Inequalities

o Arithmetic Mean-Geometric Mean (AM-GM) Inequality
If 1,22, ...2, > 0, then:
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e Cauchy-Schwartz (CS) Inequality:
If 1,29,...2, € R and y1,y2,. ..y, € R then:

(g1 + Tay2 + .+ Tayn)® < @1+ 23+ 22) (Y Y+ YE)

e Rearrangement Inequality: If 1 < xzo < ... <z, y1 <y < ... <y, and
21,22, ...2pn 18 a permutation of x1,xs, ...z, then:

TiyrtToye+ .+ TuYn = 211+ 20Yn 2 TpY1 H Tp_1y2 + ...+ T1Yn

e Jensen’s Inequality: If f(z) is a convex function on the domain [a,b],
a1,as,...a, €[0,1] with a; +as+...+a, =1, and z1, 9, ..., z, € [a,b]
then:

a1 f(xr) +asf(x2) + .. anf(xn) > flarz1 + asze + ... + anxy)

If f(x) is a concave function, then the inequality is reversed.

Warm-Up Problems

1. Use the AM-GM Inequality to maximise the following functions Vx € [0, 1]:
(a) z(1—x)
(b) 2°(1—2)
(c) =(1-2?)
(d) z*(1—=2°)
2. Use the AM-GM Inequality to prove the following Vx,y, 2z € R*:
(8) (w+y+2) (L+L+1)>09
(b) 1+ % > m;iy (or use Jensen’s Inequality)
3. If z and y are positive, use the Rearrangement Inequality to show that:
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4. If a,b and c are positive, show that:
ad 4+ b3+ > a?b+ e+ Pa

5. Let ay,as,...,a, be positive numbers such that a; +as + ...+ a, = 1.
Use the Cauchy Schwartz Inequality to show that:

Vai ++/az + ... +/a, < Vn



Exercises

For the following problems, choose carefully which inequality to use.
1. Va,y,z € R, Show that:
2+ P+ 2 > ey + vz + yz|
2. Find the maximum volume of a cube with surface area S (with respect to
S).
3. Let a,b,z and y be positive real numbers. Show that:
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4. Let a and b be positive numbers such that a +b =1 and a,b # 0. Show

that: ) )
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5. Let af,d},...,al, be a permutation of ay, ag, . . ., a, which are positive real
numbers. Show that:

(a) a? 4+ a2 +...4+ a2 > aja} +asay + ...+ ayal,
b) F+2+...+22>3
6. Let =,y and z be positive real numbers. Show that:
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Homework

If you have time, attempt to write solutions for the following problems. If you
hand them up to me next time you see me, I'll correct them for you.

1. For a,b,c € Rt, show that:

a n b n c >§
b+c c¢c+a b+a 2

2. For any n positive real numbers x1, xo, . .. &y, such that 1 +zs+...+2, =
1, show that:

1 n X9 n n Ty >x1+x2+...+xn
Vi—z 1=z = VI-=z, vn—1

(Hint: f(z) = 7= Is convex on (0,1).)

3. Let a,b and ¢ be the lengths of the sides of a triangle. Show that:

a’b(a —b) +b%c(b—¢) + cta(c —a) > 0



