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1 Statement of the problem

We consider the Ziegler system, which describes a double pendulum with elastic
hinges under an external force P [11] (Fig.1). Here |I; and I, are the lengths of
the rods, m; and m, are their masses. We assume that the masses of the rods
are concentrated at the end of each rod. By ' ; and ' , we denote the angles
between the rods and horizontal line.

NP% L Figure 1.

The behaviour of such a system can be described by the Lagrange equations

A !
d g i g+@:i@+Qi; =12 (1)
dt @, @ O@; i
where T is the kinetic energy of this system, U is the potential energy, ® is
the dissipative function describing the dissipation of energy in the springs, Qi
are generalised forces.
The kinetic energy of this system can be written in the form

3
T = 5 (ml—|—m2)|§"§+m2|§"§+2m2|1|2008(' 11 ' 2)'.1"2 . (2)

The potential energy U consists of the gravitational energy and the energy of
elastic deformations

where
Ug = (m]_ + mz)gll sin' 1+ nglz sin' 2, B (4)
c’ 3
Uo=5 "I+ D+ (10 "2 1T+ 1i "2)° (5)

Here, ¢ and * are positive parameters describing properties of the spring, g is
the acceleration of gravity.
The function of dissipation has the form

where b is some positive coeflicient.



It is supposed that the orientation of the force P is specified by the tangency
coefficient A, 0 < A- 1. Then the generalised forces can be written as

Qi =ij Pjsin(A' 2i '1); Q2=ij Pjsin(Aj 1) 2 (7)

From (1)-(7) introducing the time ¢, = tp E=p [1lm; we get the system

(L4+2)° s 4cos( 1i " 2) 2 +sin( i "2) 3+ (2710 Vo) +
+2' 17 "o+ (T+Y)cos' 12+ 34+ (" 1i "2+
+psin(A' 2§ ' 1) =0; 8)
cos("1i "2) 1+ aT20 sin(1i "2 i+ (V20 1)+

(
+' 2 "1+ 5cos' 242+ 5| '1)3—|—psin(Ai 1) 2=0:
Here,

ml'

_ lh, — b _ghmy, P
mz,

1 o _ a)
[1lom»>cC Cc C

= — = P
Iy’

By dot we denote differentiation with respect to ¢.

Remark. In many papers by “ Ziegler system” it is denoted the system
with©® = 1;A=1;- =0;+= 0. In this case it was studied by many authors,
see for example [1, 2, 3].

In what follows we suppose that the scaled strength p of the force P is
slowly changing according to the law

P=po+"¢" ¢ L
It means that we consider the system

(1+1)°" 1 4cos(" 10 "2)"2+sin(" 17 "2)"5+ (2710 "2)+
+2' 10 ot (I4+Y)cos' 124 F4+(1i " 2)%) +
+psin(A' 5§ ' 1) =0;
cos("1i "2) 1+ 3720 sin("1i " 2) i+ (T2i )+
+'of "1t scos' o424 20 1) 4 psin(Aj 1) 2 =0;
p="

Our aim is to study the behaviour of the system (9) in dependence on the
parameters -; 1; ©;+ We suppose that ~— is a large parameter. Since " is a

small parameter we have a system with different time scales.
In our study we will use the theory of integral manifolds.



2 Integral manifolds and change of stability

In this section we recall main ideas from the theory of integral manifolds which
we will use in the study of the Ziegler system.
Let us consider the singularly perturbed system

= f(x;z;");

= g(x;z;a"); (10)

with X 2 R", z 2 R™, ais a parameter, " is a small positive parameter,
functions f and g are sufficiently smooth.
Suppose that the degenerate equation

a(x; z;a;0) = 0; (11)

has a simple root Zz = hg(x;a). Then the surface I', defined as a graph of
z = ho(x; @), is called the slow manifold of system (10).

Let B(x; a;hg) be the Jacobian matrix of g(X; z;a;") with respect to z at
z=ho(x;a);" =0

B(x;a;hg) = %(x; ho(x; @); @;0):

If all the eigenvalues of B (X; a;hg) are in the left open complex halfplane,
then the slow manifold is attractive. If there exists at least one eigenvalue with
positive real part then the slow manifold is repulsive.

According to the theory of singularly perturbed systems [8, 15, 16] there
exists a sufficiently small "¢, such that for all "; 0 < " - "g, system (10) has
in "-neighbourhood of I" an attractive (repulsive) slow integral manifold. The
slow integral manifold is defined as a smooth invariant surface of slow motions.

The surface, on which the condition

det B(x; a;hg) =0

hold, is called the breakdown surface.

The availability of the additional parameter a provides the possibility of
glueing attractive and repulsive slow integral manifolds at the point on the
breakdown surface. As a result we get a trajectory, which is going near at-
tractive part and then near repulsive part of the slow manifold, or a canard
trajectory [13].

Example 1
Let us consider the system

X=1;,"Z=xz +a:



It is easy to check that this system under a = 0 possesses the canard solution
z = 0, attractive for X < 0 and repulsive for x > 0.

In many cases the condition (11) has an isolated root is violated. For the
simplicity we consider the case when in (10) m = n = 1. Suppose that for
X < X* there exists only one solution z = h(X; a) to the equation (11), such
that
@(x; ho(X; @);8;") < 0;

@

and for X > X* this equation possesses 3 solutions (Fig. 2), and the following
conditions are hold

ho(x*;a) = hy(x*;a) = hy(x*;a) = z%;

hi(x;a) < hp(x;a) < hy(x;a); x> x%;

%(x; ho(X; &);a;") > 0; %(x; hi(x;a);a;") < 0; i =1;2:
> Figure 2.

It means that for X < Xx* the slow manifold hg is attractive, for X = x*
it becomes repulsive, and there exist two attractive slow manifolds h; and
h,, branching from hg. The trajectory of the system starting at the point
(Xo; Z0); Xo < X*, after some time period approaches the attractive part of the
slow manifold hg and then goes in the "-neighbourhood of hg until the point
X = X*. Then the trajectory either follows one of the stable manifolds h; or
h, (Fig. 3) or stays some time near repulsive part of the slow manifold hg
and then jump into "-neighbourhood of the attractive manifold hy or h,. In

the last case the system has delayed change of stability or a canard trajectory
(Fig. 4).
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Figure 4.

The conditions under which the trajectory chooses one of the possible type
of behaviour were considered in [4, 6].

Example 2
Consider the system
Xx=1;"2=(2xi z%)(zi bx):

The slow manifold of this system consists of 3 curves: the line z = bx
atﬁr%tive for X < 0 and repulsive for X > 0, and two attractive curves z =
§ 2x.

The trajectory starting at the point (Xo; Zg); Xo < 0 after some time comes
into a small neighbourhood of the attractive manifold z = bx and follows it
until the point X = 0. Then the behaviour of the trajectory depends on the sign
of the parameter b. From theorem [4] it follows that if b< 0 then trajectory

chooses the slow manifold z = _2_X (Fig.5a), if b > 0 then the trajectory
follows the slow manifold z=j = 2x (Fig. 5b).

I
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If b= 0 then the trajectory for some time follows the repulsive part of the
longest canard solution z = 0 and then jumps away. We want to mention that
the more time trajectory spends near the attractive part of the slow manifold
the later it will jump away from the repelling part (Fig. 6).

2 T T 2

Figure 6.

In general case in order to have the pitchfork bifurcation we need two
parameters.

Example 3
Let us modified the previous example
X=1;"2=(zi b¥)(2xij z?) +a:

For a & 0 the slow manifold has the form as shown on Fig. 7a. The
behaviour of the trajectories is shown on Fig. 7b.

Figure 7.
If a= 0 then we have the system from previous example (Fig. 6).
There exists one more type of loss of stability in system (10). Suppose
that det B (X; &;hg) & 0 for all X and in the spectrum of B (X; a;hg) there ex-

ists a pair of complex conjugate eigenvalues which cross at moment X = X*
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imaginary axes from the left to the right with nonvanishing speed. The subset
of the slow manifold on which there exist eigenvalues with zero real part is
called the separating surface. In this case the trajectories of the system start-
ing at the point (Xo;Zo); Xo < X*; after some time come into "-neighbourhood
of the attractive part of the slow manifold and follow it until the point X = x*.
But after crossing this point the trajectories do not leave this neighbourhood
immediately. The loss of stability is “delayed”: for some time the trajecto-
ries stay near repulsive part of the slow manifold and then jump away. This
phenomenon was described in [9].

Example 4

Let us consider the system
x=1, "z=B(X)z+a;, x2R;z2R?

with A !
x 1
B(x)=
=11«
and a = (ay; az)T — is a vector of parameters. It is easy to see that for & = 0
this system possesses the solution with infinite delay loss of stability z = 0.

We note that in the cases of the existence of canard trajectories and delayed
loss of stability the slow integral manifolds of the system are not continuous.
In both cases we want to “glue” attractive and repulsive manifolds by choosing
the appropriate value of the parameter a.

In [7, 13] it was shown that in order to get a canard trajectory we need a
one-dimensional parameter.

In the case of delayed loss of stability we need a vector of dimension 2 [14].
But not for every type of system we are able to “glue” attractive and repulsive
slow integral manifolds in one point.

2.1 Nonanalytic functions

Consider the system

XxX=1, "2=B(X)z+' (xX)+a, x2R;z2R? (12)
where A !
x 1
BOJ="1"1 «

and a = (a;;a)" — is a vector of parameters.

9



We can distinguish the following situation:
Suppose that ' (X) is continuous function and have continuous derivatives

up to the order K and its (k + 1)-derivative has a jump at the point X = 0

- v k+1 . . v k+1 o .
xgglo ()i X1—1>O—0 (x) = b8 0:

The slow integral manifold of this system can be found as

8 R
3L V"V s (" (s)+a)ds; x- 0

z(x;") = ~%iRo
2L TVEIVYS) (C (s) +a)ds; x> O
X
Here V (x; ") A |
" 2 cosx sin
V") =e= i sinX cosx

is a fundamental matrix of the corresponding homogeneous problem.
From the condition of continuity z(x;") at X = 0 we get the equation

Yoo
V7(s;") (" (s)+a)ds=0: (13)

—00

From this equation we obtain the exact expression for a:

a=iJt Vi(s") (s)ds; (14)
where J = P 2¥4e 2| and | is the identity matrix.
Let us estimate the last integral. In what follow we use the relation

n d —1 « n . —l « n .

—V7i (") =i VH(t,")B(t):

dt
Then, by integration by parts, we get
¥ oo Yoo _
dVv-i(s;"
. . on ( )Bfl(s)u (S)ds_

—0o0



=i ="K2Cph+ 0",

where C is some constant vector. From this it follows that if the “jump” bis
finite, then the integral is of order "¥*2. Then, kak = O("¥*5=2e*2"). Tt means
that if " tends to 0 then the norm of the vector a tends to infinity.

It is easy to see that if “step” bis infinite then we are not able to find the
vector a bounded as " tends to 0.

Therefore in both cases we are not able to glue attractive and repulsive
slow integral manifolds of the system.

To illustrate this we consider the following example.

Example 5

Let us take function ' (X) in (12) as

( . .
" (x) = 0;x- O

X; X > 0:

Function ' (X) is continuous but its first derivative has a jump at the point
X = 0.
The equation for a has the form

a=iJd;t V7i(s;") (s)ds:

—0o0

The integral in the right hand side can be computed

¥ oo p ST AT A !
;52 S n 21/‘4' _1:2" ]_
€2 Scos-ds="j 5 e erff p—
0 2
Foo 9 p 1A
s S 2Y o
€2 Ssin-ds= T4e‘1‘2 ;
0
Then, i 0 | -
" 1e 2y 1 1
a= "e etf p— ; -—
2 2" 2

And as" ! 0, then kak! 1

Suppose that function ' (X) is not analytic, but has derivatives of any order.
Then we are also not able to find such bounded vector a in order system (12)
to have a bounded solution.

11



Example 6

Consider system (12) with the function ' of the form

p21

where
(x) 0;x- 0

e x>0

The computations show that the norm of the vector a becomes unbounded
as " I 0. The result is pictured on Fig. 9.

Se405 —

4e05 - -

3e405 - -

2405 -

L I L I
" 0.022 0.024 0.026 0.028 0.03

Figure 9.

The computations are in agreement with examples in [9].

2.2  Analytic functions

Consider system (12) under the condition that ' (X) is analytic function. Then
we can glue attractive and repulsive integral manifolds by choosing the ap-
propriate value of the parameter vector a. We illustrate this by following
examples.

Example 7

Consider system (12) with

A !
0=
From (14) we find the vector a
a=j F;ei ZOovl(s;")' (s)ds:
Z

12



Then

g2 %
a =i P=— €2 scossds=0;
1 1
2A7m
el T,
=i P=— ezssinsds=j 1;
1 1
2A7m

Substituting this value of the vector a we obtain the system
X =1,

"1 = XZ1+ 2y + X;
"Zo =i Z1+XZoi 1.

This system has the slow integral manifold z; = | 1; z, = 0 attractive for
X < 0 and repulsive for X > 0.

Example 8

Consider system (12) with

Dy X
(X) - 0
From (14) we get a1 =1 "; ap =0:
Then system (12) has the form
X =1

"I =XZ 4+ Z+ X1 "
"Zp = Z1 + XZ3:

This system has the slow integral manifold z; = j X; z, = j 1, attractive
for x < 0 and repulsive for x > 0.

Example 9

Let us take function ' (X) as

A |
, cos X
x)=
Then the vector a has the form
a = l(e—l—"zz 1 g5
1 — 2 )1

13



a=0:

Substituting this vector into (12) we get the system
X =1,

1 ne e
"21 = XZ1 + Z> + cosX + é(eili =2 -+ elii);

"2y = Z1 + XZy:
The zero approximation of the integral manifold is
. H !
i X |
Z1 = cos X —(e e 2 ;
YTl x? 5l te)
[ ! Lo qwep | a-: f
Z; = cosX + (e “+e 2
2T 14x? 5 )

It is easy to check that this manifold is attractive for X < 0 and repulsive
for x > 0.

In all these examples system (12) with corresponding value of the vector a
has a solution with infinite delay of loss of stability.

3 Behaviour of the system in the case K =0

In this section we consider system (9) in the case - = 0. Then this system has
the form
"1=Ag
Yo =Ry
(14+1)°A +cos(" 1 " 2)Ax+sin( 1] ')A+ (2417 A+
+2 00 2245 1+ (1i " 2)®) Hpsin(A 2i T 1) =0 (15)

Iy 1 A . 1 1 X - X X
cos(" 17 "2)A+ A sin( 1 " 2)AT+ T (Ai A+
+ o0 T2+ o0 )P+ psin(Aj 1) 2=0;
p="
Since ~ A 1 we can consider this system near integral manifold A; =
U gt st 1= ), A, = Uo(' 1;" 2;p;"; 1= ). Then we get the system
TR0 )2 10 T2+ 3 ai " 2)¥) +psin(A 2 1) =0;

(i ")+ 20 "1+ 20 1)+ psin(Aj 1) o =0; (16)

p="

14



Introducing new time ¢; = ¢= and new parameter "; = "= system (16)
can be written in the form

Vi 22 T pGin(A 2 1) +sin(Aj 1) 2) =0;

Vot a2+ 3 (1 )Y FpGin(A 2§ 1)+ 2sin(Af 1) 5) =0; (17)

p' — n 1:
Here dot denotes differentiation with respect to ¢;.
This system has the slow manifold ' ; ="' , = 0. Linearisation of the fast

subsystem near this manifold leads to the form

"1o= "a(pi 1)+ 2p(1 2A);

"2 = p1i 21+ pBAT 2)): 18)

The characteristic equation of system (18) is

K 12
i e B+ 2 AeAi 5) =0

From this it follows that for 0 < A < g the last equation has 2 real eigen-
values, and for g < A< 1 - a pair of complex conjugated eigenvalues.
In case of real eigenvalues there exists the point

s
_ 3.1 5i 9A
Pe =351 5 T4

such that for p < pe all eigenvalues of this system are negative, for p = per
one eigenvalue is zero and another one is negative, and for p> p; this system

has eigenvalues of different sign. The slow integral manifold ' ; ="', = 0 is
attractive for p < pe and for p > pe this manifold is repulsive. Therefore,
the solution ' 1 ="' , = 0 is a canard solution. All other solution starting for

P < pe approach the small neighbourhood of the attractive part of the slow
manifold ' 1 ="' 2 = 0 and follow it until the point p = p¢, after that they
follow for some time the repulsive part of the longest canard solution and then
jump away (Fig. 10).




05~ k N 05|
0 I . I . I . K . I . I . I
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Figure 10.

In case of complex eigenvalues (g < A< 1) the value of p is defined from

the condition
2i 3p(1i A)=o:

Then the eigenvalues are in the left half plane for all p < pcr, for p = per the
system has a pair of pure imaginary eigenvalues, and for p> pcr the real part
of them becomes positive. It means that the solutions of this system have delay
of loss of stability. The trajectories starting at the point p < p¢ approach the
attractive slow manifold and follow it until the point p = per. After that for
some time they follow the repulsive part of the slow manifold and then jump
away (Fig. 11).

j2
°
j2
)

Figure 11.

We note that in both cases as farther a trajectory starts from the change
stability point as longer it will follow the repulsive part of the slow manifold.

16



4 Behaviour of the system in the case xk = ¢k

Consider the Ziegler system in the case of small -, - =" ¢. Then system (9)
can be written in the form

1= A

Yo=Ag;

(14+21)°A; +cos(' 17 " 2)As+sin(' 17 ' 2)AZ+ (28 A+
+" o(1+1)cos' 142 1f " o+24(" (" 1i ' 2)°)+psin(A 2j ' 1) =0; (19)
[ ] Iy 1’“' . ' f ~ — o~ ~
cos(" 1i " 2)Ai+gA2i sin( 1i " 2)AT+ T (Agi A+
+%COS' o+ "2i "1 2 10 23+ psin(Aj 1) 2 =0;
p — ll:
Since ~ A 1, then as it was done in the previous section we can consider the

system near integral manifold Ay = Wq(" 15" 2;p;" 1= ), Ap = Wo(" 1;' o5p;"s 1= ):

T(oi 1)+ 24 20 ") gocos' o4 20 i+ psin(Aj 1) 5 =0; (20)

p="
Introducing new time ¢; = ¢= and new parameter "; = "= system (20)
can be written in the form
H 1
"1=i "1+ "1 o((1+1)cos" 14 5 cos' p) 2+ T+

+p(sin(A' 5 1) —i—sin(Ai 1) 2) ;
u

LI 1 n 1 2 1 1 1 1
5= 24+ "1 0((1+1)cos" 14 5 cos' 2) 4 2%( 50 (20 "0)dH+ (2D
!

+p(sin(A' 2§ ' 1) +2sin(Aj 1) 5

p="u
Here dot denotes differentiation with respect to ¢;.

The right hand side of the fast subsystem depends on "1. The slow manifold
of this system is' 1 ="' , = 0. From the results of the previous section it follows
that for A 2 (0;2) this system has two real eigenvalues, and for A 2 (3;1) it
has a pair of complex conjugate eigenvalues.

Consider this system in the case of real eigenvalues.

17



We shall look for the one-dimensional integral manifold of the system in
the form

" 1(p) = Po(p) +"P1(p) + 1115
' 2(p) = Wo(p) +"Wa(p) +::1:

Substituting these relations into the system and equating the coefficients under
the same power of " for zero approximation we get

®o + p(sin(AWg i o) +sin(Aj 1)¥g) = 0;

o + p(sin(AWg i ®p) + 2sin(Aj 1)¥g) = 0:

By introducing new coordinates
» = (A| 1)\110, T = A\IIO i Po;

we obtain
T =»j psin»
»

Aj 1
Thus we get, that in new variables zero approximation of the integral man-
ifold has the form of pitchfork (Fig. 2). It means that the trajectories of
the system can choose as their zero approximation one of the manifolds hg; hy
or hy. To determine the behaviour we use the conditions from [4]. For this

purpose we consider the system on the slow manifold

+p(2sin»+sin(»j psin»)) =0:

p="
A !
. . (A1 » ) 5 »
» =17 »i . i - » = i
i i oAj 1) COS(Ai i psin») + COSAi T

i P(Aj 1)(2sin»+sin(»j psin»)):

Together with the last system we consider the auxiliary equation

A !
d -
"d_;_ i »i "o(Aj 1) COS(Ai» 1 i psin») —|—2cosAi» 1 i

i p(Aj 1)(2sin»+sin(»j psin»))+M; (22)
We shall look for » and M in the form

»="»; + "% + ¢ M ="M1+"*M, + 0¢C:
Equating coefficients under the same power of " we get
M;=(Aj 1)-(3+1)<0

18



And from [4] it follows that the trajectory will follow the manifold hs.

Since the right hand side of the fast subsystem in (21) depends on ";
the pitchfork bifurcation can be observed only under special values of the
parameters.

5 Delayed loss of stability in the Ziegler sys-
tem

Consider the system in the case A2 (3;1).

In [10] it was shown that in this system there exists a delayed loss of
stability (Fig. 12).

1 T T T T T T -

0.5 —

j2

j2

Figure 12.

In section 3 it was noted that for - = 0 the attractive and repulsive parts of
the slow integral manifold are glued. The problem of finding the appropriate
value of the parameters under which it is possible to glue together attractive
and repulsive parts in general case is not solved yet.
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