Sequences and recurrence relations.

1. For each of the following sequences, write the general term z, and the
sum

n
>
k=0
in terms of n, g, (also z1, if necessary) and the constants a, b.
a) Arithmetic progression: x,41 = =, + a for all n € N.
b) Geometric progression: z,,1 = ax, for all n € N.
¢) Tpr1 = ax, + b for all n € N.

d) p40 = axpyq + b, for all n € N.

2. (IMO1979) Let A and E be opposite vertices of an octagon. A frog starts
at vertex A. From any vertex except F it jumps to one of the two adjacent vertices.
When it reaches F it stops. Let a, be the number of distinct paths of exactly n

jumps ending at E. Prove that: ag,_ 1 =0, as, = (2+\/\/2;)n_1 — (2_\/\/2;)n_1.

(IMO1981) The function f(x,y) satisfies: f(0,y) =y + 1, f(z +1,0) =

flz, 1), flx+1,y+ 1) = f(x, f(x + 1,y)) for all non-negative integers z,y. Find

3.

), f(
f(4,1981).

4. (IMO1988) A function f is defined on the positive integers by: f(1) =

Lf(3) = 3,f(2n) = f(n), f(4n+ 1) = 2f(2n + 1) — f(n), and f(dn +3) =
3 f (2n + 1) — 2f(n) for all positive integers n. Determine the number of positive
integers n < 1988 for which f(n) =

5. (IMO2009) Suppose that si, sa, s3, ... is a strictly increasing sequence of
positive integers such that the subsequences

SsysSsys Ssgy o ANA Sgy 41, Sspt1s Ssgtly -o

are both arithmetic progressions. Prove that the sequence sq, so, 3, ... is itself an
arithmetic progressions.

6. A certain increasing function f satisfies the following relation when 7 is
even:

f(n) = 4f(5) +n* f(1) =
Find an expression for f(2%), for all integers k > 0.
7. We define a sequence of functions P(X) by
Py(X)=X?*—2and P.(X) = P(Pe_1(X)).

For each n, find how many real numbers = > /2 satisfy the equation P,(z) = x.

1



8. We define a sequence of functions Py (X) by

1
P(X) = e and Py, (X) = Pi(P_1(X)).
Find P22016 (2016)
9. We define a sequence of functions Py(X) by

Pi(X) and P,(X) = P,(Py_(X)).

T2-X
Find the real number z such that Pygo(x) = 2.
10. A sequence of numbers ¢, is defined by the following recurrence formula:
m
Z<m+p_k)ck:1
k=0 P
for all non-negative integers m, where p is a fixed number.

Find the sum ) ;" , ( Z ) Ch-
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