of the equation (2.5) and

(u(iT=2); uyiT=2)) 2 @;:

are asin Table 3. Note immediately that

Finally
jVio(4:1) v;(4:1)j> 01, | 6 1C (3.18)
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The proof of this lemmais computer aided and is relegatedto Section4.

g, 1=0:::;24

are (Vi; Vi+1)-hypertolic; the mapping g5 is (Vas; Vo)-hypertolic and the mappingg is
(V1; Vo)-hyperholic.

Proof: By cortinuity, for all ¢ su ciently closeto 0.2 the inequalities (3.14) imply

@) < all; i=0:24 (3.19)
(@) < a; (3.20)
jg(@o)j < ap; (3.21)

whereg;;g areasin Corollary 3.1. Similarly, (3.15) imply

ig@wv)j > al); i=0::524 (3.22)
g (@ Vos)] > &l (3.23)
g (@Vo)j > af; (3.24)
and (3.16) imply
g a;0g"@";0) < 0, i=0:::;25 (3.25)
g™ ( al”;0)g"(a”;0) < o (3.26)

Now the strongerrelationships

gV < alf; =024 (3.27)
o2 (Vas)j < ap; (3.28)
99V < af; (3.29)

can be derived from (3.19)-(3.21) using the following classicaltheorem.

Theorem [25]. Let a shift operator F along trajectories of an ordinary di er ential
equation be well de ned at the boundary of a boundeal open setS. Then the operator F
is well de ned on the wholeS, and @ (S) = F(@).
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By (3.11) the relationships (3.22)-(3.24) can be written as

. \
g ™ VO VY = . =024 (3.30)
g\
g @y Ve vy = (3.31)
_ \
g @ v® v o= . (3.32)
The relationships(3.27)-(3.29)and (3.11) imply
g (Vi) R VY i=0:24
&s(Ves)  RY VY
aV)  R' OV
and, in particular,
o\
g(V) VY (RnVE) = ;; i=0::524 (3.33)
Vi) VY (RInV) = o 3.34
O25(V 25) 0 ( 0 ) ( )
.\
aV) Vo' (R'nv{®) = (3.35)
Finally, (3.25), (3.26) and Lemma 3.1 imply
deg ¢(;0;v™:0 6 0 i=0;:::;24 (3.36)
deg gbd'(;0); V40 6 O; (3.37)
deg g (;0);V{":0 6 O (3.38)

The relationships (3.30), (3.33), (3.36) imply immediately that the mappings
g, i=0:::;24
are (Vi; Vi+1)-hyperbolic. Similarly, (3.31), (3.34), (3.37) imply that gys; is (Vas; Vo)-

hyperbolic; and (3.32), (3.35), (3.38) imply that g ; is (Vi; Vo)-hyperbolic. The corollary
is proved. O

This corollary together with Corollary 3.1 imply

Corollary 3.3. Let c be suciently closeto 0:2. Then there exist compact sets Ui(c)
h® (v\"); suchthat the correspnding equation (2.4) is (U; )-compatible.

Thus the assertion(a) of Proposition 3.1 holds. Assertion (b) follows immediately
from the inequality (3.17) and Theoremabove. Thus Proposition 3.1is proved, and so
is Theorem1. O
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4 Proof of Lemma 3.3

4.1 Auxiliary estimates
We introduce shift operator ' (X;y) along trajectories of
yo= f(xy); (4.1)

and assumethat all the trajectoriesof interest belongto an opencorvexset . Let h be
the step sizefor numerical integration and we approximate ' (nh;y) by ,(y) calculated
by the Runge-Kutta method of 4th order: o(y) =y,

x4
A= W)+ Bk )R+
k=1

Herebp = by = 1, b = by = 2,, ! is the error in the IEEE implemertation of the
method and

ki(x;y; ) = F(Xy);

Ko(x;y; ) = F(x+05; y+ 05 ky(x;y; ));
ks(x;y; ) = F(Xx+05; y+ 05 kaxy; ));
Ka(;y; ) = F(x+ ;y+ ks(Xy; ));

where F (x; y) standsfor right hand side of (4.1). We will refer to the numerical inte-
gration method described above asto RK4. The purposeof this sectionis to formulate
a corveniert proposition about the accuracyof the RK4 method. To do this we usethe
conceptsof local and global error, Lipschitz constart and logarithmic norm.

Firstly we estimate the Lipschitz constart of the shift operator ' (x;y). To do so,
we reformulate Theorem 10.6. from [17], p. 60.

Recall that the logarithmic norm (with respect to Euclidean metrics) (Q) of a
squarematrix Q is de ned by

_ o i1 hQj 1
Q= M

wherel is the identity matrix and jj jj is the operator norm of the matrix.

Prop osition 4.1. Let' (X;y1);"' (X;¥2)2 ; 0 X Xo: Then

i (xoiy1) T (XoiY2)i < €C%y1 e
whee L is the upper estimatefor the logarithmic norm of * (x;y) in
|
& !
su —(X; < L:
X2[0:T];5) 2 @ xy)
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The local error e(h; ) for the RK4 method in is given by

eh;) =supfj’ (hiy) i:y; 102 g

whereh is the integration step, and (y) is the point calculated by the RK4 method.
Generalestimatesof the local error for Runge-Kutta methods can be found for example
in Theorem 3.1 from [17], p. 157. We will make rigorous estimatesof the local error
later, and for our purposest is enoughto note that in the caseof RK4 the error satis es

e(h;)  Coh®:
We de ne the global error E (nh; y,) of the RK4 method, for a giveny, and n, as
E(nh;yo) = j' (nhiyo)  n(Yo)is

i.e. asthe absolutevalue of the di erence betweenexact solution and the one obtained
by numerical integration at the points of the grid. We use Theorem 3.4 from [17], p.
160, to obtain a global error estimate E (nh) for the RK4 method. Here we reformulate
the theoremfor our particular situation.

Theorem 3. Let y(x) be an exact solution of 4.1 belongingto , and [0;nh] be a
numerical integration range. Assumethat h is small enoughso that the numerical
solution remainsin . If the local error e(h) in  satis es e(h) Coh® and the
logarithmic norm satises (&) L, then

E (nh; yo) h“%(eth 1):

We introducethe number C; as:

C. sup' Rx;y): (4.2)
y2
Finally we usethe notation ( ") as
(
o fyy 2B(y;");y2 g if">0

Prop osition 4.2. Let
a(Yo) 2 C.h?=2  Coh*(é"oh  1)=L (4.4)

for all n  ng. Then the shift mapping' (X; Yo) is de ned for x 2 [0; noh] and belongs
to . Moreover,
' (nh;yo)  (nh;yo)j < T(e 1) (4.5)

forO n no.
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Proof: Firstly we note that if ' (X; yo) belongsto then the inequality (4.5) is satis ed
automatically by Proposition 4.1.
We assumethat for somex satisfying0 x  ngh, ' (X;Yo) doesnot belong to
Let ko satisfy kegh  xXo (ko + 1)h, and we appraximate the numerical tra jectory
betweenkoh and (ko+ 1)h by (X;¥0) =  k(Yo)+ (1 ) k1 (Yo): By the conditions
of the proposition, ,(Yo) and ,+1(Yo) belongto (  Cih?=2  Coh*(e"oM  1)=L)
and sodoes (Xo;Yo), becausethe sets ( ") are corvex. Thus

j (Xoi¥0) " (Xoi¥o)i > Coh*(e"°"  1)=L+ Cih?*=2: (4.6)

On the other hand ' (x;yp) 2 forall 0 x < X, and we can usethe estimates
from Proposition 4.1. Let k satisfy x = kh+ where0 h. We de ne

y()=@ =h)' (khjyo) + ( =h)" (kh+ h;yo);
and then by the triangle inequality,
Gyo) 5yl dy() Oyt (Xyo)  y( )i (4.7)

Now we bound the terms on the right-hand side of (4.7). Recalling the de nitions
for y( ) and (X;Yyo), we obtain

jy() (X Yo)j j@ =N (khiyo)  «(¥o))]
+j(" (kh+hiyo)  «s1(Yo)) =hi
(1  =h)E(kh) + ( =h)E(kh+ h) (4.8)
< E(kh+h) Coh*e"" 1)=L;

sincethe global error estimate E (x) increaseswith x. The secondterm on the right
hand side of (4.7) can be written as

I (5yo) YO =00 (yo) " (khiyo)) + ( (kKhiyo) " (kh+ hiyo)) =hj;  (4.9)

and we usethe Taylor expansionsof ' (X; o), ' (kh;yo) and ' (kh + h;yp) at the point
x = kh+ h=2,e.g.

"(%Yo) = " (kh+ h=2yg) + ' O(kh+ h=2/y0)(  h=2)+
'%kh+ 1yo)( h=2)%=2

Then substituting the expansionsinto (4.9) we get

06y YOI = 0 Ah=2) "R )h*=8+ R ) h=2)’=2)+
(" (h=2)h+"' Q¢ )h*=8 ' %} 5)h?=8) =hj;
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or

Gy YOI T jh?=a+ ) R )jh=8+ ' X 5)jh*=8
j' 90 jh*=2  C;h?=2; (4.10)

J max

where' % = sup ' %¥x;yo). Substituting (4.8) and (4.10) into (4.7), we get

max
" (GYo) (X Yo)j < Coh*(€MMo 1)=L + C1h?=2; (4.11)

which contradicts (4.6). Thus' (x;yp) 2 for all x  ngh, and the proposition is
proved. O

4.2 Algorithm for verifying (V,W)-h yperbolicit y

Let dy=dx = f (x;y), y 2 IR? be a dynamical systemwith the smooth right hand side.
By ' (X; Yo) we denotethe solution satisfying initial condition y(0) = y,. Introducethe
shift operator F(y) = ' (ngh;y) whereh > 0 is the step sizein x and no > 0 is some
integer. Let the sets

\VAO RERVIC)
WYAORERY VIO

\%
W

[ a;a] [ b;h]
[ aw;aw] [ by;hl

belongto the product set R R and let g = H,,'!FHy be a mapping from V to
R! IR!. HereHy, Hy aresomeane mappingsiR? [R!7! R
We will now descrike the algorithm that, with successfukermination, establishes
the inequalities
jg¥(@)j < by;  jg(@V)j > aw; (4.12)
and estimates sud that
jux)  v(x)j < (4.13)

whereu(0) 2 @, v(0) = Hy ((0; 0)).
SinceHy isane, Hy(V) is a parallelogramfy : y=c+ a+ b;j j;j ] 19
wherea; b;c2 IR?. By ( s) we denotethe following parameterizationof @Hy V):

% (s) = ¢ a+ (22 1)b; 0 s ;

(s) = c+ (22— Dla+ b; s 05
(s) = c+a+ (1l =1 05 s 05+ ;
(s) = c+(1 =2 Ha b; 05+ s 1

where0 s 1, =ja=p, = jh=pandp= 2ja + 2b.
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We de ne two auxiliary setsA; = Hy (IRNW®) R)andA, = Hy(R W®),
Introducethe distanced(y; Y) betweenthe point y 2 andthesetY 2 as

dly;Y) = minjy y:

Let «(Yo) be a numerical solution of (4.1) computed with RK4 and let ,(Yo) ap-
proximate F(yo) = ' (noh;yo). We assumethat for ' (x;y) we have estimatesfor the
logarithmic norm L, the local error constart Cy and C; asde ned in (4.2). Let

The algorithm Alg is de ned asfollows:
Step 0. Leti = 0,50= 0andside= 0.
Step Oa. Compute ,,(c) andset o= 0.

Step 1. Lety; = ( si). Calculatey; = ,,(y;) and"(y;).
If side== 1 or side== 3 calculate

ri = minf"(yi); d(A1;vi); d(A2; vi)g

Otherwiser; = minf"(y;); d(A2;Vi)g.
If ri Othen Alg nished unsuccessfully

Step la. Compute new value for o as

max  o; max j n(¥i)  n(0)]

n=0;::;
Step 2. Let sy = s+ rie M"oh=pandi =i+ 1.
If side== 0 ands; then side = side+ 1,s, = andig=1i.

If side== lands; 0:5thenside= side+ 1,s;,=05andi;=.
If side== 2ands; 05+ thenside= side+ 1,s,= 05+ andi,=.

If side== 3ands; 1then algorithm is terminated successfullyand we denote
by i3 the current value of i.

Step 3. Goto 1.

Lemma 4.1. The suwessful termination of Alg implies that, for all y 2 Hy (V),
"(x;y) 2 for x 2 [O;ngh]. Thus F is de ned on Hy (V).
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Proof: First we note that to prove that for ally 2 Hy (V) and x 2 [0; ngh], " (X;y) 2
it is enoughto show that forally 2 Hy (@/);x 2 [O;noh] ' (x;y¥) 2 . Thus, F is well
dened onHy (V).

The succesfutermination of Alg implies

@) | B S

i=0

We shawv that Alg guararteesthat F is de ned on ewvery B(yi;(Si+1  Si)p). Fix
somei < iz, and considerany y 2 B (yi;(si+1  Si)p). Lemma4.1 implies that for all
X 2 [0; ngh]

Lnoh; :

ocy) eyl €y v €Ny i
From Step2 of Alg, jy Vi] (Si+1 Si)p and we can write
iy) oow)i €MN(sia s)p<i (i)
Since,by Proposition 4.2 and inequality (4.10),
C(Y) 2 BC (GY)iT(y)  B( (i) "(yi) + Coh*(e"" 1)L+ Cih*=2)

and de nition of "(y) implies that B( (x;y);"(y) + Coh*(e-"°" 1)=L + C;h?=2)
the trajectory ' (x;y) staysin  for x 2 [0; ngh]. Thusthe lemmalis proved. O

Lemma 4.2. The suaessfultermination of Alg implies the inequalities 4.12.

Proof: By the de nition of the s; the following inclusionshold:

Hy(@@ " Vv®)) [ B((s);(S+1 S)P); (4.14)

i2[i0;i1)[ [i2;i3)
i3

Hy (V) [IB((si);(siﬂ Si)p): (4.15)
i=0

From the choiceof r in Step 1 of Alg we obtain the inclusions

[ F(B((si)(si+a s)P)  Ag

i2[iosi1)[ [i2;i3)

B EE((s)se s)P) A
i=0
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Recallingthat Hy is a homeomorphismwe can rewrite the inclusionsabove as
[

i2[iosi)[ [iz;ia)

HV ' (F(B((s)i (s s)P)  (RnWY) R; (4.16)

[is

i=0

H ' (FB(( s)i(sia s)p)) R woe: (4.17)

Now formulas (4.14) and (4.16), togetherwith the de nition of W) imply the rst
inequality of (4.12), while formulas (4.15) and (4.17) with the de nition of W) imply
the secondpart of (4.12). Thus the lemmais proved. D

Lemma 4.3. The suacessfultermination of Alg implies that in (4.13) can be esti-
mated by
o+ 2Coh*(e-"°"  1)=L + C;h?:

Proof: Choosesomey 2 Hy (@) and let x 2 [0; ngh]. Then by the triangle inequality:
jux) v y) i+t (ko (Goit ) (xy) (X0

By the conditions of the lemma, the successfutermination of Alg implies (seeLemma
4.1)that j' (x;y) (x; ¥)j can be estimated using (4.11):

650 (xojt(xy) (%0 2Ch*(e""  1)=L+ Cih*:
By the de nitions of (x;y) and o givenin Step la

j (Xy)  (X0)] nET(%?f,]‘ n(y)  n(0)] yzma}’é/)n'é?&ﬁ]‘ n(y)  n(Qj= o

The combination of the last three inequalities provesthe lemma. O

4.3 Computer aided part

Introducethe area
("y=( 0:175 " 055+ ") ( 0:28 " 0:39+ "): (4.18)

Lemma 4.4. Let F(x;y) denotethe right-hand side of Equation 4.1 and () denote

the logarithmic norm. Then
|

& I
su —(X; < 1.06
X2[0:T];5) 2 @( y )
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Proof: Let q(x;y) = (g (X;y)) = (%ji(x; y)) and introduce

() — i ) - ) — ) -
w = inf i (XY); i = su i (XY):
% x2[0;TJ;y2 G; (Y) Qi xz[o;T]gxz % ()

Sincewe areworking with the Euclideanmetric, the logarithmic norm (Q) coincides
with the largest eigervalue of the matrix %(QT + Q) where Q' is the transposeof Q.
Thereforeit is su cient to estimatethe maximum eigervalue of the family of symmetric
matricesA = fA = %(QT + Q)g with coe cients a;; satisfying:

1 1 + + +
ai(;j )= é(q(;j '+ q(;i ) ay é(q(;j) + q(;i) ) = ai(;j) :
Let V be a totality of all vectorsv = (vq;:::;vny) with componerts 1. For any
v 2 V we de ne the key matrix
0 1
kis(v)  kia(v) it kan (V)
Koi(V)  koo(V)  ii: kon(V
<) = %21( ) k) k()
kna(v) Kknz(v) :ii knn(v)
where 8 O
g ay’; it vivi= 1
kij (v) = ;) =100 N;
' 2.4, .
Coay if vy = 1L

Let K be the set of key matrices for the family A of symmetric matrices. Denote
by m(A) and by M (A) the the minimum and maximum eigervalues of the matrix A.
Corollary 4.4 from [3] statesthat

Corollary 4.1.
maxM (A) = maxM (K):
A2A K 2K

Note that the cardinality # K = #fK (v)gy2v is equalto 2N ! sinceK (v) = K( V).
In our caseN = 2 and that givesus only 2 matricesto ched.

We can write down two matrices consisting of lower and upper bounds for a;; ,
respectively AC ) = (af;’) and A®) = @) '
0 115 A0 = O 1025 |

Al ) = .
1:15 02 ' 1:.025 0:2
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The vectorsv can be takenas (1; 1); (1;1). The maximum eigervaluesfor both
matrices are found with the help of the padkage "Mathematica™ and this yields the

statemern of the lemma:
|

& I
su —(X; < 1.06
X2[0:T];5) 2 @( y )

0
Lemma 4.5. For h > 310 #thelocal error of the RK4 methal applied to (4.1) satis es
eh;) 3h> (4.19)

Proof: Generalestimatesof the local error for Runge-Kutta methods can be found for
examplein Theorem 3.1 from [17], p. 157,and we reformulate them for our particular
case:
h® h® X' jhj
. o i (5) . i+ hut ) (4) Pl

ahi) Gy maxl G VIt gy T max ke eay i b (4.20)
Here b aretakenfrom the de nition of RK4: by = by = 1; b = by = 2;! is the error
in computerimplemertation of the RK4 method; all derivativesare taken with respect
to the system(4.1). For example

Dy )= G0y + S HNFEY = SF6)

The estimate (4.19) follows immediately from (4.20) and the inequalities

kPecy; )i < 45 y2 ;0 h; (4.21)
Ky )i < 45 y2 ;0 h; (4.22)
KPoay; )i < 45 y2 ;50 h; (4.23)
kP cy; )i o< 46 y2 ;0 h; (4.24)
PO Y < 45 y2 ;0 h; (4.25)

! 10 *: (4.26)

The restriction of h in the formulation of the lemmaresults from the estimation of the
computational error ! .

It remainsto justify the estimates(4.21) { (4.26). The inequalities (4.21) { (4.25)
were obtained via the following sdheme. Using interval arithmetic in Mathematica
we obtain the explicit analytical formulas for ki4) and ewaluate them with respect to
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intervals of changefor x;y; . A similar approat was usedin [42 and the actual
program can be downloadedfrom www.ins.ucc.ie/kdv-dhaos.hm.

The inequality (4.26) follows from the descriptionof IEEE arithmetic, and the man-
ner in which trigonometric and exponertial functions are realizedin the computer (See
[34] and bibliography therein).

The lemmais proved. O

Now we can nalize the proof of Lemma 3.3.

We choosethe numerical integration step h = 55—, and introduce shift operators
"xy) =" (xy)and' o(xy) =" (T=2+x;y). ConsidersetsV; IR R;i=0;:::;25
asintroducedin (3.11), and correspnding h; from (3.12).

Prop osition 4.3. We chamseng = 2048 Algorithm Alg nished suaessfuly for the
following choieesof V;Hy ; W;Hw ;' :

VaiiNai; Vaivg s haivg ;" 2() 1= 05100512
Voj1; g1, Vojihygs" 2() 1=0;:::;11
Vi, h1; Vo, ho; ' 2()
Vas; has; Vo; ho; ' 2()
For each casealove, estimatesof basal on Lemmad4.3 satisfy the inequality < 0:006

Proof: This proposition was veri ed by computationsin C++ usingAlg. O

Now (3.14) and (3.15) follow from the proposition above and Lemma4.2. Inequal-
ities (3.16) are veri ed numerically with the help of Proposition 4.2. Lemma 3.3 is
proved. O

5 Sketch of the pro of of Theorem 2

5.1 General constructions

The proof of Theorem 2 follows the proof of Theorem 1 with someminor changes.

n [0}

Pi= (uu)=(cic)+ Wv+ Ov:j W) g% O a5 (B
Theseparallelogramsare certred at the points (ci; ®) givenin Table 2, with the other
parametersgiven in Table 4, and are graphedin Figure 17.

Introducethe product sets(rectanglesin our case)

V=V v = el [ a%ia¥ =008 (5.2)
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Table 4: Sizesof parallelogramsP;

M) O N RO)

1 1 1 1
(-0.080216,-0.99678)  (-0.49442,-0.86922) 0.0020000 0.0010000
(-0.088798,-0.99605) (-0.50484,-0.86321) 0.0010000 0.0010000
(-0.069008,-0.99762)  (-0.48042,-0.87704) 0.0010000 0.0010000
(-0.11118,-0.99380) (-0.52209,-0.85289) 0.0010000 0.0010000
(-0.038844,-0.99925)  (-0.44616,-0.89495) 0.0010000 0.0010000
(-0.16531,-0.98624) (-0.56896,-0.82236) 0.0010000 0.0010000
(0.054588,-0.99851)  (-0.32113,-0.94703) 0.0010000 0.0010000
(-0.33098,-0.94364) (-0.67039,-0.74201) 0.0010000 0.0010000
(0.33923,-0.94070) (-0.17168,0.98515) 0.0020000 0.0010000
(-0.81042,-0.58585) (-0.91227,-0.40959) 0.0010000 0.0010000
10 (0.95452,-0.29813) (-0.98913,0.14707) 0.0015000 0.0010000
11 (0.99142,-0.13070) (-0.99986,-0.016500)  0.00080000 0.0010000
12 (0.20990,-0.97772) (-0.31732,-0.94832) 0.00080000 0.0010000
13 (-0.14699,-0.98914) (-0.54486,-0.83853) 0.0010000 0.0010000
14 (-0.066283,-0.99780) (-0.48390,-0.87513) 0.0012000 0.0010000
15 (-0.088068,-0.99611) (-0.49814,-0.86710) 0.0015000 0.0010000
16 (-0.086337,-0.99627) (-0.49859,-0.86684) 0.0020000 0.0010000

©CoO~NOUTA_WNE O™

and the homeomorphisms
h : R R'7!'R? i=0;:::;16 (5.3)
asthe ane mappings
hi(X(“);X(s)) = (Ci;C.'O) + X(U)Vi(u) + X(S)Vi(s);

where (a"; a®) and v’; v® are asin Table 4. Note immediately that

Pi=hi(V); i=0:::;16 (5.4)

We denoteby F. the shift operator along the trajectories of equation (2.14) on the
time interval [0; T]i.e., F{®) mapsa pair (uo; u3) 2 IR? onto the pair (u(T); u{T)); where
u(x) is the solution of (2.14) with the initial conditions u(0) = ug; u0) = ug.

We introduce the mappings

g=h2Fch; i=0:::5;15 gs=ho 'Fchis; g = hy 'Fchy (5.5)

Finally we usethe notation F = F ; for the shift operators along the trajectories
of the equation (2.15), and the notation §;; § for the speci cation of the correspnding
functions (5.5). For a product setV = VW VvV we alsousethe notation @ (V) =

@® v,
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Figure 17: (a) ParallelogramsPj, i = 0;:::;16

Lemma 5.1. The following inequalities hold:
o (@i< at; i= 015 0 (@) < & jg0(@o)j < aF;  (5.6)
0 (@ )i > alll; i = 051515 j0lg (@ Vae)i > &6 j0(@Vo)j > a”; (5.7)
6V( a0V (@00 < 0;i= 0516 00 al?;00"(@;0)< 0 (5.8)
Further, the estimates
jux) up(x)j< 0:0L, x2[iT;(i+DT);i=0;:::;16 (5.9)
hold wheneveru(x) is a solution of the equation (2.15) and
(u(iT); uiT)) 2 @

Finally
jvio(6) vj(6)j > 0:1; | 6 1C (5.10)

The proof of this lemmais computer aided and follows the proof asin Lemma 3.3.
Details can be found in Subsection5.2.
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Corollary 5.1. Let c be suciently closeto 1. Then the mappings
g, 1=0;:::;15

are (Vi; Vi+1 )-hyperbolic; the mapping gis is (Vie; Vo)-hypertolic and the mappingg is
(V1; Vo)-hyperholic.

Proof: The proof is similar to that of Corollary 3.2. O

Now (up; ug;")-compatibility follows from the inequality (5.10) and the simpli ed
versionof Lemma 3.2, to be formulated below.

Letf : IR" 7! IR" beacortinuousmappingandlet Tr(f ) bethe setof all trajectories
of f. Let A = (a;) be a square m-matrix whoseertries are either zerosor ones.
Introduce A masf! 2 ,ra,., =10

Lemma 5.2. Supmsethat g; = h; 1 hi is (Vi; Vj)-hyperbolic whenevera;; = 1. Then
there exist compact setsX;  h;(V;) suchthat there is a mapping’' : A 7! Tr(f), and

the trajectory x = ' (! ) satises x; 2 X,, for each! 2 ,;

if 1 2 A is p-periodic, the trajectory x = ' (! ) is also p-periodic.

This assertionis a particular caseof Theorem1 from [4]], p. 4.
Theorem 2 is proved.

5.2 Computer aided proof of Lemma 5.1

Introduce (") as
("M=(C 01 ", 042+") ( 026 " 027+"): (5.11)

Lemma 5.3. Let F (x;y) denotesthe right-hand side of the equation (2.15) andlet ()
denotethe logarithmic norm. Then
|

& !
su —(X; < 1
x2[0;2 ];F))/ 2 @( Y )

Proof: Resenblesthe proof of Lemma4.4 (case = 1) with matrices
0 0:24 A = 0 1:.05 _ 0
024 012 ° 1.05 012 °

Al ) =

Lemma 5.4. For h > 3 10 “ the local error of the RK4 methal applied to (2.15)
satis es
eh;) 5h° (5.12)
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Proof: Resenblesthe proof of Lemma 4.5 with inequalities

kPy; )i < 83 y2 ;0 h: (5.13)
KPy; )i < 84 y2 ;0 h: (5.14)
kPy; )i < 84 y2 ;0 h: (5.15)
KPy; )i < 85 y2 ;0 h: (5.16)
FPGYI < 79 y2 ;0 h; (5.17)

! 10 **: (5.18)

O

Prop osition 5.1. Let' o(Xx;y) denotesthe shift alongthe trajectories of (2.15) starting
at Xo = 0;y = (u(0);uq0)). Leth = =512and ny, = 1024 which is consistent with
T = 2 . Alg nished suaessfuly for following the choicesof V;Hy ;W;Hy ;" :

Viihi;Visa s hisg; " o) 1= 0700115
Vi; ha; Vo; ho;' o()
Vie; N1e; Vo; ho; ' o)

For each case alove, the estimatesof basel on Lemma 4.3 satisfy the inequality.
< 0:01

Proof: This proposition was veri ed by computationsin C++ accordingto Alg. O

Now (5.6) and (5.7) follow from Proposition 5.1 and Lemma4.2. Inequalities (5.8)
are veri ed numerically with the help of Proposition 4.2. Thus Lemma5.1 is proved.
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6 A heuristic procedure for choosing (¢;c® and P;

In this section we descrilke how the numerical valuesin Tables 1-4 were chosen. we
considerin detail only data related to Theorem1.

We considerthe shift operator Fq., along the trajectories of the equation (2.5) on
the time interval [O; T]:

Foz(X) = " (% T):

Figure 18 graphs a numerical attractor of F and was created from information in
[29]. The picture was constructed by iterating an initial point from the vicinity of 0
and discardingthe rst 50 iterations.

U
0.025

[
0.16 /0/18" 0.22 0.24
-0.025 |

/ -0.05 |
; -0.075 |
\
\‘.
\
AN

-0.125 |

Figure 18: Attractor

Below we outline the algorithm that was used for the construction of the P; for
equation (2.5) which are graphedin Figure 14.

The rst task T1 wasto locate with su cient accuracya xed pointy = (u ;u®) of
Fo.» belongingto the attractor.

Subtask T1.1 wasto nd an approximation for y = (u ;uP).
Herewe considereda typical longtrajectory f (u;; ui")gilzoz,1 beginningat a point
(uo; u9) nearthe numerical attractor, and chosea point y= (t; &9 from this
trajectory minimizing the di erence jy;  Vis1].
The initial point for the long trajectory was (up;ud) = (0:18;0), and the
rough approximation for the xed point was (&; &% = (0:1683 0:0291).
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Subtask T1.2 wasto re ne the location of the xed point.

At this stagewe wereusingtopologicaldegreetheory and the simplebisection
of the target areato closein onthe xed point. Note that we werenot looking
for any strict result. The re ned value was

y = (u;u = (0:1684580 0:0287437)

The second Task T2 wasto nd an orbit, part of whichis closeto y and part of
which is not.

Subtask T2.1 wasto nd an approximate orbit.
Asin T1.1 we chekedthe dierence jy; Y. for the long trajectory. Here
p was the target minimal period.

Subtask T2.2 wasto re ne the approximate orbit.

As in T1.1 we usedtopological degreetheory together with bisection pro-
cedureto improve the appraximation of the orbit. We found that it is more
conveniert to homein on a point that is not closeto the xed point and
then to obtain the rest of the orbit by iterating that re ned point.

assumethat yj is the closestpoint of O, to y .

We choseto look for the orbit passingin the 0:005 neighborhood of y . To nd
the rough approximations to orbits we usedsamelong trajectory asin T1. We
decidedto choosethe orbit of length p= 13. The closestpoint of the orbit O, to
y isyo = (0:16859402 0:02842727).

The third Task T3 wasto construct pilot shags for the parallelograms B, i =

To usethe topological hyperbolicity madinery it is necessaryto construct rect-
anglesin the product spacesand homeomorphismsetweenproduct spacesand
IR?. In our setting it was natural to introduce simple ane mappings as sud
homeomorphisms.If rectangleP; is given by

n ) 9. Wi AW (© A
Pi= (uu)=(6:)+ @+ g W) Alj O A
then the appropriate homeomorphismh; is automatically de ned as

51



Subtask T3.1 wasto chasecentres of P;.
Natural candidatesfor the certers of I9i are the points of the orbit O, found
at T2.2. We chosethe certer (€; €9) of Py as(y + Yo)=2 and the certer
(6;¢) of P, asy fori = 1;:::; 1. The pairs (&;¢) were usedlater as
the initial conditions (cy;c3) in Table 1, i.e, we de ned

(Ca; ) = (6;€):
Subtask T3.2 wasto chasethe orientation of P;.

Topological hyperbolicity implies cortraction alongonedirection and expan-
sion along the other. Thus we consideredthe linear operators

¥ Y
Li=  Foa6:6)  FoaoG:6);
j=i j=0
where F2, denotesthe Jacobian, and de ned the side vectors Oi(s), Oi(") of

the B, as appraximate eigervectors of L;. This step also provided us with
di eomorphisms f;.

Subtask T3.3 wasto chamsethe roughapproximations to numkers afs); ‘a,-(“).
The total areaof all the P; determinesthe computational time required for
the strict proof of topological hyperbolicity. On one hand, ai(s); a,-(“) should
be small enoughto reduce computational time for the strict proof and to
keepthe variation of F2, small. On the other hand, & ; &™) should be big
enoughto allow topological hyperbolicity for pairs (ﬁo 1(|§0);ﬁ01(|§0)) and
(i (Bo); i, 1(B1)). As this point we assumedthat &° = &) = 0:001for all
i=0;:::;12.

Subtask T3.4 wasto adjust the valuesof &; a*),

The initial choice of parallelogramsizesguararteesthat imagesof the rect-
anglesdo not \b end" too much, but the initial choice of side sizedid not
guarartee the required topological hyperbolicity for all B;. Figure 19 belov
illustrates topological hyperbolicity properties of the setsh; *(P;) beforethe
adjustmert. The last picture in the third raw, and the middle picture in the
fourth raw are "not topologically hyperbolic' (seeFigure 15).

Here we manually tuned the parallelogram sides. It was enoughto adjust
only a,-(“). Figure 20 illustrates the situation after adjustmert of the paral-
lelogram sides. Now all pairs look ne.

For a giveni the result of the adjustmert of &"); &° together with {2, ¢*)
can be found in the line 2i of Table 3, i.e. we de ned

(U) — p(U). (s) — p(9). (u)y _ Alu). (s) — als).
Vo =T vy =0T Ay = ay = e
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The fourth Task T4 wasto estimatethe required computational time.

Oncewe producedthe picture giving the \heuristic" proof of the desiredtopolog-
ical hyperbolicity we neededto estimate the computation time for the rigorous
proof. This is proportional to the total areaof parallelogramsand to the Lipschitz
constart of Fo.,. The Lipschitz constarn of F isin turn proportional to e-" where
T is the period of the right-hand sidef (x; t) of the 2.5and L is the maximum of
the logarithmic norm of f (x; y) in the areawhereall the trajectories exist.

We discoveredthat we did not have enoughcomputational power!

The fth Task T5 wasto decomposeF.,.

To reduce the computational time we decompsedthe mapping Fq., into two

(Fé?z) and Félz) seeSubsection3.3). With the decommsition of Fy., we needed
to prove the sametopologicalhyperbolicity conditions but for double the number

of rectangles. Due to the decompsition, the numerical integration length fell to

T=2 thus decreasinghe computational time by a factor of e-" ¥2=2,

This was a a ordable for the hardware we used.

The sixth Task T6 wasto construct (Cyi+1;C%.q) and P4y .
We usedas (Cyi+1; €%, ) the numerical approximations to Fé:oz)(cz ;¢3). Parallelo-
gramsP,i.; were afterwards constructedfollowing the ideasof T3.

A similar procedure was usedto construct P; for Theorem 2 with the following
exceptions.

We beganwith the parametervaluessuggestedn [29]. Howeer, it appearedthat
the correspnding xed point did not belongto the attractor. Sothe parameter
valueswere slightly modi ed.

The computational time estimationsin the analogof Task T4 were satisfactory
and we didn't usean analogsof TS5 and T6.
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Figure 19: Before the adjustmen t of ~{*;

i=0;::::11.
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7 App endix. Proof of Lemma 3.2

7.1 Auxiliary lemma

Let
wi=w" w® RE RS =0

be convex, open and boundedproduct sets,and supposethat the mappings
g : WY WO 7mRY  R® i=L:on
are (W; 1; W;)-hyperbolic. In particular,

\ _ \
dd@v, W) W¥=:; oW, ) WY (REawWS) =;; (7.2

and
degg™(;0);v.);0)6 0 (7.2)
fori=1;:::;n:
We alsode ne the auxiliary mappingsg : (IR* R%) 7! (IR* R%);i= 1;:::;n:
By the secondequation of (7.1) we can choose compact corvex sets Ti(s) IR%: i =
1;:::;n; satisfying

\
g (WI l) Wi(U) IRds Wi(U) Ti(S) .

Let R%® IR% = IRY be endaved with the standard Euclidean metric. We de ne the
stable componert ¢ (y) as the projection (the nearestpoint) of g (y) on T, and

de ne the unstable componert ¢’ (y) by ¢“)(y) = ¢ (z), where z is the projection
of y on W; ;. We de ne the iterated mappingsQ; by Qo = id and Q; = g(Q; 1) for
=1 ;n (by "id" we denotethe idertity mapping). We introducethe sets

S= y2W: gl (y) 2 W.&“f : (7.3)

Thesesetsare nonemptly opensetsby (7.1) and (7.2) . It isimportant that g coincides
with g on§ 1:
g(y)=ag(y); y2S i=2Lnm (7.4)
and we can rewrite (7.3) as
n

S= y2 W d9y) 2w
Lemma 7.1.

56



(a) The simultaneous inclusions QM (y) 2 W y& 2 W imply Qi(y) 2 S for
i=0%::5;n 1

(b) deg QI (;0; W50 = (1) 7L, dedd( ;0);W,};0):

(C) If W = W, then deg(id  Qn;Wo;0) = ( 1) °r; dedd( ;0); W,"“};0):

Proof: By construction the functions g satisfy the relationships:

@ R*nw® R® R nW": ¢(RY T (7.5)

Q)2 W =0 (7.6)

by induction. On the other hand, the secondinclusionin (a) and the secondinclusion
in (7.5) imply Q®¥(y) 2 W®; i = 0;:::;n; Thus, taking into accour (7.6),

Qi(y) 2W;; i=0::;m (7.7)

Assertion (a) follows from (7.6), (7.7) and (7.3).

It remainsto establish(b) and (c). The proofs of thesetwo assertionsare similar,
with the latter beinga bit more interesting. Sowe will prove in detail only (c).

We de ne the mappingsgx : IR R'7!IRYfor0 # 1;i= 1;:::;n; by

g+ ()= d M@ By d@  #HyWiye)
The mappingsqgx; 1 # 1 satisfy the inclusions
@ RYawY  RE R WY P@RY T (7.8)

together with ¢, see(7.5). Therefore,any xed point y 2 W, of Q.+ belongsto W.
Thus, the transformation Q,.» id is nonsingularon @V,, that is

Qnxu(y) 6y for y2 @Vo:

This deformation is also cortinuous and compact. Therefore, Q..o id and Q,.; id
are homotopic([25], p.93) on @, and

degQno  id: Wo; 0) = degQn1  id; Wo; 0) (7.9)
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by Theorem 20.1[25], p.100. On the other hand, the mapping Q.1 id is the direct
sum, ([25], p.117) of the mapping Q{)(0;y™) id on W  IR% and the mapping
Q¥ (y®;0) idonwW® R* in R%:

Qni() id=(QVI(;0) id) (QF(0;) id):
Thus, Theorem22.4[25), p.117 implies that

deg(Qn.1  id; Wo; 0)

deg Q}(;0) id;W”;0 deg QFi(0;) id; W0
deg(Qno id; Wo; 0)

by (7.9). Since
deg Qi(0;) id; W0 = ( L)*deg id QF1(0; );Wg¥50 = ( 1)*;
by the rst inclusion (7.1) and Theorem 21.5,[25], p.108,it follows that
deg(Qno id;Wo;0) = ( 1)*deg Q\)(;0) id;Ws";0 : (7.10)

On the other hand, Q\)(w) 62w = W for w 2 @Vv{"; and so the vectors
QM (w;0) w and QY (w;0) do not point in opp05|te directions for w 2 @v,", that
is Q1) (w;0) id = Q {)(w;0) doesnot hold for any 0. Otherwise Q%) (w; 0) =
w=(1+ ) andthat cortradicts the rst inclusionin (7 8) becaused 2 Wé“)). Therefore

QM (w;0) w and Q{)(w;0) are homotopic on @ by Theorem 2.1 [25], p.4, and,
further, the equation

deg QW)(;0) id;W{";0 = deg QV)(;0);W;0 :
holds by Property 1 [25], p.5. Now (7.10) implies
deg(Qno  id;Wo;0) = (- 1)*deg QN1(;0);Ws";0
On the other hand,
deg(Qno id;Wo;0)= ( 1)'deg(id  Qn.o; Wo; 0)
(for instance,againby the product formula (7.6) in [25]). The last two equationsimply

deg(id  Qn.o;Wo;0)= ( 1)™deg Q%)(;0); W™;0
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It remainsto establishthat

"
deg QYI(;0;W";0 = deg ¢(;0;W ;0 :
i=1
Sinceq™ (0;y®) = ¢ (0; y™) for y 2 @V, we have to establishthe equality
W. . q = " @ -
deg Qn1;Wp ;0 = deg g7 (;0);W;"3;0 : (7.11)

i=1

q(;ul) (w) belongto the closedand boundedsetZ; = B; nWi(”) for w 2 @Vi(“)l. Indeed,
this assertionis true for i = 1 by the secondequality in (7.1), and can be proved by
induction for other i. The setlR% nZ; consistsonly of two connectedcomponerts with

0 being corntained in the bounded componernt. The mapping q(;ul) is nonsingular and
cortinuous on Z;. Thus, the product formula for rotations (seeTheorem 7.2 and the
formula (7.6), [25], p.18) implies

degQY).;; W™”;0) = degQ{Y; W;0) degqt)..;W™;0); i=1::n L

SinceQY = oY}, the “baseequation’ deg/Q\7; WS"; 0) = deg(df'?; W™; 0) also holds,
and (7.11) follows inductively. Thus the lemmais proved. O

T = . :
DeneYi=S; g(Si 1);i=1:::;n 1, whereS werede ned in (7.3). The sets
Y, are compgctrsubietsof W, by (7.1). In the casewhen W, = W,,, it is corveniert to
dene Yo=So G(Sh 1)

yi2 Y, i=1;:::;n 1 If additionally W, = W, then there existsa segquene y; 2 W,
satisfying the equality y(n) = y, and the inclusion y, 2 Yj.
Proof: Firstly we prove the equalities

ded g (;0);W"};0) = dedd"( ;0); W“}; 0): (7.12)

De ne n o \
Sio= W2WW:gOw)2w" =5 (0 R%):

By the de nition, neither g™*)(0; w), nor ¢*)(0; w) have zerosoutside S;.o. Thus
deg(g"(; 0);W“};0) = ded g (;0);S; 10;0)
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and
deg(d"(;0):W*};0) = deg(d"(;0);Si 10:0):

On the other hand, g( ;0) coincideswith *’(;0) in Si.o by (7.4). Thus (7.12) is
proved.

By the assertions(b) and (c) of Lemma 7.1, the relationships (7.2), (7.12) imply
deg Qn(;0);W"”;0 6 0; and deg(id Qn;Wo;0) 6 0if W, = W,. This implies the
existenceof y = (0;w) 2 W, satisfying Q\)(y) = 0 and alsothe existenceof y 2 W,
satisfying Qn(y) = y if W, = W,. It remainsto use assertion(a) of Lemma 7.1 to
establishthe inclusionsy; 2 Y; for the appropriate i and Corollary 7.1is proved. O

7.2 Finalizing the proof of Lemma 3.2

De ne

70) . wat (")
sP = y2vi” g0y 2 v

and
vt il
s = y2 v Py 2 v,

Where\/i(o;l) and gi(;?;l) are speci ed in the conditions of the lemma. De ne further
0 1 0 1
[ _ \ [ _
0) _ ) 1 @
z{? = % Sij & % g7 Sj
a.((.)) =1 a.@) =1
8] il
and 1

0 1 0
[ &) [ =)
Zi(l) = % Si;j § % gj(;(i)) Sj;i

aly) =1 aly) =1
Sinceby the de nition Zi(o;l) are compactand satisfy the inclusions
yAREEAVALY i=0::::m 1
Lemma 3.2 follows immediately from the following assertion.
Lemma 7.2.

(@ Let! 2 ., be a given 2p-periodic symiolic sequene. Then there exists a 2p-
periodic trajectory u of f @1 satisfying u; 2 h® Z© for eveni and u; 2
h) z® for oddi.
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(b) Let! 2 , beagivensymwlic sequen@. Then there existsa trajectory u of f @
satisfyingu; 2 h© Z© for eveni and u; 2 h® Z®  for oddi.

Proof: (a) Let us considerthe sequencef product-setsW; i = 0;1;:::;2p; to bede ned

by
Wi = VO, i=0,2:::;2p;

and
wi=Vv®; =132 L

De ne alsothe sequenceof mappingsg, i = 0;1;:::;2p by

g = h® ' h®; i=0,2:::;2p;
and .

g=h® Th®i=13::;2 L

By the secondassertionof Corollary 7.1 there exists a ‘g-trajectory’ y satisfying
by
u = hd(yi); i=0;2::1;2p;
u=hi (y); i=5L3:52p 1L

is an f @V-trajectory satisfying our requiremers.
(b) Making useof the rst assertionin Corollary 7.1, we can establishthat for any
I 2 , andany positive integer n there existsa trajectory u ,;uU; n;:::;u, satisfying

U 2 h® z©

for eveni and satisfying
u 2 h® z®

for odd i.
Taking the coordinate-wiselimit we concludethat for any given sequenced 2 |,
there exists a trajectory satisfying

ui 2 h® z©

for eveni and satisfying

for odd i. The lemmais proved. O
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8 App endix

8.1 Pro of of Prop osition 1.1

Let ;i = 1;:::;no denotessegmets of ug(x) on the interval (i 1)T x < IT.
Nowwelntroduceaposmonal notation u (X) = :::; | i; jo: ju-:- Which meansthat

u (x) is de ned asup(x KT + (Jk 1)T) on kT X < (k+ 1)T. In this notation

1,000 npandlby q;:iii;on.
Considerthe casewhen there existsi 0 sud that ! i(l> 6 ! i(z). The other case,

when all i sud that ! i(l) 6 ! i(2> are lessthan 0, is symmetrical and can be proved in
the similar fashion. We usethe following combinatorial lemma.

Lemma 8.1 Considerthe set = f! = 11150001 2 £0;1gg of innite se-
quenes of Osand 1s. Let = ;:i:; p, 2 @nd = 0;:::; n, 1 be words with
symlols from the a nite alphalet A. We assumethat is longerthen . Consider
the enading w(! ) of I wheneach O in ! is substitutel by the word and each1 is
substitutel by the word .

If 1 W6 1@ thenw(! V)6 w( @),

Proof: First we would like to note that if ; 6 ; for somei, 0 i < n4, then the
statemern of the lemmais obvious. Thus we considerthe casewhen

i= ;wherei=0;:::;n; 1 (8.1)
Denotew® = w(! @) = wi’;w:::randw®@ = w(! @) = w@;w?;:::. Weargue
from the cortrary, assumingthat w® = w® Let ig = minfi : ! i(l) 6 1 @g. without
lossof generality we assumethat
8
31)=0
5 1@ =1forip i<l;1>0 (8.2)
- ,(2) =0
Let ! () = 1ot oees i, 1 denotesthe commonpart of the ! W;1 @ Introducep =

) b
(ip, 1no (ng no) lo 11 ™ which is the length of w(! ().

Table below cortalns parts of wi; w® starting at p. Vertical lines are used for
elemen grouping and their meaningwill be clari ed later.
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i |0 1 :xing 1] :ii]Ing in (I+I)ng 1] :irong 1

Wiy ‘ o 1 1 om 1 ‘ ‘ e G5 eng 1 ‘ D ng 1
Wi(?-)p 1 ni 1 0 =t np 1 Any Iny 1
(8.3)
To simplify the discussiornwe de ne rewrite the sequence o;:::; ,, 1 asasequencef
k = bng=n;c blocks B; of length n; (i.e. Bi = in,;::1 +yn, 1 fOr 0 i < bng=n;c)
andB = n,;ii1; n 1. If np divides ng we assumethat B is empty.

Now (8.3) can be rewritten in the block form as

i | p | ptny | it | p+( Dng | p+ing | p+(I+Dng it | p+kny

wd | B, | B; o | By g B, Bl o | B

w@ ‘ Bo ‘ Bo ‘ ‘ Bo Bo ‘ Bi N By |
(8.4)

wheretop row cortains the position of the rst symbol of the blocks in the sequences.
The assumptionw® = w® implies that blocks in the sequencesabove that have
sameposition should have equal elemets. By (8.2) Bo = B1 = ::: = Bminfik 19 @and
B, = B; with O< i < k | which meansthat

Bo=Bi=:::= B¢ 1 (8.5)
ora = a forall0 i;j < knysudthat i =] mod n;.

sodoesthe word . This cortradicts with the fact that has minimal period ng by
the conditions of the lemma.

Considerthe casewhen n; doesnot divide ng, which meansthat B is not empty.
By (8.5) we have the following equationsfor the ; composingB : yn,+i = i, 1 =
1;:::5n9  knp. SinceB is always followed by B, (see(8.1) ), we have ; = ; for all
0 i;j <ngsudithati=j mod(ng kny). Thisin turn impliesthat eitherall ; are
equalor isng Kkn; < ng-periodic. Any of those facts cortradicts the conditions of
the lemmafor . O

Finally sinceu, vy 6 u, » we canwrite

su ju U o min d@i;j)=rmn > 0;
1 <xPlJ 1 (@ !(Z)J d(i; )60 ( J) min

whered(i; j) = Supy ot JUo(X+ (i 1)T) ue(x+ (j 1)T)j. Proposition 1.1is proved.
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